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Abstract

Naturebuilds very complex systemsof mutually interactingand changingmate-
rials. Computergraphicsattemptso maptheserealworld phenomenanto sim-
pli ed physics-basethodels.The objectve of this dissertations to developnewn
methoddor physics-basednimationof interacting uids anddeformableobjects,
includingmeltingandfreezing,basednauni ed meshlestagrangiarapproach.

Discretizingand solving the equationsof motion using a meshlesarticle-
basedsystemhas several advantagescomparedto mesh-based agrangianand
Eulerian methods. Material propertiesare simply advectedwith the particles
and might changeas a function of time, the particles' position, and properties
of neighboringparticles. For strongdeformationsthe spatialdiscretizationcan
be ef ciently adaptedvithout the needfor complicatedemeshingFurthermore,
grid-basedliasingartifactsfrom the alignmentwith boundariesareavoided. A
major dravback of meshlessnethodss the expensve computationof the parti-
cles' neighborhooasheededor computingtheshapdunctions.In thisdissertation,
thebene tsof meshlessollocationmethodsareexploredfor stablyanimating u-
ids andobjectswith arbitrarydeformations.

In ourframework, thedomainof amodelis representetly volumetricparticles.
We explorethe SmoothedParticleHydrodynamicsnethodo stablyandef ciently
solve the continuummechanicequationdor simulating uids andelasto-plastic
objectsincluding fracturing and contacthandling. Basedon a uni ed patrticle
metaphorwe presenta framewvork thatcombinessolidsand uids, thusenabling
to simulatea broadrangeof effectssuchasviscoelastianaterialsmeltingsolids,
interactionsbetweersolidsand uids, andmultiphaseeffectsbetweerliquid and
air suchasbubblesandfoam. To improve the performancewe presenta nev
multiresolutionapproachhatadaptghediscretizatiorof thedomaindynamically
to the characteristicof the simulation,while reducingthe overall compleity of
thecomputations.

High quality animationsrequirea high resolutionsurfaceembeddednto the
volumetric representation.We presentnen meshlessnmethodsfor animatinga
point-sampledurfacealongwith theparticles.Our surfacemodelexploitsthead-
vantage®f bothexplicit andimplicit surfacerepresentations<seometricallycom-
plex surfacesof deformablesolidsare ef ciently animatedusinga rigid motion
invariantfree-formdeformationapproach. Additionally, surfacepotential elds
canguidethe surfacedeformationsuchthattopologicalchangesare handledm-
plicitly, makingthe modelsuitablealsofor uid simulationsaswell asmelting



Abstract

andfreezing.

In our researchwe found meshlesd.agrangianmethodsfor the volume and
surfaceanimationto be mostsuitablefor the simulationof strongly deforming
objects.Thesamplingof the physicaldomainis adaptedn caseof extremedefor
mationsor topologicalchangesisinga simpleandef cient resamplingscheme.
Similarly, a point-basedsurfacehandlestopologicalchangesand strongsurface
deformationsby adaptingthe point-samplingdynamicallywithout the needfor
maintainingthe connectity. We demonstratéhe capabilityof our meshlessni-
mationframework on a large variety of examples suchasthe physics-basedni-
mationof deformableobjectsrangingfrom stiff elasticto highly plastic,fractur
ing of both brittle andductile material,contacthandlingof colliding deformable
objects highresolutionanimationsf splashinguids with bubbles two-way cou-
pling betweensolidsand uids, melting solidswith highly detailedandtextured
surfacessolidifying o wing liquids to elasticsolids,andviscoelastidiquids with
differentphysicalcharacteristics.



Kurzfassung

In der Natur existierensehrkomplexe Systemevon gegenseitiginteragierenden
undsich stetigverdnderndeiMaterialien. In der ComputerGra k wird versucht
diesePhanomenausderreellenWelt aufeinsimpli ziertes physikalischoasiertes
Modell abzubildenDasZiel dieserDissertatiorist neueMethoderzu entwickeln
uminteragierendé&lussigleitenund deformierbaréObjekte,inklusive schmelzen
und erstarrennhachphysikalischerGesetzerzu animieren,basierendauf einem
netzloserLagrange-Ansatz.

Das BenutzeneinesnetzlosenpartikelbasiertenSystemszur Diskretisierung
undLosungvon denBewegungsgleichungehatdiverseVorteile gegenibemnetz-
basierteriagrange-und EulerMethoden:Materialeigenschaftewerdeneinfach
mit den Partikeln mitgefihrtund veranderrsich in Abhangigleit von Zeit, den
Partikelpositionen,und EigenschafterandererPartikel. Bei sehrstarlen Defor-
mationenkann die rAumliche Diskretisierungef zient angepasstverdenohne
ein komplizierteNeuwernetzungdurchfiihrenzu missen.Zudemwerdengitter-
basiertéAliasing-Artefakte,die durchdie AusrichtunganGrenz &cherentstehen,
vermieden.Ein Hauptnachteilvon netzloserMethodenist die teureBerechnung
der Partikelnachbarschafterdie benétigtwerdenum die ShapeFunktionenzu
berechnenin dieserDissertationwerdendie Vorteile von netzloserCollocation
Methodenerforschtfir eine stabile Animation von Flissigleiten und Objekten
mit beliebigenDeformationen.

In unseremSystemwird die Doméanedes Modells mit volumetrischenPar
tikeln reprasentiertWir untersuchenmlie SmoothedParticle HydrodynamicdVe-
thodeum die Gleichungerder Kontinuummechanikiir die Simulationvon Flis-
sigkeitenund elasto-plastische@®bjekten,inklusive Zerbrecherund Kontaktbe-
handlungstabilundef zient zulésen.Basierendauf einereinheitlichenPartikel-
Metapherprasentiererwir ein SystemwelchesFestkorperund Flussigleiten
kombiniertund damit die Simulationvon einer breitenPalettevon Effekten er
laubt, wie zum Beispiel viskoelastischeMaterialien, schmelzendd-estkorper
Interaktion zwischenFestkorpernund Flussigleiten, und Multiphasen-Efiekte
zwischenFlussigleiten und Luft wie zum Beispiel Luftblasenund Schaum.
Um die Berechnungsleistungu verbesserrprasentiererwir einenneuenMul-
tiresolutionAnsatz, welcher dynamischdie Diskretisierungder Domanedem
Charakteristikunder Simulationanpasstywobei gesamthaftiie Komplexitat der
Berechnungereduziertwird.



Kurzfassung

Vi

Qualitatv hochstehendénimationen bendtigeneine hochaufgelésteOber
ache die in die volumetrischeRepresentatioringebetteist. Wir stellenneue
netzloseMethodenzur Animation von punktbasierterOber achen zusammen
mit den Partikeln vor. UnserOber &chenmodelhutzt die Vorteile sovohl von
expliziten als auch impliziten Ober achenreprasentationesus. Geometrisch
komplexe Ober &chenvon deformierbarenFestkdrpernwerden ef zient ani-
miert, wozuein Free-formDeformations-Ansatbenutztwird derinvariantist fur
rigide TransformationenZusatzlichleiten Ober achen-Potentialfeldattie Ober
achendeformatiorso dasstopologischeAnderungerimplizit behandeltverden,
weshalbdasModell auchfir Flissigleitssimulationersowie fiir die Animation
von SchmelzemundErstarrergeeigneist.

Die ResultateunsererForschungzeigen dassnetzloselLagrange-Methoden
fur die Volumen-und Ober &chen-Animationdann am Bestengeeignetsind
wenn die simulierten Materialien sehr stark deformiert werden. Das Sam-
pling der physikalischerDomanewird mittels einemeinfachenund ef zienten
Resampling-Schemaei sehr starken Deformationenoder topologischenAn-
derungerangepasstAuf eine&hnlicheWeisepasstsich die punktbasierté®Ober
ache dentopologischerAnderungerund starken Ober dchendeformationean
indemdasPunktsamplinglynamischangepasswird ohnedassdabeidie Konnek-
tivitaterhalterwerdenmuss.Wir demonstrieredie Fahigleitenunseresetzlosen
AnimationssystemsnhandverschiedeneBeispiele, wie z.B. die physikalisch
basierteAnimation von deformierbarerObjektenmit Materialeigenschaftemon
steif-elastisclbis zu hochplastischdasZerbrechervon sowvohl sproderalsauch
plastischenMaterialien, Kontaktbehandlungon kollidierendendeformierbaren
Objekten,hochaufgeldsteAnimationenvon spritzenderflissigleiten mit Luft-
blasen,gegenseitigeKupplungvon Festkdrperrund Flussigleiten,schmelzende
Festkdrpemit hoch detailiertenund texturierten Ober &chen, verfestigenvon
iessendenFlussigleiten zu elastischerFestkdrpernund viskoelastische-lus-
sigkeitenmit verschiedenephysikalischerCharakteristika.
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fext sumof externalforcesactingon p; [N]
flotal sumof all forcesactingon pj [N]
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Physics
t time [s]
Dt simulationtime step [s]
ro restdensity [kg=m?]
g gravity acceleration [m=s%]
f force [N]
f forcedensityvector eld (forcepervolume) [N=m?]
| color eld value [1]
tj color eld thresholdfor insertinga new air particle [1]
E Young's modulus [N=m?]
n Poissorsratio [1]
U enegy [Nm]
U enegy density eld (enegy pervolume) [N=m?]
e’ solid straintensorwithout plasticity [1]
sS solid stresgensorwithout plasticity [N=m?]
eP plasticstraintensor [1]
e® solid straintensormwith plasticity [1]
s® solid stresdensorwith plasticity [N=m?]
sf uid stressensor [N=m?]
keld  yield strengthmaterialconstant [1]
kC'€€P  plasticdeformationmaterialconstant [s 1]
H materialviscosity [Ns=m?]
Kk9as gasconstan{materialstiffness) [N=m?]
keohesion - cohesiorconstant [Nm*=kg?]
T temperature [ C]
k thermalconductvity materialcoefcient [W=(mK)]
keap materialheatcapacity [J=K]
kheat heatdiffusionconstantkeat= k=kcap [(ms) 1]

Surface Animation

quide
fguide
kguide
Qattract
fattract
Kattract
Qsmooth
fsmooth
ksmooth
Qrepel
frepel
krepel

guiding potential

guidingforce

guidingforcein uence constant
attractingpotential
attractingforce

attractingforcein uence constant
smoothingpotential
smoothingforce
smoothingforcein uence constant
repulsionpotential
repulsionforce

repulsionforcein uence constant
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Fracture

c cracknodeon afracturesurface,consistingof two surfelswith opposingnormals
d propagatiorvectorata cracknode
t tangentvectorto the crackfront

kPP propagatiorspeedactorof the crackfront
kOPaC'ty opacityof acrackde ning thevisibility betweertwo particles
Khist factorfor adjustingthe propagatiordirectionfor controlledfracturesimulation

Contact Handling

B objectboundingbox

S surfelonthe contactsurface

S positionof s; in world coordinates

c acontactnodeconsistingof two contactsurfelswith opposingnormals
c positionof ¢ in world coordinates

Nc normalizedhormaldirectionof ¢

re local contactnodedensityatc

he particlesupportradiusof a contactnode,de nesthe particleneighborhooaf ¢
dc penetratiordirectionof two objectsat c

Ve relative velocity of two intersectingobjectsat ¢

Sc contactsurface

We intersectionvolumebetweerntwo objects

f2°"  penaltyforceactingonc

kPN penaltyforce constant

fr friction forceactingonc

frictional materialcoefcient

kdamp  syrfaceforce dampingconstant

fsurlece  total forceactingonc

feonact  forceexertedfrom contactnodec ontoa particle p;
feomact  total contactforce actingon a particle p;
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Chapter 1

Intr oduction

1.1

This chaptergivesan overviev and motivation of this dissertatiorand our con-
tributions. We brie y discussthe advantagesof using a meshlessapproachto
solid- uid simulationandthe objectvesof our work in Section1.1. The major
contributionsto the stateof theartin physics-basedomputeranimationof solids
and uids arelistedin Sectionl.2. Sectionl.3 describes high-level view of the
animationloop. An outline of the structureof the dissertationis givenin Sec-
tion 1.4. We provide alist of publicationghatresultedrom our work on physics-
basedanimationandpoint-basedepresentationim Sectionl.5,andacknavledge
our collaborators.

Motiv ation

Realisticanimationof physicalphenomendasgainedincreasingimportancein
mary elds of computergraphics,including virtual suigery and the gameand
specialeffectsindustries. Typical examplesinclude the simulationof rigid and
deformableobjects,and uids. Furthermorejn naturesolidsand uids aremost
often coupled. Thus, for realisticsimulationsthe interactionbetweensolidsand
uids needsto be modeled. This alsoincludesphasetransitionsbetweensolids
andliquids, i.e., meltingandfreezing.

A variety of methodsexists for solving the equationsof motion in physics-
basedanimation.However, mostmethodsaresuitablefor simulatingeither uids
or deformablebodies,but not both. Generally thesemethodsfall into two cate-
gories:LagrangiarandEulerianmethods Mesh-based agrangianmethodssuch
asthe nite elemenimethodandmass-springystemsaremostoftenusedto sim-
ulate deformablesolids, whereasEulerian methodsusing nite differencesare
stateof theartin uid simulationin computergraphics.This is dueto the com-
plementaryadvantagesand dravbacksof thesetwo approachesIn Lagrangian
methodsthe meshmoveswith the materialandthereforeautomaticallyadaptgo
the dynamicsof the simulation,for instancewhencompressingr stretchingan
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object. Furthermoredueto the materialdescription,the boundaryof an object
is explicitly de ned. This not only simpli es the animationof the object's sur

face,but alsothe interactionwith otherobjectsandthe enforcemenbf essential
boundaryconditions. Furthermorejt enableghe simulationof complec effects
suchasfracturing.In contrastEulerianmethoddook at the evolution of material
at x ed pointsin space. Thus,changesf topology are capturedimplicitly and
evenextremedeformationcanbe handledstablyandef ciently withouttheneed
for remeshingof the domainor taking careof degeneratedneshelements.The

biggestdisadwantageof Eulerianmethodss thattheboundaryof a uid is not ex-

plicitly de ned, andthereforethe surfaceneedso be adwectedwith the material
o w. Furthermorecorrecthandlingof boundariesandinteractingobjectsthatdo

notalign with the Eulerianmeshis challenging.

Eulerian-baseduids andLagrangian-basesolidsareusuallycoupledby ras-
terizingthesolid ontothe Eulerianmeshto prescribevelocity boundaryconditions
on the uid andpressurdorceson the solid [CMT04,GSLFO05LIGF06]. How-
ever, this is problematicbecausehe discretizationof the solid introduceserrors
andit is dif cult to guaranteghat uid doesnot leak through[GSLFO05]. Fur
thermorethetransitionfrom asolidinto a uid while meltingis very challenging
becausat requireschangingcontinuouslyfrom the Lagrangianto the Eulerian
representatiofLIGF06].

Meshlesd_agrangian methods so-calledparticle systemsexploit advantages
of both mesh-basetlagrangiarandEulerianmethods.As a Lagrangiarmethod,
materialpropertiesare adwectedsimply with the particles. The boundaryof the
physicaldomainis de ned explicitly by the particles.Moreover, meshlessneth-
ods can handletopological changeswithout the needfor remeshing. A draw-
backof meshlessollocationmethodss thatthe particleneighborhoodcheedsto
be recomputedn every time stepfor adaptingthe shapefunctions,which is of-
ten the computationallymost expensve partin a simulation. Furthermorethe
non-interpolatingshapefunctionsrenderthe enforcemenof essentiaboundary
conditionsdif cult.

To solve the aforementionegbroblemof coupling uids andsolids,we inves-
tigatemeshless agrangiammethodsasedn SmoothedParticle Hydrodynamics
(SPH) for both deformableobjectsand uids, andtheir combination. Treating
both solidsand uids with the samerepresentatiosimpli es handlingtheir in-
teraction,andrendersfreezingand melting materialspossible. Furthermorewe
extend the meshlessollocationmethodsto incorporatefracturing, and develop
a multiresolutionapproachthat dynamicallyadaptsthe resolutionof the particle
systemto the characteristicef the simulation.

Particle-baseanethodsequirethede nition or extractionof animplicit or ex-
plicit surfacefrom theparticles.While animplicit de nition of thesurfacede ned
by the particlescan handletopological changesautomaticallyby construction,
the surfaceresolutiondepend®on the (usuallycoarseyesolutionof the particles.
Hence,an explicit surfacerepresentatioms more suitablefor the simulationof
highly detailedobjects. On the otherhand, uid surfacesoften rapidly change
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their topology which is hardto captureusing an explicit approach.In our at-
temptto unify solid- uid animationswe investigatepoint-basedsurfacerecon-
structionmethodsthat exploit advantageof bothimplicit andexplicit represen-
tations. They arethussuitablefor the animationof both deformablesolids with
highly detailedsurfacesand uids with smoothsurfaceshatchangeheirtopology
frequently aswell asfor the (local) transitionbetweena solid and uid surface
while meltingor freezing.

For engineeringourposesthe focusof simulationmethodsis on accurag. A
new methodis usuallytestedandcomparedvith examplesvhosesolutionscanbe
eithercomputedanalyticallyor areknown from experiments However, analytical
solutionsoftenonly existsfor very simpletestcasesandqualitatve comparisons
areusuallyrestrictedto 1D or 2D simulations. In computergraphicswe aim to
simulatehighly complex phenomenan 3D thatwould be prohibitive to modelby
hand,for instancefor virtual simulators feature Ims, andgames.Furthermore,
in mary applicationghe userinteractswith theanimatedbjects.Thus,thefocus
is on stability, physicalplausibility, andspeedwhereusuallyquite big time steps
areused. At the sametime, the systemdesigneroften wantsto be ableto con-
trol the simulation,or even aimsto achieze non-physicabehaior, for instance,
whenanimatinga uid charactefSY05,TKPRO0O6]suchasthetar monsterin the
ScoobyDoo 2 feature Im [WHO4]. To ful ll theserequirementsaccurag and
correctnesss oftentradedoff with computationatompleity.

Contrib utions

In thisdissertatiorwe presentmeshlessagrangiarmethoddor thephysics-based
animationof both uids anddeformableobjectsthatfracture,aswell astheinter
actionbetweenuids andsolidsincludingmeltingandfreezing,basednauni ed
particlemetaphor The majorcontributionsare:

a multiphase uid approachfor simulating two-way coupling between
liquids and air. Air particlesaregeneratedlynamicallyattheliquid inter-
face. Surfacetensionis simulatedby modelingcohesionat the liquid-air
interface. Trappedair particlesturn into bubbles. Our multiphasemethod
enablessimulationof arbitrary uid- uid interaction.By samplinga solid
with particlesandtreatingit asa(rigid) uid, thesamenteractionmodelas
for uid- uid simulationcanbe usedto simulate uid-solid interactions.

ameshleszollocationmodelbasedon continuum mechanicsfor the an-
imation of elastic, plastic and melting objects. We derive elasticforcesin
accordancevith alineardisplacement;onstanstrainapproachln contrast
to moststandardneshlesapproacheswhich requiresolving comple in-
tegralsnumerically our methodyields simpleexplicit equationswvhich are
easyto codeandresultin fastandstableanimations.
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afree-brm deformation approachfor animating the surfacealongwith
the particles. A continuousdisplacementeld is computedirom the par
ticles. This eld is exploitedto ef ciently deforma point-sampledurface,
wherethe deformationis invariantunderrigid body motions. To prevent
surfacedistortionsfor large deformationsaresamplingschemas applied.

a method for simulating elastic and plastic materials that fracture.
Fracturesurfacesaredynamicallycreatedand maintainedoy continuously
adding surface samplesduring crack propagation. Dynamic resampling
adaptsthe particle samplingresolutionto handlefracturingand large de-
formations. Whennew crack surfacesare createdor the samplingof the
domainchangesthe shapefunctionsadaptdynamically Our methodcan
handlecomplex topologicaleventsassociatedavith multiple branchingand
memging cracks.

acollision detectionand responselgorithm for Lagrangian animations
of deformable bodies,where both the volume and the surfacerepresen-
tation are meshless.The methodstablyresohescollisionsfor stiff elastic
aswell ashighly deformableor plasticmodels.Duringcollisions,it deforms
the point-sampledurfaceandexertsforcesonthevolumetricparticles.The
decouplingof collision handlinganddeformationgieldsplausiblecollision
simulationsatinteractve speed.

a uni ed approachfor solid- uid simulation including melting, freez-
ing, and viscoelasticmaterials. The equationsof motion for solids and
uids areuni ed suchthatthe samesolver canbe usedfor simulatingboth
uids andsolidsaswell asviscoelastianaterials.Furthermorethephysical
materialcharacteristicean changedocally, which canbe usedto simulate
effectssuchasmeltingandfreezing.

ahybrid implicit-explicit surfacegenerationapproachthat dynamically
constructsa point-sampled surface wrapped around the particles. Po-
tentialsarede ned which guidethe surfacedeformation.This surfacerep-
resentatiorenablesnodelingthe ne surfacedetail requiredfor solids,as
well asthe smoothsurfacesof uids, andthetransitionfrom detailedsolid
surfacesto smooth uid surfacesduring melting. Topologicalchangesare
incorporatedn a lightweightandef cient manner Furthermoreblending
artifactsareavoidedthattypically arisewhenhandlingtopologicalchanges
usingimplicit functions.

a multir esolution approach which automatically adapts the resolution
to the simulation characteristics We introducevirtual particlesto achieve
aconsistentouplingof differentparticleresolutionsandusetheseparticles
to locally changeheresolutionin a consistentashion.The methodis sim-

ple andhasonly a very smalloverheadyesultingin a performancegainup
to afactorof six in our examples.Furthermorethe approachs versatilein

thatit canbeappliedto mostparticlemethods.
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Figurel.1 givesa high-level overview of our animationloop. It consistof three
looselycoupledparts whichareexecutedn thefollowing order: Animationof the
object'svolume,animationof thesurface ,andcontacthandlingof thesurfacewith
responsdorcesin uencing the physicssimulation. Beforethe simulationstarts,
the physicaldomainis sampledwith particlesand the particles' propertiesare
initialized asdescribedn Sectiongt.3.1and5.7for uids andsolids,respectiely.
Alternatively, the particlesaregeneratedandomlyin a cylinder by a sourcewith
agiveninitial velocity.

The physicsanimationstartswith updatingthe restshapeof anobjectandre-
computingthe neighborhoodf particlesin casethe restshapeof an objecthas
changed Fromthe neighborhoodthe densityof a particleis approximatedising
SPH,which is thenusedfor all other SPHapproximations.Thus,this is a two-
passalgorithm,whichrequiresstoringthe particles'neighborhoodin a next step,
strainand stressare computed which arethenusedto derie the elasticforces.
Additionally, uid forces,suchaspressureandviscosity forces,andforcesbe-
tween uids andsolidsarecomputed.Themove of theparticlesin time dueto the
appliedforcesis computedusingthe explicit leapfrogtime integrationscheme.In
a next step,the computedstressis usedto determinewhetherand where new
cracksstartor how existing crackspropagate Changesn the dynamicor dueto
fracturingcanmake alocal dynamicresamplingof thedomainnecessary

After a physics'step,the surfaceis animatedby exploiting the continuously
de neddisplacementeld whichis computedrom the displacemenof the parti-
cles. The surfaceis subsequentlgleformedaccordingto potential elds to adapt
it to the characteristicef the physics.

Finally, the deformedsurfaceis usedto detectcollisions betweendeformable
objects. Penaltyforcesare computedper surfaceelementanddistributedto the
particles.Theseforcesarethenaddedo theforcecomputatiorduringthe physics
animationandthusin uence thedynamicbehaior of theobjects.

Outline

Thedissertatioris organizedasfollows:

Chapter 2 introduceghefundamentatonceptandde nitions usedin this
dissertation.In Section2.1, the governingequationsandtermsof contin-
uum mechanicsare introduced,including a discussionof solid and uid

mechanicsandviscoelastiamaterials.In Section2.2 we discussandcom-
parethreemainclasse®f numericalapproximatiortechniquesnpamelyEu-
lerian, mesh-basednd meshlesd agrangianmethods.We thenintroduce
SmoothedParticle Hydrodynamicsandvariantsof it, which areusedin this
dissertatiorasmeshlesgollocationmethodgSection2.3). Similarly to the
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Physics Animation

( Rest Shape Update )

f

(Neighborhood Computation)

f

( Density Computation )

f

(Strain/ Stress Computatio n)

{

( Force Computation )

{

(Leapfrog Time Integration )

f

( Fracture Handling )

f

( Dynamic Sampling )

Surface Animation Contact Handling
( Suface Displacemert ) ( Contact Computation )
( Suface Deformation ) ( Collision Response )

~_

Figure 1.1: Animationloop. In the physicsstage,the deformationof the volume of an
objector uid is computedand fracturingis handled. In the secondstage,the
surfaceis animatedalongwith the volume and adaptedo the particles. In the
third stage surfacepenetratioris handledandresponsdorcesare computedhat
in uence the physicsanimation.
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differentclasse®f numericalmethodsusedto solve the physicsequations,
two main classe®f surfacerepresentationexists, namelyexplicit andim-
plicit representationsyhich are discussedn Section2.4. We introduce
point-sampledsurfacesandarguethatthis representatiocombineghe ad-
vantage®f explicit andimplicit representationéSection2.5).

Chapter 3 presentghe stateof the art in physics-basedeformableob-
jectand uid simulationin computergraphics. We provide a background
on particle-basedystemgSection3.1) and brie y discussthe mostrele-
vantwork in mesh-basetdagrangianSection3.2),andEulerianandsemi-
LagrangriammethodgqSection3.3).

Chapter 4 presents new multiresolutionparticle-basednethodfor adapt-
ing the particleresolutionto the characteristicof a uid simulationanda
multiphaseapproachor two-way air-waterand uid-solid coupling. Sec-
tion 4.3 introducesour uid modelbasedon SmoothedParticle Hydrody-
namics. This modelis extendedin Section4.4 to supportthe simulation
of multiphase uids andinteractionbetweenuids andrigid bodies. We
thenshawv in Section4.5how to decreas¢he computationatompleity for
uid simulationusing a multiresolutiontechniquebasedon virtual parti-
cles. Theseparticlesyield a consistentouplingbbetweendifferentresolu-
tion levelsanddynamicresolutionadaption.Finally, we brie y discussin
Sectiord.6 anew Lagrangiartechniquefor extractingthe surface.

Chapter 5 presentsa framewvork for animatingdeformableobjectsinclud-
ing fracturingandcontacthandling. First, we derive the governingcontin-
uummechanicgquationandresultingforcesbasedn agivendeformation
eld (Section5.3). We presentn Section5.4 our discreteelasticitymodel
basedon a moving least-squareapproximationof the spatialderivatives
of the displacementeld from neighboringparticles. Our surface model
Is introducedin Section5.5. It enablesfastanimationof an embedded,
highly detailedpoint-sampledsurfacewith dynamicresamplingto main-
tain a high quality surface. The elasticity and surfacemodelis extended
in Section5.6 to supportfracturingof both brittle and ductile materialby
adaptingthe shapgunctionsanddynamiccreationof the fracturesurfaces.
Dynamicadaptionof the volumetricsamplingto guarantea stablesimula-
tion alsofor strongdeformationsandfracturingis discussedn Section5.7.
In Section5.8 we introducea new contacthandlingmethodfor Lagrangian
animateddeformableobjectswith point-sampledurfaceswherethe colli-
sion handlinganddeformationis decoupledo achieve ef cient andstable
simulations.

Chapter 6 combinesandextendsthe techniquegiescribedn the previous
chaptergo unify the simulationof uids anddeformablesolids, thusen-
abling the simulationof viscoelasticmaterialsand effects suchasmelting
and freezing. We presenta new approachto surface extraction that can
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handlethe animationof objectswith highly detailedsurfaces, uids with
smoothsurfacesandmelting deformableobjectsto uids. We rst present
our physicsmodelin Section6.3 andshov how this modelcanbe usedto
simulatemelting and solidifying by simple adaptingthe physicalparame-
ters(Section6.5). In Section6.6 we proposea new surfacemodelbasedn
potential elds thatguidethe deformationof the point-sampledurface.

Chapter 7 providesimplementationdetails of the searchdata structures
usedin this dissertationnamelykd-treeandhashgrids, anddiscusseshe
appliedtime integrationschemes.

Chapter 8 concludeghedissertatiorwith asummaryof the previouschap-
ters,a discussiorof advantagesanddravbacksof the appliedapproaches,
andanoutlookon futurework.

1.5 Publications and Collaborations

Thework presentedh this dissertations theresultof internationakollaborations
andyieldedthefollowing publications:

The stateof the art reportgiven in Chapter3 draws from a presentation
at Eurographic2005anda publicationin the ComputerGraphicsForum

Journal[NMK * 06]. Collaboratorsare Andrenv Nealenfrom the Techni-

cal University Berlin, Germary, MatthiasMuller from AGEIA/NovodeX,

Switzerland,Eddy Boxermannfrom the University of British Columbia,

CanadaandMark Carlsonfrom DNA Productiondnc., USA.

The multiresolution uid framework including multiphaseuid simulation
presentedn Chapterd is on-goingwork andwas publishedasa technical
reportKAG* 06]. CollaboratorsaareBart AdamsandPhilip Dutréfrom the
Katholieke UniversiteitLeuven,Belgium,Leonidas]. Guibasrom Stanford
University, USA, andMark Pauly from ETH Zurich, Switzerland.

Chapters resultedn thefollowing publications:

— The basicframenork for deforming elasto-plasticobjectswas pub-
lished and presentedat the ACM SIGGRAPH/Eurographic2004
Symposiunon ComputerAnimationin Grenoble FrancdMKN * 04].
Matthias Muller from AGEIA/NovodeX, Switzerland, derived the
continuummechanicequationgresentedn Section5.3. Othercol-
laboratorsare Andrev Nealenand Marc Alexa from the Technical
University Berlin, Germary, andMark Pauly andMarkusGrossfrom
ETH Zurich, Switzerland.

— The free-form surface deformationapproachusedin the work de-
scribedabove drawvs from a publicationin the ACM Transaction®n
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GraphicsJournal[PKKGO03] thatwaspresentecit ACM SIGGRAPH
2003in SanDiego, USA. CollaboratorsareLeif P. Kobbeltfrom the
Rheinisch-VéstfalischeTechnischeHochschuleAachen, Germaly,
andMark Pauly andMarkusGrossfrom ETH Zurich, Switzerland.

— Theextensionfor fracturingwaspresente@t ACM SIGGRAPH2005
in Los Angeles,USA, and publishedin the ACM Transactionon
Graphicslourna[PKA™ 05]. CollaboratorsareBart AdamsandPhilip
Dutré from the Katholieke Universiteit Leuven, Belgium, Leonidas
J.Guibasfrom StanfordUniversity, USA, andMark Pauly andMarkus
Grossfrom ETH Zurich, Switzerland.

— Contacthandling of deformablepoint-basedobjectswas published
and presentedat the conferenceof Vision, Modeling and Visualiza-
tion (VMV) 2004 in Stanford,USA [KMH *04]. Collaboratorsare
Matthias Muller and Bruno Heidelbeger from AGEIA/NovodeX,
Switzerland, Matthias Teschnerfrom University of Freikurg, Ger
mary, andMarkusGrossfrom ETH Zurich, Switzerland.

The uni ed approachfor solid- uid simulationspresentedn Chapter6
was publishedand presentedat the EurographicsSymposiumon Point-
BasedGraphics2005,New York, USA [KAG* 05]. Collaboratorsare Bart
AdamsandPhilip Dutréfrom the Katholieke UniversiteitLeuven,Belgium,
and DominiqueGasserPaolo Bazziand Markus Grossfrom ETH Zurich,
Switzerland.

Furtherpublicationsthatarerelatedto this dissertatiorbut not thoroughlydis-
cussedn hereare:

Detail-preservinguid control [TKPRO6],whichwill bepresenteé@ndpub-
lished at the ACM SIGGRAPH/Eurographic2006 Symposiumon Com-
puter Animation, Vienna, Austria, in collaborationwith Nils Thirey and
Ulrich Rudefrom the Friedrich-AlexandefrUnitersity Erlangen-Nurnbey,
Germary, andMark Pauly from ETH Zurich, Switzerland.

Ef cient raytracing of deformingpoint-sampledsurfaces][AKP * 05], pre-
sentedat Eurographic2005, Dublin, Ireland, and publishedin the Com-
puter Graphics Forum Journal, in collaborationwith Bart Adams and
Philip Dutré from the Katholieke UniversiteitLeuven, Belgium, Leonidas
J. Guibasfrom StanfordUniversity, USA, and Mark Pauly and Markus
Grossfrom ETH Zurich, Switzerland.

Particle-based uid- uid interaction [MSKGO05], presentedand published
atthe ACM SIGGRAPH/Eurographic2005Symposiumon ComputerAn-
imation, Los Angeles,USA, in collaborationwith MatthiasMdller from
AGEIA/NovodeX, Switzerland BarbaraSolenthalefrom the University of
Zurich, SwitzerlandandMarkusGrossfrom ETH Zurich, Switzerland.
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Consistenpenetation depthestimationfor deformablecollision response
[HTK™* 04], publishedand presentecht the conferenceof Vision, Model-
ing and Visualziation(VMV) 2004, Stanford,USA, in collaborationwith
MatthiasMuller andBruno Heidelbegerfrom AGEIA/NovodeX, Switzer
land,MatthiasTeschnefrom Universityof Freiturg, Germary, andMarkus
Grossfrom ETH Zurich, Switzerland.

Post-piocessingof scanned3D surface data [WPK™ 04], publishedand
presentedat the EurographicsSymposiumon Point-Basedsraphics2004,
Zurich, Switzerland,in collaborationwith Tim Weyrich, Mark Pauly, Si-
monHeinzleandMarkusGrossfrom ETH Zurich, SwitzerlandandSascha
Scandelldrom Cyfex, Switzerland.

Multi-scale featule extraction on point-sampledsurfaces[PKGO03], was
presentedat Eurographics2003, Granada,Spain, and publishedin the
ComputerGraphicsForum Journal,in collaborationwith Mark Pauly and
MarkusGrossfrom ETH Zurich, Switzerland.

Collision detectionand responsdor interactive editing of point-sampled
modelgK ei03], Masterthesis2003,ETH Zurich, Switzerland.



Chapter 2

Foundations

2.1

This chapterintroduceshe basicsof surfaceandphysicsrepresentationandthe
fundamentakquationsof continuummechanicghat arerelevantfor this disser

tation. Section2.1 summarizeghe conseration laws in physics,introducesthe
fundamentatoncepbf stressandstrain,andbrie y discussesolidand uid me-
chanicsandviscoelastianaterials.Differentviewpointson how the dynamicsof

materialcanbe computedaregivenin Section2.2, wheremesh-basedndmesh-
lessLagrangiammethodsarecomparedDetailsaboutthe meshlesspproximation
methodausedin this dissertatiorareprovidedin Section2.3. We thendiscussand
comparemplicit andexplicit surfacerepresentations Section2.4 anddescribe
commonmethoddor projectinga point onto animplicit surface. Section2.5in-

troducespoint-sampledsurfacesusedin this dissertationas an explicit surface
representatioandthe underlyingimplicit representation.

Contin uum Mechanics

In this sectionwe describethe basic equationsand introducethe mostimpor-
tanttermsof continuummechanicssee[Chu96,Fun94 L RK93, Liu02b,BW97,
BLMOO] for detailedintroductionsand[Lov27] for a nice review of the history
of elasticitytheory In continuumtheory, matteris regardedasa continuum,i.e.,
inde nitely divisible, wheresmallscaleeffectscomingfrom moleculay atomicor
sub-atomidnterrelationsareneglected. Thus, physicalquantitiessuchasenegy
andmomentumcanbe handledin thein nitesimal limit, resultingin differential
equations.Continuummechanicgs divided into solid mechanicsaand uid me-
chanics. The mostimportantdifferencebetweensolidsand uids is that solids
have a restshapede ned. Elastic forcescounteractdeformationdrom this rest
shape. On the other hand, uids ow becausdhey cannotresistshearstress.
Viscoelastianaterialsexhibit the characteristic®f both uid andsolid. We will
usethe theory of continuummechanicsand of the differentmaterialsdescribed
belaw for the numericalsimulationof uids (Section4.3), for derving the (dis-

11
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crete)elasticforces(Sections.3and5.4),andfor deriving amodelfor animating
viscoelastiamaterialgSection6.3),andmeltingandfreezing(Section6.5).

We will rst summarizethe conseration laws of physicsthat are mostrele-
vantfor our framework, andthendescribean importantmechanicgjuantity the
stresgensor(Section2.1.2). We will thenhave a closerlook at solid mechanics
(Section2.1.3), uid mechanicg{Section2.1.4),andviscoelastiomaterials(Sec-
tion 2.1.2).In this sectionwe only considerclassicaimechanicgalsocalledNew-
tonianmedanicg, but no quantummechanics.

Conser vation Laws

The constitutiveequationsdescribethe relationbetweernphysicalquantitiesspe-
ci ¢ tothematerial(seeSection2.1.3and2.1.4),whereaghe conservatiordaws
of physics,which statethat a physicalquantity in an isolatedsystemdoesnot
changearevalid for all materials.Importantquantitiesthatneedto be consered
in our systemare mass,enegy and momentum. We will describethe govern-
ing equationdrom a Lagrangianviewpoint (alsocalledmaterial or refelencede-
scription, seealso Section2.2.1),i.e., by following a particle that representsn
in nitesimal volumeof material.

The conserationof momentunis representetdy Newton's secondaw, which
describeshetrajectoryp = p(t) of aparticleasafunctionof time,i.e.,

p= f(p;p;t); (2.1)

wherep andp arethesecondand rst time derivativesof p, and f() is afunction
dependingon the physicalmodel. This secondorderdifferentialequationcanbe
written asa coupledsetof ordinarydifferentialequations

p = v (2.2)
f(v;p;t); (2.3)

\Y

whereyv is theparticle's velocity.

Whenfollowing a particle,its volumedV andits densityr maychangehut its
total massm= rdV will remainunchanged.The continuityequationrepresents
theconserationof mass

Dr

— = Ir v 2.4

Dt (2.4)
wherethe material derivative (also called substantre, Lagrangian,or adwective

dervative)
1
—=_—+Vvr 2.5
Dt 1t (2:5)
describeghe rate of changeof a physicalquantityof a particlein time andr v
is the divemgenceof the velocity eld. Note that the materialderivative relates
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Vi V4

Figure 2.1: Left: visualizationof the componentf the symmetricstresstensorat p.

2.1.2

Middle: the samestateof stresds representetdy a differentsetof componentsf
thecoordinateaxesarerotated.Right: principalstresses.

theLagrangiandescriptionto the Euleriandescription(alsoknown asspatialde-
scription) thatdescribeshe changeof physicalquantitiesat x ed pointsin space
(known asspatialcoodinates.

For anincompessiblematerial the densityof a particledoesnot changej.e.,

Br = 0. Thus,massconserationreducego preservingadivergencefreevelocity

Dt
eld

rv=~0: (2.6)

The conseration of enegy representshe rst law of thermodynamicswhich
stateghatthe changein internalenengy is equalto the heataddedto the system
minusthework doneby the system.

Stress

In physics,the measuremertf force perunit areais calledstress.It is described
in 3D by asymmetric3 3 tensor

Sxx Ixy Ixz
s=4ty sy ty2: (2.7)
tzx lzy Sz

Both uids andsolidsdeformdueto stresseswherethe force df actingon a
differentialsurfaceelementwith areadA andnormalvectornpy is givenby

d—A: S Na: (2.8)

A tensoris a multidimensionakrraythatis independenof ary chosenframe of
referencei.e.,coordinatesystemgf. Figure2.1. The3 3stressensomasrank2,

13
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which meanghatit hasamagnitudeandtwo directionsassociatevith it (vectors
have rank 1 (magnitude+ direction)andscalarshave rank O (only magnitude)).
Thetwo directionsarecallednormal stress(the force componengactingin direc-

tion of na, denotedy sji ) andshearstress(the parallelcomponentsf thestress,
denotedby tjj). Theshearstresscanbe furtherdecomposedhto two orthogonal
force componentsn the planeof na. At a given point, it is always possibleto

nd threeorthogonalaxessuchthatthe shearstresses the planeorthogonatito

theseaxesvanish,cf. Figure2.1. Theseplanesarecalledprincipal planesandthe

stresseslongthethreeaxesarecalledprincipal stresses They canbe computed
usingprincipal componentnalysis(PCA) of the stresstensor wherethe eigen-
valuesgive thevaluesof the principalstresseandthecorrespondingigervectors
thedirection.

Theforce df actingon anin nitesimal volumetricelementdV(a particle)due
to internalstressesanbe computedrom Equation(2.8) as(for a derivationsee
e.g.[GP06])

df _

v
Applying Newton's secondaw mp = f anddividing both sideswith the volume
dV = mer of aparticle,themomentumequationcanbewritten as

r s: (2.9)

rp=r s+t (2.10)

wheref®! is anexternalforcedensityvector eld (forceperunitvolume).

Solid Mechanics

A solid hasarestshape.lf stressesreapplied,the materialdeforms.An elastic
solid hasrestoringforcesfor bothnormalandsheaistressaandwill thereforereturn
to its restshapewhenno stresseareappliedarnymore. If the shearstressexceeds
a materialselastic rangg, i.e., the stressis higherthenthe yield strengthkYield
of amaterial,the deformationsarenon-resersibleandmaterialbecomeglocally)
plastic. Brittle materialsfractureif the normalstresss too high, whereaguctile
materialundego rst plasticdeformationsundernormalstressbeforethey frac-
ture. Thesimulationof brittle andductilefracturewill bedescribedn Section5.6,
seealsoFigures5.7and5.8.

The amountof deviation from the restshapes describedy the strain tensor
e. For mostsolidsthe strainis aboutproportionalto the stressthroughouttheir
elasticrange.For theselinear-elasticmaterials(or Hookeanmaterials) Hooke's
law applies

s°=Ceg¢ (2.11)

wheres*® is the solid stressand C is a rank four constanttensorthat depends
on Young's modulus andPoissors ratio n. Young's modulus(alsoknown as
modulusof elasticity, elasticmodulusor tensilemodulu$ determineshe stiffness



2.1 Continuum Mechanics

of agivenmaterial.Poissonsratio is ameasuremerfor theincompressibilityof

amaterialwheren = 0:5 for a perfectlyincompressiblenaterialand0 n< 0:5

otherwisecf. Figure5.2. Becausdiooke'slaw in combinationwith alinearstrain
modelyieldsalinearequationsystemthatcanbe solvedef ciently, it is common
in computergraphicsto apply Hooke's law evenfor non-Hooleanmaterialsuch
asrubber In our physicsmodelwe derive C for isotropicHookeanmaterials put

usea non-linearstrainmodelthathandlesotationscorrectly seeSection5.3 for

details.

2.1.4 Fluid Mechanics

A uid (agasor aliquid) is differentfrom a solid in thatit is unableto sustain
shearingstressesvithout continuouslydeforming. The amountof resistanceof
shearingstresseslueto friction is calledviscosity Fluidsarecalledlinearly vis-
cousor Newtonianif the viscousstresss ¥1S¢°Us dependdinearly on the rate of
straine

g Viscous— ne (2.12)

wheretheviscosityp is a materialconstantMost uids have a constanwiscosity
overawiderangeof shearates.Fluidsarecallednon-Nevtonian if theirviscosity
changesvith the strainrate(seealsothe next section).

Theisotropicstresss P'¢sSU"9n normaldirectionis de ned by thescalarP known
as hydrostatic pressue. The total uid stressis thenthe sum of the isotropic
pressurestressandthe viscousstress

sf=" Pl+gViscous (2.13)

wherel is theidentity matrix.

The Navier-Stokes equations[LL87] are a set of partial differential equa-
tions that statethe conseration of momentum(Equation(2.14)), mass(Equa-
tion (2.15))andenegy (Equation(2.16)):

Dv foox

r— = r s+ 2.14
Dt (2.14)
Dr
— = rr : 2.15
Dt v (2.15)
DU f

r— = s rv r ; 2.16
Dt q (2.16)

wheref®! is anexternalforce densityvector eld, U theinternalenegy andq the
heatux. In Sectiond.3wewill describehow to solvethesesquationsiumerically
usingthe SmoothedParticle Hydrodynamicsnethod.

15
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Figure 2.2: (a) Eulerianrepresentatiowith velocity eld v(x) atgrid pointsx. Theshaded
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elds are coveredby material. (b) mesh-basedlagrangianrepresentationvith
displacementeld u(p) atmeshnodesp. (c) meshlestagrangiarrepresentation
with displacementeld u(p) at particlesp. Eachparticlehasa smoothingkernel
assigned.

Viscoelastic Materials

Generallyamaterialis classi ed assolid if it resistsa deformationunderaweak
constanstressandas uid if thematerialeventually o ws. However, if temporax
ily high stressesre applied,a solid might be unableto resistshearingstresses
anymoreandthereforestartsto o w (whichis calledcreep, i.e.,it becomegplas-
tic. A plasticsolid henceshawsthetypical characteristicef a uid. Ontheother
hand,anon-Nevtonian uid changests viscositydependingntheappliedstrain
rate,andthusexhibits atypical characteristiof a solid. Thus,materialexiststhat
cannotbeclearlyclassi ed aseithersolid or uid but canbe seenas"soft solids”
or "elasticliquids". A viscoelastiamaterialis de ned asa materialthat exhibits
the characteristicef bothaviscous uid andanelasticsolid. Examplesaresoap,
hongy, pudding,toothpasteglay, andmary more. The simulationof viscoelastic
materialis describedn Chapter6, seefor instanceFigure6.13for a comparison
of differentviscoelasticuids.

Physics Representations

Many differentnumericaimethodsave beendevelopedo solve thepartialdiffer-
entialequation®f motiondescribedborve. Theseapproachesanbeclassi edas
EulerianandLagrangiamrmethodsaccordingto the spatialor materialdescription
of theequationsrespectiely. Lagrangiammethodscanbefurthersubdvidedinto
mesh-basedndmeshlessnethodsin thefollowing, thefundamentadlifferences,
advantagesanddravbacksof theseapproachearediscussed.
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2.2.1 Eulerian versus Lagrangian Methods

EulerianandLagrangiarmethodddiffer in theway they look atthe material. Eu-
lerian methodsevaluatethe materialpropertiesat stationarypointsin spaceand
computenow thesepropertieshangeovertime, wheread agrangiammethoddol-
low themoving materialelement§materialcoordinateg, cf. Figure2.2. Because
in Eulerianmethodsthe meshis x ed in space,solving the equations for in-
stancepsing nite differencesis fastandstable.FurthermoreEulerianmethods
canhandleextremedeformationsvithoutchanginghediscretizatiorandtopolog-
ical changesare capturedmplicitly, wheread_agrangianmethodsneedto adapt
their discretizationto avoid numericalproblems.However, Lagrangianmethods
alsohave severaladwantages Sincethe meshis attachedo the moving material,
trackingis very simpleandexact,andameshnodecaneasilystoreits history. Fur-
thermore the objector uid boundaryis explicitly de ned by the mesh whereas
with Eulerianmethodsthe boundaryhasto be tracked, for instance usinglevel
sets[OS88]. Similarly, interactionwith irregular or moving boundariesor ob-
jectsis often simplerwith Lagrangianmethodsbecausehey do not needto be
discretizedonto the x ed meshaswith Eulerianmethods(seee.g. [CMTO04]).
Finally, Lagrangianmethodsare not restrictedto a certainareain space,unlike
Eulerianmethodsvherethe x edmeshdetermineshe simulationdomain.

Due to the complementaryadwvantagesand dravbacksof Eulerianand La-
grangianmethodsthe methodof choicedependsn the simulation. Deformable
objectsare most often simulatedusing the (Lagrangian) nite elementmethod
(FEM) becausdoundaryconditionscanbe solvedmoreaccuratelythanwith Eu-
lerianmethods.On the otherhand,strongdeformationftenyield distortionsin
the Lagrangianmesh,which requirescomplex remeshingoperatordo guarantee
numericalrobustness.Remeshings alsorequiredif topologicalchangesoccur
Eulerianmethodamplicitly andstablyhandlestrongdeformationsandtopologi-
calchangesandthereforearestandardn computergraphicdor uid simulations.
However, Eulerian methodssuffer from massdissipationand alignmentprob-
lemswith deformableand moving boundaries. To circumwent theseproblems,
meshlesd agrangianmethodshave beendeveloped,seethe next sectionfor a
discussion.Sereral methodsexist that combineEulerianand Lagrangianmeth-
ods. For instance,the particle-in-cell (PIC) [Har63] and uid-implicit-particle
(FLIP) [BR86] methodcombinea Euleriansolver with particles. Othermethods
combinethe interactionof Lagrangiandeformableobjectswith Eulerian uids
(seee.g. [GSLFO5,LIGF06]). Feldmannet al. [FOKGO05] exploited the arbi-
trary Lagrangian-Eulerian(ALE) methodto simulate uids in deformableobject
boundariesusing unstructuredetrahedraimesheg§FOKO05]. The ALE formu-
lation enablesthe computationaimeshto move with a velocity independenof
the materialvelocity [DHO4]. Recently this schemewas extendedby Klingner
et al. [KFCOO06] who generatedhe tetrahedraimeshesn eachtime stepsuch
that they conformwell to moving boundariesthereforeeliminating one of the
major drawbacksof Eulerianmethods.Sofar, this very interestingmethoddoes

17



Chapter 2 Foundations

2.2.2

2.3

18

not addressfree surfaces. Furthermore,degeneratedetrahedracan introduce
instabilitiessimilarto FEM, if they arenottreatedspecially

Mesh-based versus Meshless Methods

Mesh-based.agrangianmethodssuchas FEM divide a continuuminto discrete
elementghatareconnectedogethetby atopologicalmap,whichis usuallycalled
amesh(cf. Figure2.2 (b)). Theinterpolationfunctionsarebuilt uponthis mesh,
which ensureghe compatibility of theinterpolation[LLO2]. However, thisis not
alwaysadwantageoubecaus¢he meshtopologyis x edandthuscannotadaptto
physicalchange®f the continuum,especiallyin casesf large deformationsand
topology changes.Large deformationsyield meshdistortionsthat causesevere
stability andaccurag problemsfor example whenusingFEM [ITF04,TSIF05].
Topology changesequirecomplex remeshingoperationswhich introducesnu-
mericalerrors.Furthermoremaintaininga conformingmeshcanbeanotoriously
dif cult task(seee.g.[OP99]). Meshlessmethodsremedytheseproblemsby
not storing the meshconnecwity, but insteadapproximateor interpolatemate-
rial propertiesfrom interpolationpoints (also known as collocation pointg us-
ing meshlesshapefunctions.In meshlestagragianmethodgheseinterpolation
points,herecalledparticles move with the material(cf. Figure2.2(c)). As will
beshown in thisdissertationthe spatialdiscretizatiorby volumetricparticlescan
beefciently andstablyadaptedvertime accordingo changesn thesimulation
domain. The gained e xibility comesat highercomputationatostsfor comput-
ing the meshlesshapefunctions. Furthermorespecialtreatments requiredfor
theenforcemenof essentiaboundaryconditionsdueto thelack of theKronecler
deltapropertyof meshlesshapeunctions(see[FMHO04] for a surwey).

Smoothed Particle Hydrodynamics

In this dissertatiora meshlesg.agrangianmethodcalled SmoothedParticle Hy-
drodynamics(SPH)is exploited. The SPH methodwas initially developedfor
the simulationof astrophysicaproblemssuchas ssion of stars|[GM77,Luc77].
Valuesof physicalquantitiesandtheir spatialderivativesare approximatedrom
neighboringnterpolationpoints. Forcesarethereforeeasilyderiveddirectly from
the stateequations.Furthermoreasa particle-based.agrangianapproach SPH
hasthe advantagethat massis trivially conseredandcorvectionis dispensable.
This reducesboth the programmingand computationalcompleity andis thus
suitablefor interactve applications.

SPHis motivatedby ideasfrom Monte Carlo integration. Givena continuous
functionA(x) de ned overadomainW, anintegralinterpolanthA(x)i canbecon-



2.3 Smoothed Particle Hydrodynamics

structedusinga molli cation kernelw (alsocalledsmoothingunction
Z
hAX)i = A w=  ACOw(r;h)dx® (2.17)
w

wherethe supporth of the kernelindicatesits smoothingscalelength,r = x = x°
anddxVis adifferentialvolumeelement Notethattheinterpolantreproduce#\(x)
exactlyif w(r;h) is thedeltafunctiond(r). To obtaina smoothapproximatiorof
A(x), akernelis usedhattendsto oneif its supportendsto zeroandis normalized
sothata constanfunctionis interpolatedexactly, i.e.,
z
rI]ilmow(r;h) =d(r); w(r;h)dx’= 1: (2.18)

Most often spline kernelsare usedthat approximatethe Gaussiarfunction but
have nite support. More detailsaboutthe commonlyusedkernelsand how to
constructa speci ¢ kernelaregivenby MonagharfMon92] andLiu [Liu02a].

The basicideaof the SPHmethodis to representa continuouseld A(x) by
a Monte Carlo samplingof interactingsmoothedvolumetric particles. Eachof
the particlesrepresents. materialelementof nite volume.Fromamathematical
point of view, particlesareinterpolationpointsfrom which propertiesof the eld
canbe calculated.A discreteapproximationof A(x) from theseparticlescanbe
achiered by replacingthe differentialvolume elementdx®by the volumeV; of a
particle pj with positionp

AT = & A(ppw(x  pj;h)V; (2.19)
J

The discretepropertiesof p; are smoothecover the nite region determinecdby
pj andVj andhenceled to the nameSPH[FMO03,KBLRPOO]. A typical approx-
imation of the particle volumeV; derived from Monte Carlo integration theory
is
Vv, t= @ w(pi  pjih): (2.20)
J

If wis adifferentiablefunctionthendifferentiatingEquation(2.19)yields

hr A(X)i = & A(pj)r w(x pj;h)V;; (2.21)
j

wherer w= 2 PIIW angri = x p; . Notethatthe SPHapproximatiorof the
ri  Trj J J

spatialgradientof a eld functionis determinedrom the spatialderivative of the
kernelfunction andthe valuesat the interpolationpoints. Thus,the gradientof
the eld function doesnot needto be computedwhich is a major advantageof
SPH.Differentwaysexist to derive the differentiableinterpolantto obtainhigher
accuray. For reviewsonthemathematicaloundationof SPHsee[Ben90Mon92,
Liu02a,Mon05] andreferencesherein.
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Whenequationsaresolvednumerically theapproximatiormA(x)i of acontinuous
function A(x) shouldbe ascloseto A aspossible.The orderof ananalyticalso-
lution thatcanbe approximatedvithout erroris calledconsistencyrder [FMO03].
To have n-th orderconsisteny, thefollowing conditionsmustbeful lled:

a W(x pj;pfVj=x™ for 0 m mx2W (2.22)
j

Thus,to have 0-th orderconsistenyg, thekernelmustsatisfy

é w(x pj;h)Vj=1x2W (2.23)
j

This equationis ful lled if the kernelis even and the particlesare distributed
equally aroundx. However, during the simulationthe particlesbecomedisor
dered. Furthermore at the boundaryof the domain, the kernelis truncatedby
the boundaryand thereforenot even anymore, even if the distribution of parti-
clesis regular. This so-calledparticle de ciencyproblemyields spuriousbound-
ary effects[CBJ99Db]. Particle de ciency canbeimprovedby addingghostparti-
cles,which arecreatedoy re ecting the uid particleswith respecto thebound-
ary [LPC* 93]. Anothernumericalproblemaretensileinstabilitieswhich occur
whenparticlesareundertensilestress.This resultsin pairwiseparticleclumping
or evenblow up of thesimulation[PM85,SHA95,Bal95]. This instability canbe
eliminatedby introducinganarti cial stresforce[Mon00,GMS01]or additional
stresgoints[DRI97]. However, theseapproachedo not necessarilymprove the
numericalaccurag. Severalapproachesxist to improve the numericalaccurag
by increasingthe consisteng order of the interpolation. The threemostpopu-
lar methodsare summarizedelon. A nice andextensve overvien of meshless
methodsds givenby FriesandMatthies[FMO3].

Corrective Smoothed Particle Method

To solve the particlede ciency atthe boundaryandreducethetensileinstability,
anextensionof SPHcalledthe CorrectiveSmoothedParticle Method(CSPM)has
beenproposedCBC99,CBJ99aCBJ99b]. Theideais to normalizethe function
approximatiorsuchthatthe kernelsbuild a partition of unity, hencethe approxi-
mationis zeroth-orderconsistent:

hA(X)i = A APIWX  pi;hV; (2.24)

ajw(x pj;h)V;T
This equationcanbe derivedby looking atthe Taylor seriesexpansiorfor A(X) in
thevicinity of p;. Deriving thegradientof a eld functionis moreinvolved,and

makesa matrix inversionnecessarjLiu02a].



2.3 Smoothed Particle Hydrodynamics

2.3.3

2.3.4

Corrected Smoothed Particle

Hydr odynamics

In the CorrectedSmoothedParticle HydrodynamicfCSPH)methodthe kernelw
is replacedby acorrecteckernelw; for aparticle p;

Wi(x; h) = wix;h)a(x)[1+ b(x)(x  pi)l; (2.25)

wherethe correctionparametersa andb are evaluatedby enforcingthe consis-
teng conditionsgivenin Equation(2.22)for n= 1 ( rst degreecorrection),see
e.g.[BKOO] for details.

NotethatCSPMdescribedibove is a specialcaseof CSPH.CSPMusesa con-
stantinsteadof alinearcorrectionj.e.,b(x) = 0, yielding a correcteckernel

w(x pi;h)

Wi = A, Vwx p;ih)’

(2.26)

Furthercorrectiontermsfor improving thepointwiseintegrationhave beenpro-
posedby BonetandKulasgaram[BKOQ].

Moving Least-Squares Particle
Hydr odynamics

An arbitraryconsisteng ordercanbeachiezedusingmoving least-squaes(MLS)
interpolants As describedabove, a smoothcontinuouseld functionA(x) canbe
approximatedn theform

AKX = & A(P)F i(p)) (2.27)
j

whereF (pj) is theshapdunctionof aparticlepj, i.e.,in the SPHsettingF (pj) =
w(x pj;h)V; (seeEquation(2.19)). Following FriesandMatthies[FMO03], A(p;)
canbeevaluatedasa Taylor seriesexpansion

A = A+ & “DAX); (2.28)

jaj=1

wherea = (ay;:::;aq) isamulti-index with a; 0andd is thedimensionof the
problemdomain.If a is appliedto x, then

x2 =552 X (2.29)
andD?A(x) is the Frecheteriative of A(x), i.e.,

T A(X)
Tix a2,  YRaxg

DAA(X) = (2.30)
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with jaj = & idz 1 a; (seee.qg.[RS72]for anintroductionto multi-indices).
We write the shapefunction asa polynomial (shiftedby p; for computational
reasons)
Fi(x) = b (pi x)a)w(x pi;h); (2:31)

whereb(x) = fx®jjaj ngisapolynomialbasisof consisteng ordern anda(x)
is a vector of unknovn coefcients. PluggingEquations(2.31) and (2.28) into
Equation(2.27),multiplying out andrearrangindeadsto

PX)i = Ax)@b(p; x)b'(p; xax)w(x pj:h)+

E {z }
aw(x)
& DA A bR 0BT(P; 00 P wx pin
< I {z }
0k(X)
O(x™ 1y: (2.32)

wherea polynomialof degreen is usedwhich yields an approximationorder of
degreen. Comparingthe left andright handside of Equation(2.32)onecansee
thatto reachthe exact solution,g1(x) mustbe equalto onewhile gx(x) mustbe

systemof equationgor then unknavnsof a(x)
01

1
o 0
ab(p; xb'(pj xax)w(x pj;h)= %% = b(0) (2.33)
] :
0
Solvingthis for a(x) yields the shapefunction of a particle p; (after shifting the
polynomialbasisby addingx)
n # l
Fi(¥)=b"(x) 5_1 b(p))b" (pj)W(x pj;h)  b(p)w(x pi): (2.34)
|- {z }

M(x)

M (x) is calledthemomentnatrix. Finally, pluggingtheshapdunctioninto Equa-
tion (2.27)gives

PAKX)i = bTOOM 1) a w(x  pj; h)b(pj)A(p)): (2.39)
j

Comparingthis equationwith theregular SPHEquation(2.19)shows the follow-
ing relationbetweerSPHandMLSPH

Viw(x;h) = b™™ tbw(x;h): (2.36)
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2.4

Thereforeb™™ b canbeinterpretedasa space-dependenblume. However,
this volumeis purely numericalanddoesnot have a physicalor geometricnean-
ing [Dil99b, FMO03]. A carefulanalysisof MLSPH is givenby Dilts [Dil99a].

Surface Representations

To renderan animatedobject, a surface needsto be extractedfrom the simu-
lateddomain. For mesh-basetlagrangiansimulationthis canbe simply the ob-

ject's boundary For particle-basedimulationsrenderingthe particlesis usually
not sufcient in computergraphics. Instead the surfaceis often de ned implic-

itly asthe isosuraiceof a potential eld from the particles[Bli82]. This sur

faceis then either directly raytracedor corvertedinto a triangle mesh,for in-

stanceupsingthe marchingcubesalgorithm[LC87]. For Eulerianmethodsgither
marker particlesand/oran implicit level setsurfaceis adwectedwith the mate-
rial ow. Nowadaysit is commonalsoin Lagrangiansimulationsto decouple
thesurfacerepresentatiofrom thevolumetricrepresentatioby embedding sur

faceinto the volume which is then adwectedtogetherwith the volumetric ele-
ments[MMDJ01,MG04,MBF04]. Becausehisis generallymuchfasterthanthe
actualsimulation,it enablesusinghigh resolutionsurfacefor high quality render

ing and a low resolutionvolumetricrepresentatioror fastsimulation. We also
make useof an embeddedsurfacewhich is adwected(seeSection5.5). After-

wards,the surfacedeformsaccordingo implicitly andexplicitly de ned potential
elds suchthatit adaptdo the physicscharacteristiceandenablesisercontrol of

thesurfacepropertiegseeSection6.6).

For animatinga surfaceone can choosebetweenmary differentsurfacerep-
resentationsuch as splines, polygonal meshesand level set surfaces. These
have often complementaryadwantagesand dravbacks. Following Kobbeltand
Botsch[KBO03], surfacerepresentationsan be divided into two major classes,
namelyparametricandvolumetricsurfaces.Parametricsurfacesareexplicit rep-
resentationgjivenasthe imageof a parametefunction, whereas/olumetricsur
facesareimplicitely de ned asthe kernel,the so-calledzero-setpf a scalarfunc-
tion. Wewill next comparamplicit andexplicit representationgn Section2.5we
will discussthe basicsof a point-basedepresentationyhich is usedasa mesh-
lessexplicit representatiomn this dissertation(seeSections5.5 and 6.6). One
advantageof a point-basedepresentatiors thatit canbe easily convertedinto
animplicit representatiobasedon alocal projectionoperator(Section2.5.1).In
this dissertatiorwe will arguethatdueto this ef cient corversion,we areableto
exploit theadvantage®f bothimplicit andexplicit representations.
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An explicit parameterizatiors a mappingfrom atwo-dimensionaparametedo-
main Winto 3D-spacegivenby a function f : W R?! S RS [KBO03]. Itis
thereforesimpleto generatgointson the surfaceS by evaluating f (u;v) for dif-
ferentparametevaluesu andv. Ontheotherhand,it is oftendif cult to compute
a parameterizatiofor a givensurfaceS thatmatcheghe topologicalandmetric
structureof S.

An implicit surfaceis givenasY = fx 2 R3jF(x) = Og whereF : R®! Ris
a scalarfunction. F is usuallyde ned suchthata point x is insidethe surfaceif
F(x) < 0 andoutsideif F(x) > 0. Inside/outsiddeststhussimplify to checking
the sign of F(x). On the otherhand, nding pointson the surfaceis more ad-
vancedwhich makes,for instanceyenderingmoredif cult thanwith anexplicit
parameterization.

In computergraphics,polygonalmeshesrethe mostcommonexplicit repre-
sentationwhereadistance elds are mostoften usedasan implicit representa-

fi2V V V. Explicit representationsanthereforebe easily and ef ciently
storedin adatastructurg[Bau75 Kal89].

In distanceelds, thefunctionF : R®! R is de ned asthe signeddistanceto
thesurfaceS, hencedistancecomputationsrevery simple. An implicit function
is usuallystoredasvaluessampledon a 3D grid. Functionvaluesin the interior
of voxelsareobtainedby (usuallytri-linear) interpolation.Adaptive grids, which
have a higherresolutioncloseto the surface[FPRJ00],decreas¢he memorycon-
sumptionand allow a betterrepresentatiof surfacefeatures. However, since
theimplicit function at sharpfeatureds not differentiable purely implicit repre-
sentationgannotrepresensharpedgesand cornerswithout taking into account
additionalinformationsuchasthe surfacegradient.Furthermoregdueto the miss-
ing parameterizationt is very dif cult to texture dynamicallyevolving implicit
surfacesconsistently

Interestingor usarealsotheadwantagesinddravbacksof implicit andexplicit
representationshenthe surfacechangeslynamically An explicit representation
hasthe advantagethat a deformationcan be controlled very easily for exam-
ple, by simply changingthe positionof vertices. However, strongdeformations
yield surfacedistortionsandthereforerequireremeshing Evenworse topological
changesandself-intersectionsave to be detectedand handledexplicitly, which
is adif cult andtime consumingproblem. In contrastbecausemplicit surfaces
arede ned asa zero-setof a function, the surfaceis alwaysconsistentj.e., free
of geometricself-intersectionsgandchangests topologyimplicitly . Althoughthis
is oftenthe major reasornwhy implicit surfacesareused,it canalsobe a disad-
vantage With implicit surfacesit is very dif cult to detectandpreventunwanted
topologicalchangesfor instancejf two separategurfacesheetaneige because
they comeclose.
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A specialclassof implicit surfacesare so-calledlevel set surfaces[OS88],
which arestateof the artin surfacetrackingfor uid simulation[OF02,EMFO02,
ELFO5a]. A level setsurfaceY (x;t) evolvesalwaysalongthe surfacegradient
(i.e., the surface normal) accordingto a scalarvelocity function v(x;t), repre-
sentedby thefollowing partial differentialequation(known asthelevel setequa-
tion)

1Y -

0 vjir Yj; (2.37)
whereY is often taken asthe distancefunction, thusjr Yj = 1. For level set
surfacesit is sufcient to storeonly the functionvaluesin a narrav-bandaround
thesurface.After adeformationthefunctionvaluesareupdatecef ciently using
a fast-marchingechnique[Set96,Set99]. The topology can be preventedfrom
changingoy modifying the updaterules[HXPOL1].

Implicit surfacesareusuallyconvertedinto anexplicit meshusingthemarching
cubeqgMC) algorithm[WMW86,LC87]. A fasteralternatve to thevolume-based
MC algorithmis a surface-basedpproactcalled marching triangles[HSIW96],
which produceshigher quality trianglesthan MC but is not guaranteedo pro-
duceclosed,manifold meshes.The extendedmarching cubes(EMC) [KBSS01]
anddual contouring[JLSW02 SW02]algorithmsenhancehe MC methodby us-
ing the gradientinformationto detectandreconstrucsharpfeatures.An explicit
representatiortan be corvertedinto an implicit distance eld by voxelization
and computingfor eachvoxel the signeddistanceto the surface[Kau87,YT02,
SPGO03].

Sinceimplicit andexplicit representationbave distinctadvantagesanddraw-
backs,the choice dependson the application. The adwantagesof both can be
combinedby forward andbackward corversion.However, with every corversion
informationmight getlost. Thus,a betterapproachis to combinethe two differ-
entrepresentationand usethem simultaneously This is usuallydoneby sam-
pling the implicit surfacewith points[FGTV92]. Witkin andHeckbertf\WH94]
usean adaptve repulsionmethodto distribute the pointsover the surface. They
employ implicit constraintgo eithermove the pointswith the surface,or to move
the surfacewith the points. Bischof andKobbelt[BK03a,BK03b] placesample
pointson the edgesof the voxel grid whenever the surfaceis aboutto changets
topologyto guarante¢opologypreservingurfaceevolutions.To alleviatevolume
dissipationEnrightetal. [ELFO5a]samplethenarronv-bandaroundasurfacewith
particles.Theseparticlesarepassvely adwectedwith thevelocity eld andguide
theevolving level setsurface.

In this dissertatiorwe alsoproposea combinationof implicit andexplicit rep-
resentationgor surfaceextractionof Lagrangiananimations.Our explicit repre-
sentatiorconsistf orientedsurfaceelementsso-calledsurfels(seeSection2.5),
which are directly usedfor rendering. This explicit representatiois corverted
into animplicit representationisinga projectionoperatoraswill be describedn
Section2.5.1.Additionally, theexplicit point-basedurfacerepresentatiois com-
binedwith animplicit representatiode ned by volumetricparticlesto exploit the
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advantage®f bothrepresentationsiamelydetailedgeometrywith sharpfeatures
andimplicit topologychangesThis approachs describedn detailin Section6.6.

Projecting a Point onto an Implicit Surface

As discusse@bove, nding pointsonanimplicit surfaceis notstraightforvard. In

this sectionwe brie y describethe mostcommonmethoddsfor projectinga point
x onto an implicit surfaceY = fxjF(x) = 0g, whereF : R®! R is a smooth,
continuousanddifferentiablefunction. A projectionoperatory (x) is de ned asa
transformatiorthatis idempotentj.e.,

y(y () =y (x): (2.38)
In our casey (x) is de ned suchthatF(y (x)) = 0, hence
y(x)=x, x2Y: (2.39)

ComputingF(y (x)) = Ois atypicalroot nding problem.An excellentproblem
descriptiomandsolutionsincludingcodecanbefoundin [PTVF92].

The simplestcaseis to nd the root betweentwo given braclets, i.e., in an
interval (a;b) whereF(a) andF(b) have differentsigns. The bisectionmethod
always takes the midpoint of the interval and replacesone interval point with
the midpointdependingon its sign. This guaranteeto nd a solution,however,
convergenceis only linear. Superlineaandguaranteeatonvergenceis achieved
by the Van Wijngaarden-Dekkr-Brentmethod(oftenjust calledBrent's method,
which combinegoot bracleting, bisectionandinversequadratidnterpolation.

If only onestartingpointis given,onecaneithertry to braclet the zero-level
or useamethodthatsearchethe zero-level alongthe steepestiescentNeitherof
thesemethodscanguaranteeonvergence. The mostpopularmethodof all root-
nding routinesis the Newton-Raphsomethod(often called Nenton's method.
Thismethods derivedfrom the Taylor seriesexpansiorof afunctionin theneigh-
borhoodof a point. Startingwith a point x, the projectioncanbe found by itera-
tively performinga Newton step

F(X) .
w Fogk X X (2:49)

x> x r F(X)
Thisis repeatedintil jF(x)j is smallerthananerrorthreshold.If thestartingpoint
is closeto the zero-level andF is sufciently smooth thenthis methodconverges
guadratically However, corvergenceis not guaranteed.Therefore,one should
always checkif the new point decreasef~(x)j, otherwisea smallerstepalong
r F(x) shouldbetaken.
A moredif cult problemisto ef ciently nd theclosespointtox onY. Thisis
calledan orthogonal projection Note thatfor an orthogonalprojectiony °"(x),
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2.5

2.5.1

the gradientr F(y °©™(x)) is the normalvectorof the surfaceY aty °™(x) and
pointsin directionof x y°™M(x), i.e.,

rF(y°™x) _ x y°"(x) |
kr F(yorth(x))k  kx yorth(x)k’

(2.41)

We canusethisto iteratively solve this problemby performinga Newton stepand
evaluatethe gradientr F(x9 atthe new positionx® A new iterationstepis then
performedwith r F(x9 asfollows:

kx x%+ F(x9

x> x r F(Y Kt FOOK

(2.42)

until thechangeof x°from oneiterationto thenext is smallerthananerrorthresh-
old.

Point-based Representation

Point-basedrepresentationfiave becomepopular recently for shapeprocess-
ing [Lin01, PG01,PGK02,PKG03,WPK"* 04], editing [ZPKG02, AWD* 04],

modeling [AD03, PKKGO03], rendering[ABCO* 01, CH02,DVS03,ZRB* 04,
WTG04,BSK04,BHZKO05], streaming[Paj05], 3D video [WLG04, WLW™ 05],

and, as discussedn this dissertationfor physics-basednimations]MKN * 04,
KMH* 04,PPG04PKA* 05,KAG" 05,AKP™ 05,WSGO05]. An introductionand
detailsto all thesetopicsincluding somepartsof this dissertationcan be found
in [GP06]. Work on point-basednodeling, animationand renderinghasbeen
publishedrecentlyby Adams[Ada06].

s (calledsurfely. In our case gachsurfels; hasa positions;, two tangemaxesté

andtg, anda setof attributessuchascolor. Thetangentaxesdescribeanellipse
with centers andnormaln; = (t§  t3)= t§ tZ .

Implicit Surface from Points

Thepoint-sampledurfaceS de ned above doesnotde ne amanifolddueto the
missingconnectvity betweenthe surfels. This is a major advantagewhenthe
surfacechangeslynamicallybecausadaptinghe samplingof the surfaceis very
simpleand efcient. However, mary surfaceoperationsrequirea continuously
de ned manifold surface. In generalit is not possibleto nd a global reference
domainor parameterizatiofor the pointset.Insteadyeferencalomainsarecom-
putedlocally andsurfacepatchesrede ned overthesereferencalomains.in his
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seminalwork, Levin [Lev98,Lev01,Lev04] proposea mesh-independerpirojec-
tion stratey basednthemoving least-square@ILS) approachFirst,alocal ap-
proximatingtangeniplanefor apointx is computed.This frameis usedasthe pa-
rameterdomainto t alocal polynomialto thesurfels. TheresultingsmoothMLS
surfaceshave widely beenusedin computergraphics]ABCO* 01,ABCO* 03,
AAO03b,ZPKG02,PKKGO03,FCQAS03,FCOSO05]. AmentaandKil [AKO4] pre-
senteda moregeneralde nition of the MLS surfacebasedon anenegy function
andavector eld, yielding so-calledextremalsurfaces

Theprojectiononto MLS surfaceshastwo disadwantagesFirst, computingthe
referencetangentplane requiressolving a complicatednon-linearoptimization
problem.Secondhe projectionis not orthogonal AdamsonandAlexa [AA04b]
thereforeproposedan implicit de nition of the surfacede ned by the surfels,
whichis brie y describedelow.

Theimplicit functionF(x) of anapproximatingsurfaceY

Y =fx2BjF(x)= 0g (2.43)
isde ned as
F(X)=n(x) (x a(x)); (2.44)

wheren(x) is thenormalizednormaldirectionde ned atx anda(x) is aweighted
averageof neighboringsurfel positionss;

ajw( x sj ;h)sj

a(x) = Aw(x 5 o)

(2.45)

wherew is a weightingkernelwith supporth. The normaldirectionis estimated
from the surfelnormals

n(x) = — ML B (2.46)

Alternatively, the normalcanbe estimatedy computingthe directionof smallest
weightedcovariancAAO3a]. NotethatY is only de nedin theneighborhood
of the surfels,whereB is the union of a setof balls B; with radiush centerecdat
the surfelss;, or moreformally

B = fxj kx Skf hg; (2.47)
B= B (2.48)

Gradient computation

An advantageof thisimplicit functionde nition is thatthegradientof f(x) canbe
computedanalytically in contrastto the MLS surfacewhereno analyticsolution
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exists. Givenanortho-normakystent ep; e;; €9, differentiatingthe vector elds

T
yieldsthedirectionalderivativer F(x) = ﬂ;g);ﬂ;g);ﬂ;g) of F(x) with

TFG) _ TIn(x) fla(x)
e e (x ax)+n(x) e T

(2.49)

Theanalyticderivationof ﬂ%g‘) and ﬂ%g‘) canbefoundin [AA04b].

Projection Operator s

Giventheimplicit surfacede nition andthe exactevaluationof the gradientde-
scribedabove, any projection methoddescribedin Section2.4.2 can be used.
Whenonly onestartingpoint x is given,the simplestprojectionoperatoris com-
putedby projectingx ontothetangentplanewith origin a(x) andnormaln(x)

X2 x nx) (x ax)nx); x x° (2.50)

whichis thenrepeatedvith thenew pointxCuntil kx  x% is smallerthananerror
threshold.

Unfortunately this projectionis not orthogonal.lt canbeimprovedby repeat-
edly projectingfrom the startingpointin directionof the new normalvectorn(x9

x> x n(xy (x ax3) n(x9; (2.51)

yielding a projectionthatis almostorthogonakincen(x9 r F(x9=kr F(x9k.
To computean orthogonalprojection, a startingpoint is repeatedlyprojected
ontothetangentplanein directionof thegradientr F(x9

n(x9 (x a(x9). .
00 T ECD x> x gr F(X9; (2.52)

see[AA04Db] for details.
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Chapter 3

State of the Art

3.1
3.1.1

In this chaptemve summarizehestateof theartin physics-basedeformablenod-
eling and uids in computergraphics. We rst give a historicalbackgroundon
particlesystemseforewe describeapplicationf the SmoothedParticle Hydro-
dynamicsmethod.Section3.2 providesa brief overview of differentmesh-based
LagrangiamrmethodsandSection3.3 describeghe stateof theartin uid simula-
tion using Eulerianand semi-Lagrangiaimethods. For more detailswe refer to
our stateof theartreporti]NMK * 06] andthe discussiorof relevantwork givenin
eachchapterof this dissertation.A recentsurnwey of real-timedeformablemod-
elsfor suigery simulationis givenby Meier et al. [MLM * 05]. For anexhaustve
descriptionof the stateof theartin point-basedyraphicswve referto [GP06].

Meshless Lagrangian Methods

Particle Systems

Particlesystemsveredevelopedby Reeres[Ree83]for explosionandsubsequent
expanding re simulationin the feature Im "Star Trek Il: The Wrath of Khan".
The sametechniquecan also be usedfor modelingotherfuzzy objectssuchas
cloudsandwatet i.e., for objectsthatdonothave awell-de ned surface.Particles
are usually graphicalprimitives suchas points or sphereshowever, they might
alsorepresentomplex groupdynamicssuchasa herdof animals[Rey87]. Each
particlestoresa setof propertiesge.g.,position,velocity, temperatureshapeage
andlifetime. Theseattributesde ne the dynamicalbehaior of the particlesover
time and are subjectto changedueto proceduralktochastiqprocessesParticles
passthroughthreedifferent phasesduring their lifetime: generationdynamics
anddeath.

In [Ree83],particlesarepointsin 3D spacehatrepresenthevolumeof anob-
ject. A stochastiprocesgyenerateparticlesin a predeterminedenemtionshape
that de nes a region aboutits origin into which the new particlesarerandomly
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placed.Propertyvaluesareeither x edor may be determinedstochasticallyIni-
tially, particlesmove outward away from the origin with arandomspeed During
the dynamicsphase particle propertiesmight changeas a function of time and
propertiesof other particles. A particle's positionis updatedby simply adding
the velocity. Finally, a particlediesif its lifetime reacheszeroor if it doesnot
contributeto theanimationanymore,e.qg.,if it is outsideof aregion of interest.A
particleis renderedasa pointlight sourcethataddsanamountof light depending
onits colorandtransparengproperty

An adwantageof particlesis their simplicity, which enableshe animationof
a huge numberof particlesfor complex scenes. The proceduralde nition of
the modelandits stochasticcontrol simpli es the humandesignof the system.
Furthermorewith particle hierarchiescomplicateduzzy objectssuchasclouds
canbe assemble@ndcontrolled. Although the particlesare simulatedomitting
inter-particleforces,the resultinganimationsare corvincing andfastfor inelas-
tic phenomena.The techniquehasthus beenwidely employed in movies and
video games. Examplesof modeling waterlls, ship wakes, breakingwaves
andsplashesisingparticlesystemsanbefoundin [FR86,Pea86(:0s90Sim90,
OH95].

Particlesthatinteractwith eachotherdependingpntheir spatialrelationshipare
referredto asspatiallycoupledparticle system$Ton92]. Theinteractionbetween
particlesevolvesdynamicallyover time, thus,comple« geometryandtopological
changesanbe easilymodeledwith this approach.Tonneserpresented frame-
work for physics-basednimationof solidsandliquids basedn dynamicallycou-
pledparticlesthatrepresenthevolumeof anobject[Ton91,Ton98]. Eachpatrticle
pi hasapotentialenegy Q; thatis the sumof the pairwisepotentialenegiesQj;
betweenp; andall otherotherparticlesp;, i.e.,

Q= a Qi (3.1)

j6i
Theforcef; exertedon p; with positionp; is then

fi=r pQ= arpQi (3.2)
j6i
Sofar, all particlesinteractwith eachother resultingin O(n?) complexity where
n is the numberof particles. The computationakostsfor computingthe force
canbereducedo O(n) whenrestrictingthe interactionto a neighborhoodvithin
a certaindistance,and O(nlogn) for neighborsearching(seeSection7.1). To
avoid discontinuitiesat the neighborhoodoundary the potentialsare weighted
with a continuoussmoothandmonotonicallydecreasingveightingfunctionthat
depend®nthedistancdo theparticlesandrangesrom oneattheparticleposition
to zeroatthe neighborhoodoundary
For deriving inter-particleforces the Lennard-JonepotentialQ“’ is used:
a

b
LJ — .
Q—(r) = moom (3.3)
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wherer is thedistancebetweertwo particlesandn, m, b anda areconstantsThe
Lennard-Jonegpotentialis well known in moleculardynamicsfor modelingthe
interactionpotentialbetweenpairsof atoms. It createdong-rangeattractve and
short-rangeepulsie forces,yielding particlesarrangednto hexagonallyordered
2D layersin absencef externalforces. A more corvenientformulation, called
theLennard-Jonebi-reciprocalfunction,is written as
LI/ € ro N ro M |

Q (r)—rn - m , n . ; (3.4)
whererg is theequilibriumsepaationdistanceand ey is the minimal potential
(the magnitudes calledthe dissociationenegy). Increasinghe dissociatioren-
ergy increaseshestiffnessof themodel,whereashewidth of the potentialwell is
controlledwith the exponentsnh andm. Thus,large dissociatiorenegy andhigh
exponentsyield rigid and brittle material, whereadow dissociationenegy and
smallexponentgesultin soft andelasticbehaior of the object. This enableghe
modelingof a wide variety of physicalmaterialsrangingfrom stiff to uid-lik e
behaior. By couplingthe dissociationenegy with thermalenegy suchthatthe
total systemenepy is consered,objectscanbe meltedandfrozen. Furthermore,
thermalexpansionand contractioncanbe simulatedby adaptingthe equilibrium
separatiordistancer g to thetemperature.

Oneproblemof particlesystemss thatthe surfaceis not explicitly de ned. To
extracta smoothsurfacefrom the particles,analgorithmis usedwhichwasdevel-
opedto modelelectrondensitymapsof molecularstructuregBli82]. A Gaussian
potential

ji(x)=be (3.5)
which s often calleda blob, is assignedo eachparticle,wherea andb arecon-
stantsandr = kx pjk is the distancefrom an arbitrary point x in spaceto the

particle's positionp;. A continuouslyde ned potential eld j (x) in spaces ob-
tainedby summingthe contribution from eachparticle

i ()=aii: (3.6)

ThesurfaceY is thende ned asanisovaluel of j (x). This yieldsanimplicit
coatingof the particles,which adaptgo topologicalchangesuchassplitting and
meging by constructionFor amoreintuitive controlof thesurface the constants
a andb canbe computedasa= b=r2 andb = le °, wherer is the radiusin
isolationandb theblobiness.

Theimplicit coatingof particlesfor soft inelasticsubstanceandegoingtopo-
logical changeposechallengingoroblemssuchasvolumepreseration,avoiding
unwantedblendingandcontactmodeling. Thesewereaddressetly Desbrunand
Caniin aseriesof paperdCan93apC94,DC95]. A hybrid modelis appliedthat
is composeaf two layers:Particlesareusedto simulatesoftinelasticsubstances
asdescribedabove, whereasanelasticimplicit layerde nesthe surfaceof anob-
jectandis locally deformedduringcollisions. A problemof theimplicit coatingis
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thatthevolumemaychangesigni cantly duringdeformationgspeciallyfor split-
ting andmeiging. However, ef ciently computingthe volumeof a soft objectis
nottrivial. A territory of a particle p; is de ned asthe (volumetric)partV; of the
objectwherethe eld contritution of p; is the highest.Note thatterritoriesform
a partition of theimplicit volumeof anobject. Eachparticlesamplests territory
boundaryby sendinga x ednumberof pointscalledseedsn a setof distributed
directionsuntil they reachtheboundary Thevolumeof a particleis approximated
by simply summingup the distancedrom the particle to the seeds. The local
volumevariationcanthenbe easilyapproximatedor eachparticle,andthe eld
functionis changedaccordinglysuchthatthevolumeis presered. Anotherprob-
lem is that split objectpartsmight blendwith eachotherwhenthey comeclose.
To avoid this, anin uence graph s built at eachanimationstepby recursvely
addingthe neighborsof a particlethatarein its sphereof in uence to the same
connecteadomponentOnly the particlesof the samecomponentaninteractand
their eld functionsareblended.However, the problemarisesthattwo or more
separate@omponentsnight collide. For detectinga collision, the seedpointson
theisosurbiceY | aretestedagainsthe eld functionof anothercomponent.For
resolvinginterpenetrationbetweentwo componentsvith potentialfunctionsj 1
andj », exact contactsurfacesare computedby applying negative compressing
potentialsgy.1 and g2 suchthatj 1+ g21 = j 2+ g1.2 = |, resultingin a local
compressionTo compensatéhe compressiormndensureC! continuity of thede-
formed surfaces,positive dilating potentialsare appliedin areasde ned around
the interpenetratiorzone[Can93a0QC97]. For collision responsethe compres-
sion potentialsg;;; arecomputedfor eachcolliding seedandthentransmittedas
responsdorce to the correspondingparticle. Additionally, the two components
might bememgedlocally wherethe collision force exceedsathreshold.

Szeliski and Tonnesenintroducedoriented particles for deformablesurface
modeling[ST92,Ton98], whereeachpatrticlerepresents small surfaceelement
(similar to surfels seeSection2.5). Eachparticle hasa local coordinateframe,
givenby the positionof the particle,a normalvectoranda local tangentplaneto
the surface. To arrangethe particlesinto surface-like arrangementdanteraction
potentialsarede ned thatfavor locally planaror locally sphericalarrangements.
ThelLennard-Jonepotentialdescribedabore is usedto controlthe averageinter-
particlespacing.Theweightedsumof all potentialsyieldstheenegy of apatrticle,
wherethe weightscontrol the bendingand stiffnessof the surface. Variation of
the particleenegy with respecto its positionandorientationyieldsforcesacting
on the positionsandtorquesactingon the orientationsyespectrely. Usingthese
forcesandtorques,the Newtonian equationsfor linear and angularmotion are
solvedusingexplicit time integration.

RecentlyBell etal. presenteé methodfor simulatinggranulamaterials such
assandandgrains,usinga particlesystem[BYMO5]. A (non-sphericalprainis
composedf severalroundparticles,which move togetherasa singlerigid body.
Thereforestick-slipbehaior naturallyoccurs.MoleculardynamicgMD) is used
to computecontactforcesfor overlappingparticles. The samecontactmodelis
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Figure 3.1: Simulationof alavalampusingthe SPHmethodMSKGO05].

3.1.2

usedfor collision of granularmaterialswith rigid bodies,or evenbetweerrigid-
bodies by simply samplingtherigid bodysurfacewith particles(seeSectiord.4.2
for moredetails).

Smoothed Particle Hydrodynamics

The SmoothedParticle Hydrodynamics(SPH) methodis a particle-based.a-
grangiantechniquewhere discrete, smoothedparticles are used to compute
approximatevaluesof neededphysical quantitiesand their spatial derivatives.
Forcescanbeeasilyderveddirectly from the stateequationsAs a particle-based
Lagrangianapproachmassis consered exactly and corvectionis dispensable.
A drawbackof the SPHmethodis thatit is dif cult to exactly maintainthe in-
compressibilityof material. A detaileddescriptionof the SPHmethodis givenin
Section2.3. In the following, we will discussapplicationsof SPHin computer
graphics.

SPHwas introducedindependenthyby Gingold and Monaghan[GM77] and
Lucy [Luc77], for thesimulationof astrophysicgbroblemssuchas ssion of stars.
StamandFiumeintroducedSPHto the computergraphicscommunityto depict

re and othergaseougphenomendSF95]. They solve the adwection-difusion

equationfor densitiescomposef "warpedblobs”. Desbrunand Canisolve the

stateequationdor theanimationof highly deformablebodiesusingSPH[DC96].

They achieve the animationof inelasticbodieswith a wide rangeof stiffnessand
viscosity Consideringhe objectasa setof smeared-ouinassesthey de ne the

surfaceasan isosuraiceof the massdensityfunction. To introducesurfaceten-

sionandcontrolsurfacecharacteristicsuchasconstanwolume,anactve surface
thatevolvesdependingon the velocity eld, similarto snales[KWT88], is pro-

posedDC98]. An adaptve framenvork wheretheresolutionof particless adapted
in both spaceandtime basedon a particlesplitting andmeiging approachs pre-

sentedn [DC99].

SPH has also becomepopular recently for uid simulations. Storaet al.
[SAC* 99] animatelava o ws by coupling viscosity with a temperatureeld
and simulated heat transfer betweenthe particles. By consideringhair as a
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uid-lik e continuum,HadapandMagnenat-ThalmanfHMTO01] useda modi ed
formulationof SPHto simulatehair-hair interactions.Premo eet al. [PTB* 03]
introducedhemoving particlesemi-implicitmethod(MPS)[KT O95]to thecom-
putergraphicscommunityfor simulatingincompressiblenultiphaseuids. Nice
visualresultswereproducedby couplingthe physicalparticleswith level setsfor
surfacereconstructionMiiller etal. [MCGO03] presenteé methodbasedon SPH
andnew smoothingkernelswith which uids with free surfacescanbe simulated
at interactve rateswith up to 5000 particles. In [MSHGO04], the interactionof
Lagrangianuids andmesh-basedeformablesolidsaremodeledby placingvir-
tual boundaryparticles,so-calledghostparticlesiMon94], on the surfaceof the
solid objectsaccordingto the Gaussiamuadraturegule. This methodis extended
in [MSKGO05] sothatthe simulationof phenomenauchasboiling water trapped
air andthe dynamicsof a lava lamp arepossible(Figure 3.1). Liquids with dif-
ferentpolaritiesaresimulatedby computinga body force thatactsperpendicular
to the interfaceof two liquids. Theforceis proportionalto the cunatureof the
interface and the surfacetension. Additionally, air particlesare generatedand
deleteddynamicallywhereair pocketsarelik ely to be formed,makingit possible
to simulatetrappedair. Clavet etal. [CBPO05]achieve viscoelasticuid behaior
by couplingthe SPHmethodwith springs,whereplasticeffectsareachiered by
increasingthe springs'restlengths,similar to [TPF89]. Wicke et al. [WHP* 06]
de ne theinitial hexagonallattice samplingasrestshapeandcomputerestoring
forcesby matchingthe particlepositionsto their assignedattice positions.Thus,
no neighborhoodnformationneeddo be stored,makingthe methodsuitablefor
meltingandfreezinganimations.

Mesh-Based Lagrangian Methods
The Finite Element Method

The nite elementmethod(FEM) is a very popularandwell studiedmethodfor
approximatinghesolutionof partialdifferentialequation§PDESs),wherethevol-
umeof anobjectis discretizedusinganirregular mesh(seee.g.[CMPW89] for
a nice introduction). In Newtonian mechanicsthe PDE hasthe form (seeSec-
tion2.1.1)

X= f(x;x;t); (3.7)

wherex(p;t) is a spatially continuousfunction. This function can be approxi-
matedby solvingfor the nodalpositionsp;(t) of themesh

t(p;t)i = & Pi()Fi(p); (3:8)

whereF(p) are xed nodalbasisfunctionsthatare(in the original FEM) oneat
nodei andzeroatall othernodes.Substitutingx(p;t)i into Equation(3.7)yields
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Figure 3.2: The pit bull with its in ated head(left) shavs the artifact of linear FEM
underlarge rotationaldeformations. The correctdeformationis shovn on the
right[MGO04]. Imagecourtesyof MatthiasMuller, AGEIA/NovodeX.

asetof algebraicequationswhicharethensolvednumerically Notethatchoosing
constantinearbasisfunctionsresultsin the nite differencemethoddescribedn
thenext section.

Insteadof solving this equationsystem,a popularmethod(sometimescalled
explicit FEM [DCA99,0H99]) in computergraphicsis to computenodalforces
by treatingthenodedik e masgpointsin mass-springystemsywhereeachelement
is a springconnectinghe adjacennodeg§OH99,DDCB01,MDM * 02]. Thenew
nodalpositionsarethencomputedby simply integratingthe forcesin time using
anexplicit orimplicit scheme For stablesimulationsnon-linearequationsareof-
tenlinearizedsuchthatanimplicit integrationschemawith alinearequatiorsolver
canbe applied. Unfortunately linearizedelasticforcesare only valid for small
deformations,whereaslarge rotational deformationsyield inaccuraterestoring
forcesf]MDM * 02]. To eliminatetheseartifacts,Muiller etal. [MDM * 02,MG04]
extracttherotationalpartof the deformationfor each nite elementandcompute
theforceswith respecto the non-rotatedeferencdrame(cf. Figure3.2).

O'Brien etal. [OH99,0BH02b]simulatedracturingof elasticandelastoplastic
materialusingtetrahedralnite elementswith linear basisfunctionsandexplicit
integration. Muller et al. [MMDJO01] achiere real-time deformationsand frac-
ture by solving for static equilibrium con gurationsexceptfor collision events.
Delunneet al. [DDCBO01] usea linear elasticmodelbasedon the Lamé formu-
lation for computingthe deformationof an object. Applying FEM to this linear
PDE resultsin alinearequationsystem.This systemis solvedef ciently usinga
hierarchywith volumetricmesheof differentresolutions.Wu et al. [WDGTO01]
describeanadaptve nonlineai=EM simulationbasedn precomputegrogressie
mesheg$Hop96]. Insteadof re ning the meshelementsGrinspunetal. [GKS02]
re ne basisfunctionsin theirframeawvork calledCHARMS (conforming,hierarchi-
cal, adapatre re nementmethods).Irving et al. [ITFO4] addresghe problemof
elemeninversionby deriving forcesfrom thedeformatiorgradient.Cubical nite
elementsvith anembeddedhighresolutionsurfacehave beenemployedby Miiller
etal. [MTGO04] for stableandef cient fracturesimulation.To supporttopological
changeswvhile maintainingwell-shapedelementsMolino et al. [MBF04] create
duplicatef the original elementswvhich areanimatedasvirtual nodes.
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The Finite Difference Method

FEM approximateshe solutionof a differentialequationwhereaghe Finite Dif-
ferenceMethod (FDM) approximateghe equationitself. A major disadwantage
of thissimpleandef cient schemas its dif culty to approximateheboundaryof
anarbitraryobjectwith aregularmesh.

Terzopoulostal. [TPBF87]derive anenegy functionalastheweightedmatrix
norm of the differencebetweenthe metric tensorsof the deformedand original.
Theelasticforcesarecomputedy discretizingthe continuoudlirectionalderiva-
tive of this enegy termusing FDM. Finally, the forcesareintegratedin time us-
ing semi-implicitintegration. Furtherwork coversviscoelasticity plasticity and
fracture[TF88]. Furthermore,Terzopoulosand Witkin [TW88] proposeto de-
composethe deformationinto a referenceand a displacementomponent. The
referencecomponents movedrigidly with the displacedcomponent.Theforces
arethencomputedelative to this referencecomponento improve the numerical
stability.

The Finite Volume Method

Althoughthe nite volumemethod(FVM) is usedin mary CFD packagesit has
beenlargely ignoredin computergraphics.Delunneet al. [DDCBO0O0] improved
their nite differenceapproachfor multiresolutionanimationof deformingob-
jects[DDBC99] usinga nite volumeintegrationtechniqueto approximatethe
Laplacianandthegradientof thedivergenceoperatorsTeranetal. [TBHF03] use
FVM to simulateskeletalmuscle. Similar in spirit to the geometricallymotived
FVM, they proposea geometriovay to computestrainwhich leadsto anintuitive
way of integratingthe equationf motions.

The Boundar y Element Method

UnlikethevolumetricFEM method theBoundaryElementMethod(BEM) solves
the equationof motionat the boundary(surface)of anobject,see[Hun05] for an
introduction. This is achieved by transformingthe volumeintegral form into a
surfaceintegral by applying the Green-Gaussheorem. Thus, the 3D problem
is reducednto a 2D problem,which resultsin a substantiaspeedugor solving
the equation.However, BEM canonly be appliedto homogeneoumaterial,and
topologicalchangesredif cult to handle.

Jamesand Pai employ BEM for accuratereal-timesimulationof deformable
objects.Basedon a linear elasticmodel,referenceboundaryvalue problemsare
precomputedJP99]. Thesearecombinedat run-timeusinga fastupdatemethod
thatexploitscoherenceThey extendedhisframework for thesimulationof multi-
zoneelastokinematienodelgJP02]Jandaugmentt by amultiresolutiontechnique
basedn waveletsto reducethe memoryrequirement$JP03].
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Figure 3.3: Clothmodeledusingamass-springysten{BFA02]. Imagecourtesyof Robert
Bridson,UBC.

3.2.5 Mass-Spring Systems

Mass-springsystemsdiscretizethe spaceby simply connectingmasspointsto-
getherby a network of masslessprings. This network is x ed, whereasn par
ticle systemgdescribedn Section3.1.1the network is recomputedn every time
step.Mass-springsystemshave beenpopularin computergraphicsfor modeling
facegPB81,Wat87], soft tissuegCHP89,TW90,WT91], andthe locomotionof
simple creaturedMil88, TT94]. Melting hasbeensimulatedby decreasinghe
springstiffnessaccordingto a mass-pointéemperatureand nally the springis
removedcompletely TPF89 MP89,CBP05].

Breenetal. [BHW94] statethatmass-springystemsaresuitablefor cloth sim-
ulationdueto thefactthatclothis amechanisnof warpandweft bres, andnota
continuum.Sincethen,mass-springystemsiave dominatedhe cloth simulation
literature[EWS96,VMT97, BW98,CK02,EGS03]. A bendingmodelfor cloth
hasbeenpresentedy Bridsonet al. [BMFO03] andfor discreteshell simulation
by Grinspunet al. [GHDSO03]. Adaptive meshingtechniquedgor cloth simulation
have beenpresentedh [HPH96,vVB02,LV05]. Teschneetal. [THMGO04] present
aversatileandef cient modelthatcanbeappliedfor bothdeformingsurfacesand
volumesusingtetrahedrahndtrianglemeshes Springforcesarecomputedrom
potentialenegy that presere distancedbetweervertices,the surfaceareaof the
object,andthevolumeof tetrahedra.

Spring constantausually needto be tunedmanuallybecausehey do not di-
rectly correspondo physicalvalues. To searchfor theseparameterssimulated
annealindBTH™* 03] anda geneticalgorithm[BSSHO04]have beenproposed.

A lot of researchthasbeendonein developingtime integration schemethat
preserethelarge scalefolding andwrinkling of clothwhile stablyandef ciently
solvingthestiff equatiorsystemsA discussiorof thistopicis out of the scopeof
this dissertationye referto [NMK * 06] for anicesurwey.
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Methods

Sofar, we discussedneshles@andmesh-basetlagrangianmethods.In this sec-
tion we will look at Eulerianand semi-Lagrangiamethodsusedfor uid simu-
lation in computergraphics. Furthermorewe will explorehow uid boundaries
arerepresentedn the Euleriansetting. SeeSection2.2 for a discussionof the
fundamentatlifferencedetweerEulerianandLagrangiarmethods.

Fosterand Metaxaspopularizeduid simulationby a seriesof paperdFM96,
FM97b,FM97a]. They solvethe Navier-Stokes(NS) equationgor incompressible
uids (Section2.1.4)

r v=0; (3.9)
iv 1 1
— = (v..r )yt —r (prv) =r P; (3.10)
e e ey

viscosity ~ pressure

using nite differenceson a regular voxel grid. The uid velocity is storedon
the cell facesof the grid, whereaghe pressureandotherscalarvaluesarestored
at the cell centerto avoid pressureoscillations. This is known as staggered (or
MAC) grid. For solvingthe NS equationsthe singletermsare solved separately
(so-calledoperator splitting). First,theexternalforceis simplyintegratedin time.
Stam[Sta99]proposead methodo stablysolvethe(non-linearjadwectiontermfor
arbitrarytime stepsusinga semi-Lagrangiatechnique.Theideais to backtrack
the consideredyrid pointx! in timeto nd thepositionx! ™ in thelasttime step
t Dt, atwhichaparticlewould have movedto x'. Theconsideredttributeis then
interpolatecatx! ™ from theneighboringgrid cell attributesatt  Dt. Finally, the
attribute at x! is updatedwith this value. Following, the (linear) viscosity term
is solved, e.g.,using nite differences.The obtainedvelocity V afterthesethree
stepsis called a bestguessvelocity, wherethe pressureand massconseration
(Equation(3.9)) hasnot beentaken into accountyet. In the so-calledpressue
projectionstep,the missingpressurgermis addedo this velocity

V=¥ Dir P, (3.11)

whereDt is the usedtime step.This equationis thenpluggedinto Equation(3.9),
yielding (afterrearrangingheterms)a Poissorequatiorfor theunknavn pressure

Dtr 2P=r (3.12)

Solving this symmetricand positive de nite systemof equationsyieldsthe pres-
sure,whichis thenpluggedbackinto Equation(3.11)to obtainthe nal v"® re-
sultingin adivergencefree (andthusincompressible)uid. Thesetechniquegan
alsobe appliedon an adaptvely re ned grid, suchasan octree[SY04,LGF04].
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Irving et al. [IGLFO6] couplea 2D techniquesimilar to uid methodsbasedon
height elds [KM90, OH95] with a full 3D Navier-Stokes solver at the surface.
This enablespeedingup the simulationof large bodiesof waterwhile capturing
detailedsurfacemotion.

To simulatesmole, Stam[Sta99]useda scalardensity eld to de ne quanti-
ties of smole on the grid, and addsbuoyang/ forcesbasedon the local smole
density The density eld is adwectedwith the semi-Lagrangiartechniquede-
scribedabove. This approachs unconditionallystable,but the eld is smoothed
dueto theinterpolationof the values,especiallyon coarsegrids. To reintroduce
the lost small scaleswirling motionin smole simulations,Fedkiwet al. [FSJO01]
addan arti cial vorticity con nementforce. A differentapproachwastaken by
Kim et al. [KLLRO5] who appliedbadk and forth error compensatiorand cor-
rectionto the semi-Lagrangiamechniqueto greatlyreducethe dissipationwhile
maintainingits stability. A differentsemi-Lagrangiartechniquefor computing
theadwectioncoinedparticle-in-cell (PIC) methodhasbeenpresentedlreadyin
1963 by Harlow [Har63]. The grid cells are sampledwith particles. In a rst
step,the velocity of the particlesareinterpolatedontothe grid cells. Secondall

uid termsexceptof theadwectionarecomputecdnthegrid. Third, thecomputed
cell velocitiesareinterpolatedback onto the particles,which arethenmovedin
time. Thus,the velocitiesare smoothedwo times,yielding a very viscous uid.
Brackbill and Ruppertgetrid of the smoothingin the third stepby only interpo-
lating the differenceof old andnew velocity of acell backto the particleS[BR86].
This approachs coined uid-implicit-particle (FLIP) method.Recently Zhuand
Bridsonuseda modelfor sandin combinationwith eitherPIC or FLIP to animate
sandasa uid [ZB05], andGuendelmartal. [GSLFO5]usedFLIP to reducethe
dissipationin the adaptve octreemethod[LGF04]. Selleetal. [SRF05]combine
Lagrangiarvortex particleswith Eulerianmethodgo presere smallscaledetalil,
wherethevorticity con nementforceis usedto drive thegrid basedvelocity eld
towardsthe particles'vorticity.

To renderthe uid boundary Fosterand Metaxas[FM96] passvely adwect
masslessnarker particles which arerenderedn [FM97b] assmoothectllipsoids
with an orientationbasedon the velocity of the particleanda normalcomputed
from the positionof the nearbypatrticles. Carlsonet al. [CMVT02] improvedon
this techniqueby splattingthe particlesand extractanisosuraiceasa polygonal
mesh. For smole visualization,Stamadwectsa scalarsmole density eld using
thesemi-Lagrangiatechniquedescribedabove. Thisdensity eld is thenvolume
rendered.Fosterand Fedkiw [FFO1] werethe rst in computergraphicsto ani-
matethe uid boundaryaslevel sets[OS88](seeSection2.4.1).Level setvalues
areonly de ned at Euleriangrid nodesyielding numericaldissipationof massin
underresoled, high curvatureregions[EFFMO02]. This problemhasbeenallevi-
atedby Enrightetal. [EMF02,EFFM02 ELFO5b]by samplingthe uid interface
on both sideswith masslesgarticles,which arepassvely adwectedwith the o w
andperiodicallyreseededParticlesthatescapeheimplicit surfacearethenused
to correcterrorsin the level setrepresentationLosasscet al. [LSSF06] extend
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Figure 3.4: Melting bunny [CMVTO02, Car04]. Imagecourtesyof Mark Carlson,DNA
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Productions|nc.

thelevel setalgorithmsuchthatmultiple interactingliquids canbe simulated and
coupleliquid and re [NFJ02]simulation.Rasmussertal. [REN* 04] introduce
two additionalkind of level setparticles:viscosityparticlesfor melting,andveloc-
ity divergenceparticlesfor controllingtheexpansiorandcontractiorof theliquid.

Air marker particlesthatbecomedrappednsidethe uid aresimulatedasbubbles
by GreenvoodandHouse[GHO04]. Guendelmaret al. [GSLF05]adwectandren-
derwatermarker particlesthat escapedhe reconstructedurfaceassplashesand
spray Kim etal. [KCC* 06] go onestepfurtherandcorvertthesemarker particles
into physicalparticles,which arethensimulatedusingthe PIC andFLIP method
describedabore. A descriptionof a particle level setlibrary including source
codeis givenby Mokhberiand FaloutsogMF]. An ef cient schemdor storing
level setsbasedon run-lengthencoding(RLE) hasbeenproposediy Houstonet
al. [HWBO04,HNB* 05,HNB* 06].

Insteadof using marker particles,loss of volume canbe decreasedby using
theerrorcompensatioandcorrectionmethoddescribedy Kim etal. [KLLRO5].
Bamteil etal. [BGOSO06]circumwentthedissipatiornproblemsdueto interpolation
of level setsby combiningthe adwectionof a distanceeld with anexplicit sur
face.In every step,they computethe distancevalueof a grid pointto the surface
by backtrackinghe pointin time usingthe semi-Lagrangiampproachdescribed
above. The distancevalueof the found pointis computedexactly by computing
thedistanceof thepointto thesurfacegivenasatrianglemesh.Thenew surfaceis
thenextractedwith an adaptedsersionof the marchingcubesalgorithm[LC87],
wherethe position of the triangle verticeson the grid edgesare found using a
secanimethod.Thus,interpolationis avoidedaltogether

Several extensionsof the standarduid solver have beenproposedo simulate
variouseffects. Hong and Kim [HKO5b] usethe ghost uid method[Fed02]to
simulatesurfacetensionof both free and bubble surfacesby modelingthe dis-
continuity at the interfacebetweenwaterandair. For obtainingaccuratederva-
tives, both pressureand velocity are extrapolatedacrossinterfaces. Carlsonet
al. [CMVTO02] addatemperatureandvariableviscosity eld to simulatemelting
of solid objectsinto liquid. Solid objectsaresimply modeledasa uid with very
highviscosity Solidsaremeltedby decreasingheirviscosity whichis coupledo
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Figure 3.5: A drippingviscoelasticuid [GBOO04]. Imagecourtesyof TolgaG. Goktekin,
UC Berkeley.

thetemperaturéFigure3.4). To copewith thestiff equationglueto highviscosity
animplicit integrationschemes used. Goktektinet al. [GBO04] addan elastic
termto theNS equationgor animatingviscoelasticubstancef-igure3.5),where
thestraintensoreld is adwectedhroughouthe uid grid. Carlsonetal. [CMT04]
simulatethe interactionbetweenrigid bodiesand uids by projectingthe rigid
bodyon aEuleriangrid andtreatingit asarigid uid. Thisis achiezedby adding
anextra termto the NS equationgdueto the deformationstressinside the solid.
Thus,the samesolver asfor the uid is usedto computethe cell velocitiesof the
rigid body, which arethenusedin the next time stepby the rigid body solver.
Discretizingthe objectson the grid is avoided by Guendelmaret al. [GSLFO05],
who couplewaterandsmoke with thin deformableandrigid shellsby castingrays
from the cell centerto the neighboringcell centersto nd intersectionwith the
objects.Thevelocity of the objectat theintersectiorpointis thenusedasbound-
ary condition. The aforementionedvorks useda couplingtechniquecalledtime
splitting, wheresolidsand uids are computedalternatelywhile xing the uid
pressurendthesolid's velocity, respectiely. Klingner etal. [KFCO06] combine
boththe uid pressuregrojectionandthe implicit solid velocity integrationstep
into one setof equationswhich arethensolved simultaneously While this in-
creasesheaccurayg of thecouplingandthereforeallowsto take largertime steps,
it resultsin alarge non-symmetridinear equationsystemthatis composeaf all
uid andsolid degreesof freedom,which is computationallymore expensve to
solve. Losasscet al. [LIGF06] combinestandard=EM solid simulationwith Eu-
lerian uid solversto simulatemelting and burning of solids. The boundaryis
de ned asthelevel setstoredonthemeshnodesn materialcoordinatesvherethe
meshis static. Thetransitionfrom solidto uid is achiezedby adaptinghenodal
level setvalues.

The volume-of- uid (VOF) method[HN81] storesin eachvoxel the volume
fraction of liquid in a voxel. Theinterfacecrossedhosecellsthatareonly par
tially lled, i.e.,wherethe fractionis smallerthanone. This additionalinforma-
tion canbe alsousedto computesurfaceslopesandcurvatureswhich is needed,
for instance to simulatesurfacetension. Becausehe curvaturecomputationis
lessaccuratghanwith level sets, SussmamandPuclett[SPO0Sus03]jcoupledthe
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Figure 3.6: Controlled uid simulationwith detailpreserationusingthelatticeBoltzmann
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method TKPRO6].

VOF andlevel setmethodgcalled CLSVOF) to combinethe advantage®f both,
namelyvolumepreserationandsmoothsurfaces.HongandKim [HKO03] model
surfacetensionforcesfor risingbubbles.Takahasetal. [TFK* 03] employ thecu-
bic interpolatedpropagation(CIP) [TNY85, TY87] methodto simulatesplashes
andfoam. The CIP methodadwectsadditionallyto the velocity alsothe surface
gradientto obtaina sharpinterfacebetweenwaterandair. Songet al. [SSKO05]
adoptthe semi-Lagrangiaradwectionto reducenumericaldissipation,and con-
vert dissipatve cellsinto dropletsor bubbles.Subsequentlythesefragmentsun-
dego Lagrangianmotion. Mihalef produceimpressve resultsof 3D breaking
waves[MMSO04]. The 3D simulationis controlledusing2D slicesgeneratedy a
2D uid solverwith prescribednitial conditionsderivedfrom linearwave theory

Insteadof regular gridsit is alsopossibleto useunstructuredneshes.These
have the adwantagethat they conform betterto irregular boundarieFOKOS5,
ETK*05]. Feldmanet al. [FOKGO05] usedthe arbitrary Lagrangian-Eulerian
(ALE) methodto adaptthe computationameshto deformingboundariesKlinger
etal. [KFCOO06] go onestepfurtherandremeshthe domainevery time stepsuch
thatit conformsalsoto moving objects.

A differentapproacttoinedlattice Boltzmannmethod(LBM) [FdH* 87] solves
the Boltzmannequationto approximatethe NS equations(see[Suc01] for an
overview of themethod).It workssimilarto acellularautomatonwherethe phys-
ical domainis discretizednto grid cells. A cell only interactswith cellsin its di-
rectneighborhoodLBM performswell for complex geometriesand,if combined
with a VOF method,is fully massconserving.Wei et al. [WZF* 03, WZF* 04]
usedLBM to simulatewind elds interactingwith light-weight objectssuchas
soapbubblesand a feather wherethey exploit graphicshardware for parallel
computations.Furthermorethey achieve to simulategaseoughenomenat in-
teractve rates[WLMKO04]. Thirey andRude[TR04] apply LBM for interactve
simulationof liquids with free surfaces.Implementatiordetailsandan adaptve
time steppingschemas givenin [TKRO5]. In [TKPRO6], force elds de ned by
particlesareintroducedto controlthe uid o w. Thewhole framevork hasbeen
integratedinto Blender[Thi06]. A hybrid simulationmethodthat couplesa 2D
shallov watersimulationwith a 3D freesurface uid simulation,augmentedvith
particlesfor theanimationof drops,is givenin [TRS06].



Chapter 4

Multiresolution Fluid
Simulation

In this chaptera nev multiresolutionparticle methodfor uid simulationis pre-
sented.Thediscretizatiorof the uid dynamicallyadaptgo the characteristicef
the o w to resole ne-scalevisualdetail, while reducingthe overall compleity
of the computations.We introducethe conceptof virtual particlesto implement
ef cient re nementandcoarsi cationoperators.Furthermorea consistentou-
pling betweenparticlesat differentresolutionlevelsis achiered,i.e., our scheme
guaranteethatonly particlesof the samesizeinteractandthusmomentums pre-
sened. Our multiresolutionmethodleadsto speedup®f up to a factorof six as
comparedo singleresolutionsimulations.Oursystenmsupportsnultiphaseeffects
suchasbubblesandfoam, aswell asrigid body interactions pasedon a uni ed
particleinteractionmetapharThewaterair interfaceis trackedwith aLagrangian
level setapproaclusinga novel Delaunay-basedurfacecontouringmethodthat
accuratelyresohes ne-scale surface detail while guaranteeingreseration of
uid volume.

In our uid model(Section4.3),the uid is sampledwith particleswhich are
usedas interpolationpoints by the SmoothedParticle Hydrodynamicsmethod
(Section2.3) for solvingthe Navier-Stokesequations Additionally to waterpar
ticles,air particlesaregeneratenthe y atthewaterair interfaceandtwo-way
couplingbetweernwaterandair is modeledoy simulatingcohesiorattheinterface
(Section4.4). With the sameinteractionmodel,also uid-rigid bodyinteractions
canbe simulatedef ciently. The uid modelis enhancedvith virtual particles,
which provide aconsistenandrobustcouplingbetweerparticlesof differentreso-
lutionsandenableto dynamicallyadaptthe particleresolution(Sectiond.5) with-
outintroducingvisual discontinuities.The surfaceis extractedastheisovalue of
acolor eld usingDelaunaytriangulationandtetrahedramarching(Sectior4.6).
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Capturingthe multi-scalenatureof uid o w, suchasturbulence,bubbles,co-
hesion,andRayleigh-TRylor instabilities,typically requiresa high-resolutiordis-
cretizationof the computationatlomain. Sinceuniform methodssuchasregular
grids or constant-masgparticle systems suffer from cubic compleity andthus
high computationand memorydemandsspatially adaptve methodshave been
proposedo improve scalability Whendesigningsuchan adaptve schemejwo
main questionsneedto be addressedHow to computeanddynamicallyupdate
theadaptve discretizatiorof thedomain,andhow to de ne thediscretedifferen-
tial operatoron this non-uniformdiscretization”learly, anadaptve methodcan
only besuccessfulif thesarzingsin memoryandprocessindgime arenotsurpassed
by the overheador maintainingthe adaptve spatialdatastructures Similarly, an
appropriatediscretizationof the underlying uid o w equationss crucialto ob-
tain a consistenaindef ciently computablesolution.

Losassocet al. [LGF04] recentlyintroducedsucha schemebasedon an un-
restrictedoctreedecomposition.A careful designof the divergenceand gradi-
ent operatorsyields a symmetricdiscretizationof the Poissonequation,which
canbe efciently solved even for large simulationdomains(seealso [SY04]).
Adaptive meshre nement[BO84,SAB" 99] is a differentEulerianstratey that
usesa setof uniform grids at differentresolution,see[LFOOQ5] for a compari-
son. Irving et al. [IGLF06] coupletwo andthreedimensionakechniquego re-
ducethe simulationcompleity. Similar in the spirit to our approachthey use
afull 3D Navier-Stokessolver at the surfaceto capturedetailedsurfacemotion,
while further away of the surfacetall cells are usedsimilar to 2D height eld
approachefKM90, OH95].

Spatialadaptvity in the Euleriansettingcan be problematic,however. Fluid
moving throughspacerequiresconstante nementandcoarseningf the under
lying meshwhichleadsto frequentmemoryupdatesandthushigh computational
cost. Considera simpledropfalling down asillustratedin Figure4.1. Sincehigh
spatialresolutionis desiredcloseto theinterface the meshhasto be continuously
re ned and coarsenedhs the drop movesthroughthe spatially x ed grid, even
whennothinginterestingis happeningn termsof uid dynamics.Anotherdif -
culty in grid-basednethodss that solid boundarieshave to align with the voxel
structureof the grid, which canleadto aliasingartifactsfor irregularly shaped
domains.To addresghis issue,Feldmanet al. [FOKO5] introduceda methodfor
simulatinggaseson hybrid meshegshatconformto irregulardomainboundaries.
By mixing regular hexagonalmesheswith unstructuredetrahedrameshestheir
methodleadsto improved accurag nearirregular boundaries.Similarly, Elcott
etal. [ETK* 05] presentech methodfor simulating o w on arbitrarytetrahedral
meshesusingcirculationpreservingocal operatordo avoid numericaldiffusion
of vorticity. For simulating uids in deformingmesheskeldmaretal. [FOKGO05]
usethearbitraryLagrangian-EuleriafALE) formulation,whichthey solve using
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Figure 4.1: Advectionof spatialdetailrequiressubstantiate-oiganizationof adaptve Eu-
lerian grids (top row). In Lagrangianmethodsupdatesof the discretizationare
directly coupledto thedynamicsof the o w (bottomrow).

a semi-Lagrangiamethod. This methodhasfurther beenextendedby Klingner
etal. [KFCOO06]who ef ciently andaccuratelyremeshthe domainin everytime
stepfrom scratchto conformthe meshto the boundaryand moving objects. So
far, thisapproactdoesnot address$reesurfaces.

We proposea nev multiresolution particle-basednethod that avoids grid-
relatedaliasingartifactsaswell asthe compleity of maintainingconformity to
dynamicobjectboundariesAt the sametime, the spatialdiscretizatioris directly
coupledto the dynamicsof the o w. New particlesarecreatechearthe interface
to resolwe visually important ne-scale surfacedetail. Thus,simpleadvectionof
spatialdetailrequiresno updatesn thediscretizationFigure4.1,bottom),avoid-
ing the numerousinterpolationand averagingoperationsthat adwersely affect
numericalaccurag.

A crucial ingredientin our approachis a nev methodfor couplingthe inter-
actionbetweenparticlesof differentsize. As notedby Koumoutsaks [Kou05],
variable-sizegarticleseadto inconsistencies thestandardnolli ed kernelap-
proximationof the differentialoperatorsWe avoid this problemby allowing only
a discretesetof particlesizes,analogougo an octreediscretizationn the Eule-
rian setting. The couplingbetweenparticlesat differentlevelsis achiezed using
a new type of virtual particlesthat guaranteghe consisteng of the approxima-
tion. Thesevirtual particlesat the sametime provide a naturalway to dynami-
cally re ne andcoarserthediscretizatiorduringthe simulation.Our multiresolu-
tion schemas basedon the SmoothedParticle Hydrodynamicsnethod(seeSec-
tion 2.3), but canbe appliedto otherparticle-baseanethodsaswell. We model
two-phasecouplingto simulateair-water interactionand extend this schemeto
alsoimplementsolid- uid andsolid-solidinteractions.
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Stateof the art Eulerianand semi-Lagrangiaimmethodsfor uid simulationsare
describedn Section3.3,andmeshless agrangiammethodsarediscussedn Sec-
tion 3.1. In this sectionwe will briey discussrelatedwork in surfacetrack-
ing, adaptve simulationsmultiphaseo ws, uid-object interaction,andpatrticle-
baseduid simulations.

Most stateof the art Eulerian uid simulationalgorithmsuselevel setmeth-
0ds[0S88,Set990F03]to track the free surface. The semi-Lagrangiamarticle
level setmethod[Str99, EFFM02 ELFO5b]wasintroducedo reducevolumeloss.
An alternatve adaptve contouringmethodbasenoctreesandbackwardsadvec-
tion to obtaindistancevalueswasrecentlyproposedy Bamteil etal. [BGOS06].

Adaptuity in the Euleriansettingis achiered by using an octreedatastruc-
ture as proposedby Losasscet al. [LGF04] and Shi and Yu [SYO04]. Irving et
al. [IGLF06] combine2D and 3D solversto speedughe simulationwhile hav-
ing full detail closeto the surface. A similar ideahasbeenusedby Thirey et
al. [TRS06], who computethefull uid o w only in a boundedregion of inter-
estthatcanchangeover time, whereasoutsideof this region a 2D shallov-water
simulationis performed.Hong andKim [HK03, HKO5b] simulatedeffectssuch
asbubblesandsurfacetensionby modelingthe discontinuityat the interfacebe-
tweenair andwater The simulationof multiple interacting uids is achieved
in [LSSFO06]by extendingthe particlelevel setalgorithm.Carlsonetal. [CMTO04]
simulatetwo-way couplingbetweerrigid bodiesand uid by projectingtherigid
body on the Euleriangrid. Génevaux et al. [GHDO03] couplesolidsand uids by
computingrepulsionforcesbetweerthe uid marker particlesandthesolid's La-
grangianmodes.Guendelmaret al. [GSLFO5] presented techniquefor coupling
water and smole with shells. Klingner et al. [KFCOO06] combinevelocity and
pressureconstraintanto one setof equationsgnablingto computethe interac-
tion betweenuids andrigid bodiessimultaneouslywhich hasbeenextendedto
deformableobjectsby Chenatenetal. [CGFOO06].Losassetal. [LIGF06] simu-
late meltingandburningof solidsby couplingEulerian uid solverswith standard
FEM solversfor deformableobjects.

As an alternatve to Eulerianschemesparticle-baseanethodsfor uid simu-
lation have recentlybecomepopular Premozeetal. [PTB* 03] usedthe moving-
particlesemi-implicit(MPS) methodfor solvingthe Navier-StokesequationsAn
interactve systemfor water simulationusing SmoothedParticle Hydrodynam-
ics (SPH) hasbeenpresentedoy Muller et al. [MCG03,MSHG04,MSKGO05].
DesbrunandCani[DC96] usedSPHfor animatingelasticallyandplasticallyde-
formablesolids. For computationakf ciency, they adaptedhe particle system
over spaceandtime [DC99] by enablingparticlesto split andmerge while adapt-
ing theintegrationtime stepsautomatically Becauséhereis notransitionbetween
re ned or coarsenegarticles splitting andmeiging introducesa discontinuityin
the force computationwhich is a potentialsourceof instabilities. To speed-up
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particlesystemsO'Brien et al. [OFL01] proposea subdvision schemeor clus-
tering particlesandcomputethe dynamicson theseclusters.

In particle-basednethods,the free surfaceis most often de ned as an iso-
surfaceof a color eld de ned by the particles[Mor00]. Hieberand Koumout-
salos [HKO5a] denotethis asLagrangianparticle level setsand shav how both
color elds anddistanceelds canbeusedto de ne thelevel setfunction. Muller
etal. [MCGO3] proposeo convert SPHparticlesneartheisovalueto surfacepar
ticlesfor interactve visualizationusingsurfacesplatting.

Recentwork on SPHin computationaluid dynamicsdocusesonimprovingthe
accurayg by remeshinghe particlesontoa grid [CPKO02] or regularizingthe dis-
tribution of the particles]BOT01,BOTO05]. ColagrossandLandrini[CLO3] shav
how interfacial o ws suchassplashingandsloshingcanbe accuratelysimulated
usingSPH.

Fluid Model

In our uid framework, uid forcesaredervedfrom the Navier-Stokesequation
usingSPH(seeSection2.3for anintroductionof SPH).Below we provide a brief
summaryandderive therelevantequationdor the following sections.

The Navier-Stokes (NS) equationsn the Lagrangianform arewritten as(see
alsoSection2.1.4)

Dv 2
r P+ pur +rqQ; 4.1
Mot = W “v+rg 4.1)
Dr
— = rr Vv 4.2
Dt v (4.2)

The uid densityis denotedoy r, the pressue P is theforceperunit areathatthe
uid exertson arything, u is the (constantkinematicviscosityof the uid, v is
the uid velocity andg theacceleratiordueto gravity. Additional externalforces
(so-calledbodyforceg arelumpedinto g. Thematerlaldenvatlve% = ﬂ—f'+ VI
denoteghe changeof a physicalquantityq(x;t) overtime (seeSectlonZ.l.l). In
the Eulerianviewpoint, this is the changeof g overtime plusthein- o w andout-
o w, respectrely, of this quantityata x ed pointx in space.In the Lagrangian
viewpoint,g moveswith the uid (i.e. theparticles)thereforehematerialderva-
tive is equalto the partialtime derivative, i.e., Dq = ﬂq

The rst partof theNS- equatlon$Equat|on(4 1))|s simply Newton's equation
f = ma andis thereforeoften calledmomentunequation This canbe easilyseen
by looking attheequatiorfrom a Lagrangiar(particle)viewpoint. By multiplying
bothsidesof the equationwith thevolumeV; = my=r; of a particleelementp; we

get
Bt = 1By g (43)

fpressure wscosny f@<t
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wherefP"®5*""andf)"*°**V aretheinternalforcesandf®! the externalforceacting
on p; with massmy.

Equation(4.2) is the so-calledcontinuity or mass-conservatioagquation(see
Section2.1.4).For anincompressibleuid thedensitydoesnotchangej.e., % =
0, andthereforethevelocity eld mustbedivergencefree,i.e.,

r v=0: 4.4)

Initialization and SPH Force Appr oximation

The forcesfP"®**!"eand /S canbe derived usingthe SPHapproximationde-
scribedin Section2.3. Applying Equation(2.19) to the densityof a particle p;
yieldsthe so-calledsummatiordensity

brii = & mpwPoY(rij;h); (4.5)
j

whererjj = X; X; is the distancevector of a particle pair. Initially, the uid
domainis sampledn a hexagonalgrid which yields a closestspherepackingthat
is enepeticallyideal. All particleshave the samemassm;, whichis chosensuch
thatthe averagedensitycorrespondso the physicaldensityr © of the uid. The
volumeV; is computedasV; = my=r.

Unfortunately forcesderived with Equation(2.21) are not symmetric. In the
literature several variantsof symmetrizationexists, herewe usethe forcesand
smoothingkernelsproposedy Miiller etal. [MCGO03]

o R+P
f!oressure - \ﬁan¥r WSP'ky(rij;h) and (4.6)

T2
708 = WM Vi(vi v 2wy 4.7)
J

Thepressurd? is computedvia the constitutve equation

R Mg 4.8)
| rO ’ .

wherek93S is a gasconstantthat determineshe stiffnessof the uid andg 1
controlstherelative density uctuation. Note thattheseforcesdo not exactly en-
forceincompressibilityi.e.,adivergencefreevelocity eld is notguaranteedsee
Equation(4.4)). The pressurdorcerepelsparticlesif the densityr is largerthan
therestdensityr ©, andattractsparticlesif r  r©. A largergpreventsstrongden-
sity uctuations, but requiressmallertime steps. Sincewe operatein computer
graphicswith quitelargetime stepgSectionl.1),we chooseg= 1 (in thephysics
literature,usuallyg 7 is chosen).Otherapproacheapproximata by solving
the continuity equation(4.2) directly. Whereaghis so-calledcontinuitydensity
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avoids spuriousboundaryeffects[Liu02a], it doesnot guaranteanasspresera-
tion exactly, andin our experimentsshavedto belessstablethanthe summation
density For thefollowing sectionsve will omit hi for brevity.

Kernels

The kernelsw usedfor SPHapproximationsan be designeddependingon the
application.The standardkernelwP®Y usedfor SPHapproximationsn this thesis
is similar to a Gaussiarbut has nite supporth [MCGO03]:

8
<

WP (r:hy = koY L

if r<h;

otherwise

r?
h? (4.9)

herer = krk and kP is computedsuchthat the kernel is normalized,i.e.,

wPol(r;h)dr = 1. This giveskPo = 315, for akernelin 3D andkP®Y = 25 in
2D.

To avoid clusteringunderhigh pressureDesbrurandCani[DC96] suggestea
spiky kernelwith non-vanishinggradientat the centerof thekernel:

WPy = epy (007 dr<h (4.10)
0 otherwise
with kSP® = 13 in 3D andksP® = 28 in 2D.

Both of the kernelsdescribedabove can have a negative secondderivative.
Insteadof smoothingthe velocity eld by averagingthe velocity of neighbor
ing particles,their relative velocity might beincreasedsdiscussedy Miiller et
al. [MCGO03]. Thereforethey proposeathird kernel

( 3 2
Wlaplac%r.h) - klaplace #‘F L_+ % 1 ifr<h; (4_11)
’ otherwise
whoselLaplacian
r 2
r ZVVIapIac%r;h) — klaplace( m_,_ ﬁ) (4_12)
is positive everywhereandk/@Place= -3¢ in 3D andk@ace= 50 in 2D.

Color Field

Theboundaryof the uid discretizedby particlescanbe found usinga so-called
color eld [Mor00], which is neededor dynamicallycreatingair particlesand
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Figure 4.2: Automaticair generationLeft: color eld computedy assigninghevalue+ 1

4.4

4.4.1

52

to water(gray)andair (white) particles.Right: colorcodingof magnitudeof color
eld gradient(scaledandclampedsothatwhite correspondso thethreshold ; ).
Theair particlesnearthe interfacegeneratenew particlesin gradientdirection.

surfaceextractionasdescribedelown. Theideais to assigna constanwaluej j to
eachparticlep;. A smoothcolor eld j (x) is thende ned usingSPHas

j ()= a Vi jwPH(r;h): (4.13)

j
Assigningj i = 1 to eachpatrticleyields a color eld whosegradientr j (X) in-
creasest the boundaryof the particlesand pointsin normaldirectioninto the

uid, cf. Figure4.2. Hence thecolor eld canbe usedfor instanceto determine
the uid boundaryparticles.

Multiphase SPH

Air in uencesthe behaior of waterboth at the free surfaceand as air poclkets
(bubbleg enclosedy water By simulatingboth uids atthe sametime, two-way
couplingbetweerwaterandair canbeachiezed. Thesimulationof air is mostim-
portantin our caseattheinterface wheretheair is usedfor extractingthe surface
(Section4.6) andbubblesarebuilt. Thus,insteadof having a full simulationof
both uids, theadaptvity of particle-basednethodscanbe exploited by generat-
ing air particlesdynamicallyduringthesimulation.A narrov bandof air particles
is maintainedeverywherearoundthe interfaceto modeltwo-way couplingat the
freesurface.Furthermorewe extendthis couplingalsoto solid objects,suchthat
uid- uid and uid-solid interactionaresimulatedusinga uni ed particle-based
approach.

Air Generation

For two-way coupling betweenwater and air aswell asfor an accuraterecon-
structionof the free surface(seeSection4.6), a narrav bandwithin a distance
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d™" from the interface needsto be adequatelysampledwith air particles. Air
particlesfurtheraway thana distanced™®* aredeleteddynamically Applying the
color eld de nition describedabove, the color eld gradientr j (pi) is approx-
imatedusing SPH for all air particlesp; with a distancesmallerthand™". At
the boundaryof the narrov band,r j (p;) is orthogonalto this boundary A nev
air particleis insertedif kr j (pj)k is largerthanathresholdt; andif the vector
r j (pi) pointsin oppositedirectionto the interface,seeFigure4.2. The position
Pnav Of the new air particleis computedy displacingit from the positionp; of p;
in directionof thecolor eld gradient:

Prev = Pi+ s j (pi)=kr j (pi)k; (4.14)

wheresis theaverageparticlespacingjn ourcases= h=2. Forall oursimulations
weused™" = h, d™®= 2h, andt; = 0:8h.

Water-Air Interaction

Betweentwo immiscible uids, surfacetensiondueto molecularcohesiongives
riseto a sharppressurgump at the interface,which prevents uids from mixing
freely [HKO5b]. By computingthe densityof the uids usingEquation(4.5) in-
dependentlyof eachother we get the desireddiscontinuityat the interface. To
modelthe pressurgump at the interface,we adda cohesiorterm  ke°hesioR 2 1g
thepressureequation(4.8) similarto [NP0OO]and[CL0O3] andobtain

Pio= K9as :_(l) 1 Kcohesion I2 (4.15)

The sharpnessf theinterfaceis controlledwith the constank®hesion The pres-
sureforce is thencomputedusing Equation(4.6). Whenwe apply this equation
only for thecohesiortermwe getthefollowing force

, _ r2+r2 .
ficohesmn: eohesiory, é_.vj i 5 Ip WSIOIKY(rij;h): (4.16)
J

This force pointsin normaldirectionto the interface,thusgiving rise to surface
tension.

Rigid Bodies-Fluid Interaction

Although in this chapterwe only considerwaterair interaction,the methodde-
scribedabove canbe usedfor simulatingarbitrary(immiscible)interacting uids.

In the following, we go even one stepfurther and usethe sameschemealsofor
simulatingrigid body- uid interaction,wherea rigid body is treatedasa rigid
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Figure 4.3: Multiresolution uid simulationandrigid bodies- uid interactionusinga uni-

o4

ed particle-baseapproach.

uid. Thus,arigid bodyis sampledwvith particleshesamewvayasa uid (seeFig-

ure4.3),wherethedensityandmassof the particlesdependntherigid body ma-

terial properties During the simulation,the forcesactingbetweerrigid bodyand

uid particlesarecomputedexactly asfor waterair interactiondescribedabove.

Thenetforceandtorqueactingontherigid bodyarecomputedrom the sumof its

rigid bodyparticleforces.Integrationin timethenyieldsthelinearandangulave-

locity of therigid body, from which we computethe new particlepositions.Note
thatthis interactionmodelcanalsobe appliedto deformablesolidsasdescribed
in thenext chapter

To simulaterigid body collisionswe usethe approactof Bell etal. [BYMO5].
They proposeo sampleanoffsetsurfaceof arigid bodywith particlesandderive
the contactforcesbetweenoverlappingparticlesfrom moleculardynamics.This
shovedto beef cient andyieldsvery goodresultsevenfor the caseof rigid body
stacking.Insteadof samplingthe surfacewith anothersetof particleswe usethe
rigid bodyvolumeparticlesfor computingthe contactforces.

For completenessye give herea shortdescriptionof the computedandsym-
metrically appliedcontactforce betweentwo interactingrigid body particlesp1
andp> of two rigid objectsG; andG, (seelBYMO5] for aderivation). Thecontact
forceis composeaf anormalforcef?, andshearforcef$$3 Theoverlapx;., of
the particlesandthe normalizedjistahca/ectorfl;z is de ned as

X1:2= max0; 2h kp1 p2Kk); (4.17)
Fr2= (P2 p1)=kpz pak; (4.18)
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whereh is the supportradiusof the particles(we usethe samesupportasfor the
uid particles).Giventherelativevelocityvectorvrl‘f'2 = vy Vp of thetwo objects

andthe relative velocity in normaldirectionVh, = Vi€ 71.,, the contactforcein
normaldirectionis computedas

3 1
er_ r 2 dy, 2 er » .

wherek]., is theelasticrestoratiorcoefcient controllingthestifinessandk is the
viscousdampingcoefcient controllingthe enepgy dissipationduring collisions.
Hertztheory[LL86] relateskrl;2 to thematerialpropertiesasfollows:

4_ P

rl;z = 3 Ei2 h=2 with (4.20)
1 _1n, 1 n (4.21)
Ei2 E1 E ’ '

wherekE; is Young's modulusandn; is Poissors ratio of an objectG (seeSec-
tion 2.1.3). The shearfriction force accountsor the Coulomblaw with friction
coefcient p", in combinatiorwith aviscousdampingtermk:

tan
. Vi
shear_ g frigher. v tan 12
f1.%= min(W" 1, K vip )——; (4.22)
vian

wherevid = vig,  V5F 1.2 is therelative velocity vectorin tangentiadirection.

Multiresolution Particle System

ThemultiphaseSPH uid modelde nedaboveallowscomples simulationsof wa-
ter andits interactionwith the surroundingair. The visual quality andnumerical
accuray of thesesimulationsdirectly dependon the numberof particles,which,
when samplinguniformly, increasesubically with respecto the inverseof the
smallestresohedscale.Sincethe computationatompleity is superlineain the
numberof particles high-resolutiorsimulationsquickly becomentractable Spa-
tially adaptve samplingthat concentratesnore particlesin regionscloseto the
interface,canthusleadto signi cant savingsin memoryand computationtime.
Sucha samplingschemeshouldalso be temporally adaptve, i.e., dynamically
adjustthe discretizationif the o w is non-stationaryand detail is generatecr
destroyedduringthe simulation.

In the uid modelintroducedaborve it is assumedhat two interactingparti-
cles have the samesmoothinglength to guaranteebidirectional consistencyin
the particle force computation(Section2.3). If this conditionis violated, New-
ton's third law is no longersatis ed, i.e., particle p; canexert a force on particle
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pj eventhoughp; hasno in uence on p;. Thus,ary spatiallyadaptve scheme
requiresanadaptatiorof the way particlesinteractto ensureconseration of mo-
mentum. A straightforvard solutionis to apply someaveragingof the smooth-
ing lengthsor the interpolationkernels[LLO3]. However, asshavn by Borve et
al. [BOTO01], thisyieldserrorsin the orderof 10%alreadyfor a factortwo differ-
encein the kernelwidth andleadsto severeinstabilitieswith larger kernelvaria-
tions. A differentapproacthasbeencoinedRegularizedSPH(RSPH)by Borve et
al. [BOT01,BOTO05]. SinceSPHis derivedfrom Monte-Carlointerpolationwith
the particlesas interpolationpoints, they proposethe useof additionalinterpo-
lation points, eitherde ned on a backgroundattice or usingauxiliary particles.
While substantialmprovementsn numericalaccurag werereportedfor station-
ary o ws, dynamicallychangingo ws aredif cult to modelusingthis method.
We proposeanew, generabpproactor temporallyandspatiallyadaptve parti-
cle simulationsthat providesa consistenapproximationwhile minimizing com-
putationaloverhead. Similar to [BOTO01], we only allow kernelwidths of size
2'h, wherel = 0;1;::: denoteghe particleresolutionlevel andh is the smoothing
length at the highestresolution. To dynamicallyadaptthe discretizationduring
the simulation, particlescantransitionfrom onelevel to anotherby splitting or
meming (Section4.5.2). The key ideaof our approachs the conceptof virtual
particlesthat serne two main purposesThey allow a consistentouplingof par
ticles at differentresolutionlevels andthey provide a mechanisnfor modeling
particlesplittingandmeiging without introducingtemporalisualdiscontinuities.

Virtual Particles

As will bedescribedelow, asplitting criterionensureghatneighboringparticles
at mostdiffer by one level, similar to a balancedoctreedecompositionn the
Euleriansetting. To simplify the expositionwe thusonly considertwo resolution
levels| andl + 1, asshovnin Figure4.4(a). Threetypesof real (i.e., non-virtual)
particlesaredistinguished:Particlesof level | + 1 closeto level | particlescarry
virtual level I childrenparticles(4 in 2D, 8 in 3D). Particlesof level | closeto
level | + 1 particlesareassignedo avirtual level | + 1 parentparticle. Thesetwo
typesarecalledtransientparticles.Otherreal particlesof eitherlevel areregular
particlesthatarenotassociatedavith ary virtual particles.

SPH forces are computedonly for real particles. When evaluating Equa-
tions(4.6)and(4.7),only particlesof the samelevel, bethey virtual, transientor
regular, areconsideredsneighbors.This meanghatif aparticle nds atransient
particlein its neighborhoodit eitherselectshis particleor the associatedirtual
particle(s)when computingthe interactionforces, dependingon their level. If
a force is computedbetweena real and a virtual particle, this force is symmet-
rically appliedto the virtual particle to ensurepreseration of momentumand
redistributeduniformly to theassociatedeal particle(s)(seeFigure4.4 (b)). This
coupling betweenreal and virtual particlesensureghe consisteng of the force
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real particles: © . virtual particles: O .

level |
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pamdes@ @.@.@ @ @ ﬁ CQ> @ @ &pj:fjs
ooooooooooo°m

level 1+1
(a)
force distributed centroid
to regular particle
symmetric bonding
passive force forces
(b) (c)
spIitting
‘ level 1+1 @ ‘ level | ‘
regular tran3|ent tran5|ent regular
merging (d)

Figure 4.4: Multiresolutioncouplingwith virtual particles.(a) two levelsof particleswith
neighborhoodg¢dashedircles),(b) distribution of SPHforces,(c) bondingforces
for virtual particles,(d) splittingandmemging.
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computationsin effect, transienfparticlesbehae lik e intermediateetweertwo
levels.

Virtual particlesarepassvely adwectedwith the o w usingthe SPHapproxima-
tion of thevelocity eld. In orderto keepvirtual andassociatedealparticlesclose
togethemwe introduceadditionalbondingforcesthatactonly onvirtual particles.
As illustratedin Figure4.4 (c), virtual child particlesare attachedo the associ-
atedtransientparentparticle usinga linear springforce with a restlengthequal
to half the samplespacingof the correspondindevel. Virtual parentparticlesare
pulled towardthe centroidof the associatedransientchild particlesusinga zero
restlengthspring.

Splitting and Merging

The transitionof particlesfrom onelevel to anotheris guidedby two counter
actingprinciples:Onthe onehand,the particleresolutionshouldbe high enough
to resolwe visuallyimportant ne-scalesurfacedetail. Onthe otherhand,we want
asfew particlesaspossibleto minimize computationabverhead.

The adaptatiorto the characteristicef the o w is achieved by enforcingthat
particlesat the air-waterinterfacealwayshave smoothingengthh, i.e., areatthe
highestresolution. This ensureghat we captureall surfacedetail up to scaleh,
sinceour surfacemodelis directly coupledto the particle resolution(seeSec-
tion 4.6). The hierarchyis determinedy ensuringthatonly same-sizegarticles
interact,i.e., by guaranteeinghatno real particlehasregular particlesof a differ-
entlevel within its neighborhood.

Thetransitionfrom aregularlevel | + 1 to aregularlevel | particleconsistsof
threestepsas shavn in Figure 4.4 (d), from left to right: A regularlevel | + 1
particlebecomes transientievel | + 1 particle,if it nds areal(regularor tran-
sient) level | particlein its neighborhood. Virtual children are createdusing a
precomputediniform samplingon the sphere They areassignedalf the support
radiusof their parentparticleand2 9 of its massandvolumewith d the number
of dimensionslf atransient + 1 particlehasaregularlevell particlein its neigh-
borhood,its virtual childrenbecometransientreal particlesanditself turnsinto a
virtual parentfor its children. Transientlevel | particlesarereleasedrom their
relationwith their virtual parentparticleandturn into regularlevel | particles,if
they have separatedbeyond their kernelsmoothinglength,i.e., if the maximum
distancebetweentwo child particlesexceeds2'h. A split operationis alsoiniti-
ated,if all transienthild particlesof acommorvirtual parenthave novirtual level
| particlesin theirneighborhoodsiNotethatsplitting alwaysproceed$rom coarse
to ne, i.e.,the splitting criterionis rst evaluatedfor the coarselevel particles.
This ensureghat smallerparticleswill not nd higherlevel regular particlesin
their neighborhoodsasthesewould have beensplit already

Merging operationgroceedn the oppositedirection(seeFigure4.4 (d), from
right to left). In general particlesare meigedwheneer the new (type of) parti-
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Figure 4.5: Surfaceextractionfrom thezerolevel setof thecolor eld andDelaunaytrian-

4.6

gulations.Left: waterparticles(gray)andair particles(white) andcorresponding
color eld. Middle: triangulationof narrav bandparticles. Right: surfacecon-
structionfrom bichromatictrianglesandcolor eld.

cle potentiallycreatedy thememging operationdoesnotful Il thecorresponding
splitting criterion. Thetransitionfrom regularto transienthild particlesrequires
somespecialtreatment. To force the total numberof particlesto be assmall as
possible evensingleregular particlesareallowed to becometransientchild par
ticleswith a singlevirtual parent.If two suchvirtual parentsareneighborstheir
childrenaremeigedto acommonparentf their total numberdoesnot exceedthe
allowed maximum(4 in 2D, 8 in 3D). This approachhasthe additionaladwan-
tagethatthe memging canbe performedincrementallyandthereforea full setof
eightchildrenis notrequiredoeforeameging operatiorcanbeapplied.Notethat
thisapproachdoesnotleadto undesirabldragmentationsincemergingis always
performedat thetransitionlayerbetweernwo resolutions.

Whena particleis split, thechild particlesareassignedhe samevelocity asthe
parentparticle. Contraryif aparticlep; is memgedinto a parentparticle p; (which
hasinitially avelocityv; = 0), thenew velocity andmassof p; is

MV
Vi —(mr\:;+ r:l‘jv‘); m m+m (4.23)
This way, kinetic enegy andlinear momentunof the systemarepresered. An-
gularmomentums approximatelypreseredbecauséhe particlesaredistributed
aboutuniformly dueto the pressurdorces.

Surface Extraction

The uid is sampledwith waterandair particlesfrom which aninterfaceneedgo
beextractedfor visualization.We de ne theinterfaceasthezer levelsetj (x) = 0
of thecolor eld functionj (x) describedn Sectiord4.3.3,wherewe assigracon-
stantvaluej = + 1towaterpatrticlespy andj = 1toair particlesp; (seealso
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Sphere

Ducks

#real #virtud #ar #rig. body  spdial time ar splitting, surfacere- total time
paticles paticles paticles paticles queies integration handling meming construction per frame
170k 110k 64 6 11 91
641k 0k 85k 3k 472 21 9 0 10 513
166k 107k 54 9 14 81
641k ok 73K 34k 460 25 9 0 8 504

Table 4.1: Statisticsfor theanimationsshown in Figure4.6 andFigure4.7. Theupperrow

4.7
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shovstheaverageddataperframefor a multiresolutionsimulation theequivalent
singleresolutionresultsareshovn in the lower row. All timingsarein seconds,
measurewn a 2.8 GHz PentiumlV with 2 GB memory

Figure4.5). In Section6.6 an algorithmis presentedhat constructsan explicit

point-basedepresentatiofrom animplicit function by samplingit with surface
elementqsurfelg. Herewe usea differentnovel approachhat exploits the fact
thatthe interfaceseparatesir andwaterparticles. Theideais to computea De-

launaytriangulation of the particlesthat have differentcoloredparticlesin their
neighborhoodThesurfaceis thenextractedusinga variantof the marchingtetra-
hedraalgorithm[Hop94], wherethe surfaceneedgo go throughthe bichromatic
edgeof two differentcoloredparticles.For adetaileddescriptiorof thealgorithm
see[KAG" 06] or [Ada086].

Results & Discussion

The crucial algumentfor multiresolutionis scalability While single resolution
simulationsin 3D requireO(m3) with m the numberof particlesper dimension,
multiresolutionreducesthe compleity to O(m?). Clearly the ef ciency gains
dependnthecharacteristicef the o w. We demonstratéhe effectivenesf our
approachn bothmemoryandcomputatiortime savings on two exampleswhere
aspeedumf afactorof six is obtained(seealsoTable4.1).

Figure4.6 shaws the break-upof a watercrown andillustratesthe capabilities
of ourmultiresolutionapproactior resolving ne-scaledetail. Preservingnassat
smallscaleds crucialin this exampleasit avoidsvisually disturbinglossof uid,
e.g.,for the dropssplashingagainstthe walls. Also notethe tiny bubblesat the
front of the spherecreatedy air particlesbeingdraggedunderthewatersurface.

Figure 4.7 shovs multiple rigid bodies, uid, and air interactingwith each
other This example demonstrateshe effectivenessof our particle-basedou-
pling methodthatrequiresonly minimal adaptationgo incorporaterigid or even
deformablesolids.

As shown in Table 4.1, the overheadfor the multiresolutioncomputationis
very small(aroundl%), andin factevenfor simulationswvhereall particlesareon
the highestlevel it doesnotincreaseghe computationatime noticeablyasshavn
in [KAG" 06]. Thus,the multiresolutionapproachcanbe appliedindependenof
theapplication.
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Figure 4.6: Multiphase uid simulationof a splashingsphere. Note the small splashes
(left) andbubbles(right) shavn in the close-upsn the bottomrow.

Figure 4.7: Rigid bodycollisionsandinteractionwith uid. Theinteractionbetweerrigid
bodiesand uids is basednauni ed particlemetaphor
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An inherentimitation of particle-basedpproachess thecomputationabverhead
causedoy the particle neighborhoodcomputations.As shavn in Table4.1, spa-
tial queriesamountto up to 80% of the total simulationtime (moretimings can
befoundin ourtechnicalreport[KAG* 06]). All neighborhoodcomputationsre
performedusingkd-treesasdescribedn Section7.1.2,which arere-initializedin
eachtime step. Reluilding a kd-treeis fast(in therangeof 0:1 0:5 secondsn
our examplesor below 0:6% of the total time), andin our experimentskd-trees
showvedto yield betterperformancehanhashgrids (Section7.1.1). Furthermore,
kd-treesaremoresuitablethanhashgridsin amultiresolutionsettingwherechoos-
ing anappropriatecell sizeis dif cult, seeSection7.1for athoroughdiscussion
and comparisonof kd-treesand hashgrids. We believe that substantialperfor
mancegainscan be achiezed using more ef cient cachingschemeghat exploit
temporalcoherenceNeverthelesstheimplicit neighborhoodelationsof regular
gridsareclearlya performancedwantageof Eulerianmethods.Anotherstrength
of grid-basedapproaches incompressibility While methoddor SPHhave been
proposedo make the velocity eld (approximatelydivergencefree [CR99], the
computationabverheads substantial.However, the choiceof the stiffnesscon-
stantk92S(we usek925= 400K in Equation(4.8)is non-trivial asit depend®nthe
time step(1msin our simulations) With largerk92s the uid is lesscompressible
but the time stepneedsto be reducedio guarantee stablesimulation. Another
limitation is that due to the smoothinginherentin the SPH method, ne-scale
turbulencesareoftendampecout.

Extensions & Future Work

Our multiresolution uid framavork canbe extendedn variousways.

A view-dependentuid simulationcould potentiallyleadto additionalperfor
mancegains. Additional to the splitting criteria describedn Section4.5.2,the
distancdo the cameraandtheview frustumcouldbeusedasasplittingandmergy-
ing criteriato reducetheresolutionin regionsthatarenotvisible or far away from
acertainviewpoint.

Another possible application of our multiresolution method is for hybrid
molecularcontinuumsimulations(seee.g. [Kou05] for an overview). The al-
gorithmswould needto be adaptedsuchthatvirtual particlescandiffer morethan
afactorof two to their associatedeal particles.

The presentednultiresolutionapproactprovedto be stableandyields plausi-
ble resultsin our empiricalexperiments.However, to make this approachuseful
alsofor physically accuratesimulationsasin CFD, an analyticalerror analysis
and qualitatve comparisondetweenmulti- and single-resolutioranimationare
required.

In Sectiond.4we discussedhteractionof liquid andair. Similarly, liquid-liquid
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Figure 4.8: Fluid following theshapeof ananimatednodelusingthe SPHmethod.Control
particlesarecreatedby samplingtheinterior of thehorse.

interactioncanbe simulated.In [MSKGO05], we proposanethoddo simulatethe
interactionof multiple uids with different characteristicssuchas immiscible
liquids. Furthermoredynamicphasechangesare modeledby simply changing
the attributesof particles. To avoid a full SPHsimulationof air asdescribedn
this chapteywe generatair only whereair pocketsarelik ely to beformed. These
techniquenablethe simulationof phenomenauchasboiling water trappedair
andthedynamicsof alavalamp(cf. Figure3.1).

Our interfacetrackingmethodallows the adwectionof surfaceparametemfor-
mation,which couldbeusedto adwectsurfacetextures.Givenabichromaticedge,
we cancomputetheintersectiorof this edgewith the surfaceof the previoustime
stepandtransferthe parametecoordinatego the currenttime step,similar to the
approaclof Bamgteil etal. [BGOSO06]. This canbe doneef ciently by exploiting
that mostbichromaticedgesn onetime stepalsoexist in the next andtherefore
only asmallamountof edgemeeddo betestedor intersection.

In Chapter6 we will shav how the frameavork canbe extendedto enabletwo-
way coupling betweendeformableobjectsand uids, and simulatemelting of
deformableobjectsto uids andsolidifying uids to solid objects. This poses
greatchallengegor the surfaceextraction.

In [TKPRO6], we proposea nen uid control techniquethat usesscale-
dependenforce control to presere small-scale uid detail. Control particles

63



Chapter 4 Multiresolution Fluid Simulation

4.9

64

de ne localforce elds andcanbegenerate@utomaticallyfrom eithera physical
simulation (Figure 3.6) or a sequencef target shapeqFigure 4.8). We usea
multi-scaledecompositiorof the velocity eld andapply control forcesonly to
the coarse-scaleomponent®f the o w. Small-scaledetailis thuspreseredin
a naturalway avoiding the arti cial viscosity often introducedby force-based
controlmethods.

Summary

Methodshave beenpresentedor the animationof multiresolutionparticle-based
uids. Immiscible uids are preventedfrom mixing by simulatingthe pressure
jump at the interface,rising surfacetension. This enablegwo-way couplingbe-
tweenwaterandair to simulatemultiphaseeffectssuchasbubblesandfoam. The
samemodelis usedfor simulatingtheinteractionbetweenuids andsolids,where
the solid's volumeis alsosampledwith particles.Basedon moleculardynamics
forces,thesesolid particlesarealsousedfor rigid body collision handling. Thus,
the simulationof uids andrigid bodiesis basedon a uni ed particlemetaphoy
whichwill be extendedn the next chapterto handlealsodeformablesolids.

With the proposednultiresolutionmethod,the discretizationof the uid vol-
ume dynamically adaptsto the characteristicof the ow to resohe ne-scale
visual detail. The spatiallyandtemporallyadaptve samplingleadsto substan-
tial savingsin memoryand computationtime, thus enablingsigni cantly more
comple« ow simulationswith the sameprocessingesources.The conceptof
virtual particlesachievesa consistentouplingof particlesat differentlevelsand
providesanef cient mechanisnfor dynamicresamplinglt is lightweight,simple
to implement,andcaneasilybeincorporatednto otherparticle-basedimulation
ervironments.In the next chapterthe multiresolutionapproachwill be exploited
for dynamicallyadaptingthe resolutionto robustly handlestrongvolume defor
mationsandfracturingof elasticobjects.

Usingameshles&agrangiarsimulationtechniquerevealedseveraladvantages
comparedo Eulerianmethods. Massis tracked exactly with the particles,thus
preventingmassdissipation.Air particlesarecreateddynamicallywhereneeded,
andparticlesin air pocketsaresimulatedasbubbles.Updateof thediscretization
areef cient anddirectly coupledto thedynamicsof the simulation.Similarly, our
novel Delaunay-basenhterfacetrackingmethodenablesadvectionof the surface
togetherwith the particlesandef ciently generatesigh-qualitysurfacesthatau-
tomatically adaptto the resolutionof the simulation. Thus,eventiniest bubbles
and splashesare capturedcorrectly Drawbacksof the SPHmethodarethe ap-
proximateincompressibilityanddif culties in handlingthin sheetf liquid. Fur
thermore,neighborhooccomputationgequirea signi cant amountof the whole
computatiortime.



Chapter 5

Deformab le Solid
Simulation

In this chapteramethodis presentedor modelingandanimatingawide spectrum
of elasticobjectswith materialpropertiesanywherein therangeform stiff elastic
to highly plastic,includingbrittle andductile fractureaswell ascontacthandling.
In our system,both the volume and the surfacerepresentatiorare point-based.
Centralto our methodis a highly dynamicsurfaceandvolume sampling,which
enabledarge deviations of an objectfrom the original shape supportsarbitrary
crackinitiation, propagatiorandtermination, andthe computatiorof a consistent
contactsurfacefor collision response.The point-basedsurfacerepresentatioins
decoupledrom the physicsrepresentationthereforea coarsevolumetricrepre-
sentatiorcanbe usedin combinatiorwith a highly detailedobjectsurface,which
enablesf cient, stableandhigh quality animations.

In ourelasticitymodel(Section5.4),whichis derivedfrom continuummechan-
ics (Section5.3),the spatialderivativesof thedisplacementeld andelasticbody
forcesarecomputedrom thelocal neighborhooaf thevolumetricparticles.The
surfaceof the objectis sampledwith orientedsurfaceelementqhereaftercalled
surfelg, which are adwectedalongwith the particles(Section5.5). This frame-
work is extendedo incorporatdracturingby creatingcomplex fracturepatternsof
interactingandbranchingcracksaccordingo theinternalstresswherethepropa-
gatingcrackfrontsdirectly affectthe couplingbetweerparticles(Section5.6). To
guarante@umericaktability alsofor strongdeformationsandfrequentracturing,
thesamplingof thesimulationdomainis adaptednthe y (Sections.7). For han-
dling contactbetweerdeformableobjects collision handlinganddeformationare
decoupledyielding stableandef cient collision respons€Section5.8). Putting
all partstogetherandexploiting dynamiccaching,an ef cient andstableframe-
work is obtainedfor the simulationof elasto-plasticsolids including fracturing
and collision (Section5.9). Finally, extensionsof this framewvork and possible
directionsfor futureresearclarepresentedSection5.10).
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The animationof deformableobjectsin virtual systemshasbeena challenging
problemfor yearsand combinesseveralresearctsubjectan computergraphics.
For instancein avirtual suigerysimulator humanbodypartsaresimulatedasde-
formablebodies(so-calledsoftobjecty basedn measuremen@ndexperiments,
wherethe materialsspana wide rangefrom stiff elasticto highly plastic. A sur
geonmightinteractwith thebody partsusinga hapticsdevice. Thesehendeform
dueto the externalforcesexertedfrom the hapticsdevice andmight collide with
otherobjects. Alternatively, the suigeonmight cut partsof with a virtual blade.
Dueto theimpactof the bladeor colliding objects,partsmight getdamagednd
fracture.As this simpleexampleshavs a framework for deformablesolid simula-
tion mustbe ableto handleelasto-plastideformationsof objectsdueto external
forcesandcollisions, fracturingdueto high internalstressesgcuttingis a special
caseof fracturingwherethe bladeis consideredo be a usermanipulatectrack),
andcontacthandlingbetweercolliding objects.Otherimportantrequirement®n
avirtual systemarerobustnessandinteractvity, i.e.,the methodshave to be both
stableandef cient.

A majority of previoussimulationmethodsn computelgraphicause2D and3D
meshesMost of theseapproachearebasedn mass-springystemspr themore
mathematicallymotivated nite element(FEM), nite difference(FDM) or nite
volume (FVM) methods,in conjunctionwith elasticity theory In mesh-based
approachesgomplex physicaleffects, suchasfracturing, melting, and solidify-
ing, posegreatchallengedn termsof restructuring. Additionally, underlarge
deformationghe original meshesnay becomearbitrarily ill-conditioned. For the
simulationof thesecomplex physicalphenomenagf cient andconsistensurface
andvolumerepresentationareneededhatallow simplerestructuring.Meshless
Lagrangiammethodshave several advantagesover nite elementmethods.Most
importantly meshlessnethodsavoid complex remeshingoperationsandthe as-
sociatedoroblemsof elementcutting andmeshalignmentsensitvity commonin
FEM. Maintaininga conformingmeshcanbeanotoriouslydif cult taskwhenthe
topologyof the simulationdomainchangedrequentlyOP99]. Repeatedemesh-
ing operationscanadwerselyaffect the stability andaccurag of the calculations,
imposingundesirableestrictionson thetime step.Finally, meshlessnethodsare
well suitedfor handlinglarge deformationsdueto their e xibility whenlocally
re ning the samplingresolution.Our goalis to unify the simulationof materials
ranging from stiff elasticto highly plastic into one framework, using a mesh-
less,point-basedrolumeandsurfacerepresentatiowhich entirely omits explicit
connectvity informationandthusimplicitly encompassethe comple physical
effectsdescribedabove.
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Related Work

In this sectionwe give a shortoverview of existing work on physics-basede-
formablemodelsthatis mostrelevantfor us, including fracturingand collision
handling.

Deformab le Modeling

Pioneeringwork in the eld of physics-basednimationwascarriedout by Ter-
zopoulosandhis co-workers[TPBF87,TF88,TW88,TPF89]. They computethe
dynamicsof deformablemodelsfrom the potentialenegy storedin theelastically
deformedbodyusing nite differencediscretization.

A large numberof mesh-basedethoddor both off-line andinteractve simu-
lation of deformableobjectshave beenproposedn the eld of computegraphics.
Examplesaremass-springystemsisedfor cloth simulation[BW98,DSB99],the
boundaryelementmethod(BEM) [JP99]andthe nite elementmethod(FEM),
whichhasbeenemployedfor thesimulationof elasticobjectdDDCB01,GKS02],
plasticdeformatiofOBHO02b] andfracture[OH99].

Desbrunand Cani were amongthe rst to usemeshlessnodelsin computer
graphics.In [DC95], soft, inelasticsubstanceghat cansplit and meige are ani-
matedby combiningparticlesystemswith simpleinter-particleforcesandimplicit
surfacesfor collision detectionandrendering. The SmoothedParticle Hydrody-
namics(SPH) method(seeSection2.3) is appliedin [DC96]: discreteparticles
are usedto computeapproximatevaluesof physicalquantitiesandtheir spatial
dervatives. Space-adaptity is addedin [DC99]. SzeliskiandTonneseriST92,
Ton92,Ton98]dervedelasticinter-particleforcesusingthe Lennard-Jonepoten-
tial enegy function (commonlyusedto modelthe interactionpotentialbetween
pairs of atomsin moleculardynamics)for surfacemodelingand physics-based
animationof deformablesolids.

Fracturing

Terzopouloset al. extendedtheir work on deformingobjectsusing nite differ-
enceg TPBF87] to handleplastic materialsand fracture effects [TF88]. Mass-
springmodels[HTK98] andconstraint-basethethodgSWBO0O0] have alsobeen
popularfor modelingfracturein graphicsasthey allow for easycontrolof fracture
patternsandrelatively simpleandfastimplementations.
Recengeffortshavefocusedon nite elemenimethodghatdirectlyapproximate
the equationsof continuummechanics O'Brien et al. werethe rst to applythis
techniqudor graphicalanimationin their paperon brittle fracturefOH99]. Using
elementuttinganddynamicremeshingthey adapthe simulationdomainto con-
form with thefracturelinesthatarederivedfrom the principalstresseJOBH02a]
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introducesstrainstatevariableso modelplasticdeformationsandductilefracture
effects.

Elementsplitting hasalsobeenusedn virtual sugerysimulation whereBielser
etal. [BGTGO3] introduceda statemachineto modelall con gurationsof how a
tetrahedrorcanbe split. Mller et al. [MMDJ01,MGO04] demonstrateeal-time
fracturingusingan embeddedoundarysurfaceto reducethe compleity of the

nite elementmesh. The virtual nodealgorithmof Molino etal. [MBF04] com-

binesthe ideasof embeddinghe suriaceandremeshinghe domain. Elements
areduplicatedandfracturesurfacesareembeddedn the copiedtetrahedraThis

allows more e xible fracturepaths,but avoids the compleity of full remeshing
andassociatedime steppingrestrictions.

Contact Handling

Collision detectionfor deformablesurfaceshasrecentlygainedincreasingatten-
tion. A surwey of recentresearclis presentedby Teschneetal. [TKH* 05].

Many differentapproachesxist for collision handlingof deformingobjects.
Penaltymethods pioneeredoy Moore and Wilhelms [MW88], are probablythe
mostwidely usedsolutionsin computergraphics.However, thesemethodscan-
not ensurethat the objectsdo not penetrate. Baraf and Witkin [BW92] use
a constraint-baseanethodto prevent objectsfrom penetration. This requires
solving a linear complementaryproblem (LCP), which is computationallyex-
pensve for complex objects. Impulse-baseanethods[Hah88,MC95] assume
shortcontactsonly, andthereforeare not suitablefor soft objects. Desbrunand
Cani [Can93bDC95] presenteda systemfor animationand collision handling
of implicit surfacesgeneratedy skeletons. Exactcontactsurfacesareachieved
by deformingthe implicit layer The compressiorof the surfaceyieldsresponse
forceswhich are transmittedto the skeleton. However, the generatedmplicit
modelstendto be blobby.

Point-sampledbject surfaceshave becomepopularin recentyears. In this
contet, the problemof collision detectionandresponsédiasonly beenaddressed
very recently Collision detectionof point-sampledbjectswas rst handledin
our shapemodelingsystemPKKGO03,Kei03]. Klein andZachmanriKz04] pre-
sentedan approachfor time-critical collision detectionof point cloudsusinga
sphereboundinghierarchy However, they do not dealwith collision response.
Pauly et al. [PPG04] model contactfor point-sampledquasi-rigid objects,i.e.,
rigid objectswith anelasticlayeratthe surface.They computeexactcontactsur
facedy settinguplinearcomplementaritgonstraint@andsolvingfor thetractions
thatacton thesesurfaces.Thewrenchon therigid objectis thencomputedrom
thesetractions.



5.3 Continuum Mechanics Equations

Figure 5.1: The physicalvolumeelementgparticlesin yellow) andthe surfaceelements

5.3

(surfelsin blue) areboth representedspoints. The modelpresentedn the Sec-
tions 5.3-5.5allows the simulation of elastic, plastic, melting, and solidifying
objects(from left to right).

Contin uum Mechanics Equations

The continuumelasticity equationsdescribehow to computethe elasticstresses
inside a volumetric object, basedon a given deformation eld [C0095,Chu96].
Considera model of a three-dimensionabody whosematerial coordinatesare
m= (x;y;2)". To describethe deformedbodyin world coordinatesa continuous
displacemenvector eld u(m) = (u(m);v(m);w(m)) T is usedwherethe scalar
displacementsi(m), v(m) andw(m) are functionsof the materialcoordinates.
Theworld coordinatex of apointwith materialcoordinatesn arex = m+ u(m)
in thedeformedmodel. The Jacobiarof this mappingis givenby

2 3
Uy+ 1 Uy U
J=l+ru'=4 vy vy+1l vy 5; (5.1)
Wiy Wy Wzt 1

with thefollowing columnandrow vectors
2 .3
Ju
J= Jgdyd, =45 (5.2)

I

The subscriptswith commasrepresenpartial dervatives(e.g. u.x = W). To
measurestrain,we usethe quadraticGreen-Saint-Enantstraintensor

e=J"J I=ru+ru +ruru’; (5.3)

This symmetricquadratictensorhasthe adwantagethat it is rotation invariant,
in contrastto the linearizedversionmost often usedin computergraphicsfor

performanceeasonswhich fails for larger deformationgseee.g.[MDM * 02)).

In our modelwe assumea Hookeanmaterial,i.e., a linear relationshipbetween
forceanddeformation(seeSection2.1.3):

s®= Ce’; (5.4)
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Figure 5.2: Theeffect of Poissors ratio: the undeformednodel(left) is stretchedusinga

5.4
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Poissorratio of zero(middle)and0:49 (right).

whereC is arankfour tensor approximatinghe constitutve law of the material,
andbothe® andsS aresymmetric3 3 (rank two) tensors.For anisotropicma-
terial, C hasonly two independentoefcients, namelyYoung's modulus and
Poissonsration (Section2.1.3). Therefore Hooke's law is written as

2 _3 2 32 _3
Sy 1 n n n 0 O 0 0 Ex
s)ss,y n 1 n n 0 O 0 0 (Z;jy
S>4 n n 1 nO O 0 0 7
2 B0 0 0 o120 0 o0 fhes 9
sS, 0 0 0 0 0 120 0 54g,
sS, 0O 0 0 0 0 0 120 &
with kS = m Anisotropic materialscan be simulatedby modifying C
accordingly

The elasticbody forcescanbe computedvia the strainenepgy densityJstain
(enegy perunit volume),which is the potentialenegy storedin a deformedma-
terial '

. ) 1 1 3 3 '
gsran= Z(e s == 3 § elsjsisj : (5.6)
2 2 i j=1
The elasticforce per unit volume at a point m is the negative gradientof the
strainenegy densitywith respecto this point's displacementi(m) (the direc-
tional derivativer ). For aHookeanmaterial this expressions written as

o ; ~ ofrai 1
flasie= 1 0= Sr (e Ce)= s € (5.7)

Elasticity Model

In orderto usethe continuouselasticityequationslescribedabore in anumerical
simulationof a dynamicelasticobject, we needto discretizethe volume of the



5.4 Elasticity Model

Figure 5.3: As a basicunit, we considera particle with materialcoordinatesn; andits

5.4.1

neighborsat m; within distanceh;. The gradientof the displacementeld r u is
computedfrom the displacementectorsu; anduj, the straine’® from r uj, the
stresss? from €, the strainenegy Us"@" from €, s$ andthe volumeV; andthe
elasticforcesasthe negative gradientof US"@" with respecto the displacement
vectors.

objectinto volumetric elementsdV. Similarly to the uid model describedin
Section4.3, the objectis sampledwith smoothedarticlesp; with positionm; in
materialcoordinatesand x ed massm;. The samplingalgorithmis describedn
Sectionb.7. Thedensityr ; is approximatedisingSPHaccordingo Equation(4.5)
andthe particlevolumeis computedasV; = my=r;, seeSection4.3.1for details.

In our meshlesgrameavork, quantitiesof a particle p;, suchasstraine®, stress
s$, strainenegy US"@" andthe elasticbody force f&21¢ are computedirom its
neighborsp; which areplacedwithin its supportradiush; (cf. Figure5.3). While
thestresds in our casealinearfunctionof the strain,the strainis computedrom
the spatialderivative of thedisplacement.e.,r u;. We will next discusshow we
computer u;j usinga rst orderapproximationschemeandthenshav how the
strainenegy andelasticforcesarecomputed.

Moving Least-Squares Approximation of r u

For computinge?, the spatialderivative of the displacementeld r u; at m; is
neededTo guaranteeeroelasticforcesfor rigid bodymodesthe approximation
of r uj from the displacementectorsu; of the neighboringparticlesmustbe at
least rst orderaccurate Hence,the moving least-square@LS) methodwith a
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linear basiscanbe used,which yields rst orderaccuratenterpolationof point-

sampledunctions,seealsoSection2.3.4.1n thefollowing, we will only consider
the x-componentu of the displacementeld u(m) = (u(m);v(m);w(m)) " and
m= (xy;2)". Thebasicideais to approximatea continuousscalar eld u(m) in

theneighborhoof m; usinga Taylor approximation:

u(mi + DM) = Ui+ r Ujm, DM+ O(kDmk?); (5.8)

wherer ujm; = (Ux; Uy; Uz) atparticle p; with materialcoordinatesn; (theindex
afterthe comadenotesa spatialderivative). For particlesp; closeto p; we geta
rst orderapproximation uj of thevaluesu; as

Uj = Ui+ 1 Um Fij= Ui+ 11 Uimg; (5.9)

whererij = (Xij;yij;Zij)T = mj mj. Theweightedleast-squaresrror e of the
approximation u; is givenby

e=a(u u)wj; (5.10)
j

wherew;j = w(rij; hj) is a smoothingkernel(we usethe spiky kernelwsPW, see
Equation(4.10)). Substitutingequation(5.9) into Equation(5.10)andexpanding
yields

ei:é_(ui+ Ux Xij+ Uy Vij+ Uz Zj uj)zwij: (5.11)

j

We wantto nd theunknowvnsu.y, U,y andu.; suchthattheerrore is minimized.
Therefore,the dervatives of g with respectto uy, U,y andu., are setto zero,
yielding threeequationdor thethreeunknovns

0= Zé rij Ui+ rﬁ r Um, Uj Wij: (5.12)
j

Multiplying outandrewriting yields
!

a Fij riTjWij M Uim = & (Uj  u)rijwij: (5.13)
i j

Finally, the spatialderivativesof u(m) atm; areobtainedas
!

Fum =M, 1 A wrijwi (5.14)
j

wherethe inverseof the so-calledmomentmatrix M = éj rijriTjwij is usedfor
computingthe derivativesof v andw aswell. NotethatM; of a particle p; needs
to berecomputednly if theneighborhoof p; changesiueto resamplingSec-
tion 5.7), introduceddiscontinuitieg Section5.6.2),or if the materialpositionof
theparticleschangesiueto a (non-linear)Jupdateof therestshapgSection6.4.1).



5.4 Elasticity Model

5.4.2 Elastic Force Computation

Giventhespatialderivativer u; of aparticlep; we canupdatethe Jacobiand;, the
straine® andthe stresss; at the particlepositionm; usingEquationg(5.1), (5.3)

and(5.4):
2 3
roujh
Jo Arvigp S+l @ (P 1) st (Cé): (5.15)
il
Basedon Equation(5.6) the strainenepgy storedarounda particle p; is esti-
matedas 1
U= SV sP) (5.16)

assuminghatstrainandstressareconstantvithin therestvolumeV, of particlep;,

equialentto usinglinearshapdunctionsin FEM. Thestrainenegy is afunction

of thedisplacemenvectoru; of p; andthe displacementsij of all its neighbors.
Taking the derivative with respectto thesedisplacementsising Equation(5.7)

yields the force f§la! acting at particle p; andthe forcesf&@s® actingon all its

neighborsp;

fﬁlaSt?C = r UiUistrai.n= ViSiSI’ uiqsi (5.17)
fiejlastlc = r ujUistraln= ViSiSI’ uqu (5.18)

Theforce f§@si¢actingon p; turnsout to be the negative sumof all f&@tacting

onits neighborsp;, i.e., f§2s1=" & f8/astc Thus thetotal force

fielastic: fﬁlastic_l_ é fﬁilastic (5.19)
k
actingon particle p; consereslinearandangularmomentum.Note thatthe sum
is notovertheneighborof p; but overall particlespy thathave p; in their support
radiushg. In our casewhereall particleshave the samesupportradiush, the
particlespy areexactly the neighborsof p; and

felastic— 2 8 fie]JaStiC_ (5.20)
j

Applying Equation(5.14),Equationg5.17)and(5.18)canbefurthersimpli ed
to thecompactorm (see[MKN * 04] for details)
[
fﬁlastic — FeMi 1 é Wi (5.21)
j
FijWij (5.22)

fiejlastic — FeMi 1

with Fe=  2V;J;s?. Note thatthe matrix productFeM Lis independenof the
individual neighborj andneedgo be computednly oncefor eachparticle p;.
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Figure 5.4: Left: adiscretesetof displacemenvectorsu; de ne the deviation of the de-

formed shapefrom the restshape. Right: numericalerrorscan be reducedby
applyinganoptimalrigid bodytransformatiorio therestshape.

5.4.3 Rigid Transformation of the Rest Shape

74

If theobjectdepartdarfrom its restshapethedisplacementsanbecomearbitrar
ily large. This yieldstwo problems.First, computingspatialderivativesof large
quantitiess numericallyunstable Secondjf the momentmatriceshave badcon-
dition numbersdueto volumeundersamplingsmall orientationdependenghost
forcescanoccur Both problemsare solved by transformingthe restshapeaf-
ter eachtime step(seeFigure5.4), similar to [TW88]. Unlike their method,we
computethe optimal global rotation and translationof the rest shapebasedon
geometricalgebrgLFDL98].

Translation. Theoptimaltranslationt = X m is thedifferencebetweerthecen-
terof massxin world coordinatesindthecenterof masgm in materialcoordinates
of the particleswith

X = é_mjpj; (5.23)
J

m = ammj; (5.24)
j

mp = m é_mj; (5.25)
J

wherem; is the massof a particle pj andm;j andp; areits positionin material
andworld coordinatestespecitiely.

Rotation. TheoptimalrotationR = VUT is computedn aleast-squaresensey
computingthe singularvaluedecompositiorof S= UWV T, where

S= é me(m; m)(p; X)T: (5.26)
j
Thislineartransformation(R;t) is appliedto the surfacerepresentatioaswell

(Section5.5). Otherpossibilitieson how to transformthe restshapenon-rigidly
arediscussedn Sections.10and6.4.1.



5.5 Surface Model

Figure 5.5: Max Planckis elasticallyandplasticallydeformedn real-timewhile switching

betweematerialpropertiesonthe y .

5.4.4 Plasticity Model

5.5

Thestandardvayin computemgraphicgor simulatingplasticbehaior is by using
strain statevariablesfOBHO02b]. Every patrticle p; storesa plastic straintensor
. Thestrainconsideredor elasticforcesef = € € is the differencebetween
measuredtraine’ andtheplasticstrain. Thus,in casehemeasuredtrainis equal
to theplasticstrain,noforcesaregeneratedSincee’ is consideredonstantvithin
onetime step,the restoringforces (Equations(5.21) and (5.22)) are computed
usings? = C € insteadof s. Theplasticstrainis updatedat every time stepDt
accordingo thefollowing rule

if kefk> K dthend® &+ Dt koreeP ¢, (5.27)

wherek¥€d andkeeeP are materialconstants!f the 2-normof the strainexceeds
the materialyield strengthk¥'®'d, plasticity starts(Section2.1.3). In this casethe
constantk®™€P controlshow much of the actualdeformationis absorbedn the
plasticstrainstatepersecond.

Surface Model

For the physicalsimulation,a coarsesamplingof the objectwith particlesis often
sufcient to capturethe object's elasticbehaior. However, the objects surface
might be highly detailedwith ne geometricfeatures.Therefore decouplingthe
surfacerepresentatiofrom the physicsrepresentatioallows ef cient simulation
of the (coarsephysicalmodelwith a highly detailedsurface.As arepresentation
we usea point-sampledsurfacedueto its simple structure,which enablesef -
ciently re ning the surfacefor strongdeformationgSection5.5.2). Furthermore,
new surfacesheetsanbe createdoy simply samplingthemwith surfacepoints,
for instancegduringfracturing(Section5.6), for contacthandling(Section5.8.3),
andfor adaptingto topologicalchangegSection6.6).
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Figure 5.6: Surfaceanimationandre nement. The top row shows the surfelsfrom the
sideview with the neighboringparticles(connectoy dashedlacklines),the bot-
tom row shaws the surfelsfrom the front view. (a) surfels/particlesn material
coordinates. (b) surfels/particlesn world coordinatesafter a deformation. (c)
surfels/particlesn world coordinatesftersplitting.

5.5.1 Surface Animation

We startwith anobjectwhosesurfaceS is sampledvith orientedsurfaceelements
(surfelg s2 S. A surfels hasa positionmg andtwo orthogonaltangentvectors
tl andt2, which de ne the surfel centerandthe (elliptic) areacoveredby s in
materialcoordinates respectiely. Thesurfelnormalis computedast?}, t2. The
surfelpositionin world coordinatesis denotedass, andthetangentaxesast? and
t2.

For animatingS, i.e., computingthe surfel positionsin world coordinatesye
malke useof the continuousdisplacemenvector eld u(m) de ned by the parti-
cles. This meansthat the surfelsare adwectedalongwith the particles(seeFig-
ure 5.6). Thedisplacementectoru(m) at a known surfel positionmg is com-
putedfrom thedisplacements; of theneighboringparticlesp;. For thiswe need
to de ne a smoothdisplacementector eld in R® thatis invariantunderrigid
transformationsThis is achiaved by usinga rst ordermoving least-squareap-
proximation(Section2.3.4). However, we have alreadyobtainedsuchanapprox-
imationof r u; for the particles(seeSection5.4.1),which is reusechere. Thus,
thedisplacementectoru(m) is approximateas

&;wPoY(m  mjhp) uj+r uy(m mj) . 5.28)

hu(m)i = & w(m i)

where we usethe smoothingkernel wPY as a weighting function (see Equa-
tion (4.9)). Theu; arethedisplacemenvectorsof particlesat m; thatarewithin
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5.5.2

5.6

adistancehp to ms.

We apply Equation(5.28) to both the surfel centerandits tangentaxis. This
givesthesurfelpositionsin world coordinatesss= mgs+ u(ms), andthetangent
vectorin world coordinatesast = (u(ms+ t}) u(ms)) andanalogouslyfor t2.

Surface Re nement

Whenthe surfacedeformssurfelsare stretchedor compressedFor large defor
mationsthis canyield distortionsdue to the (local) undersamplingpf the sur
face[Pau03]. Thus,the samplingof the surfaceneedgo bere ned to maintaina
high quality surface.Initially, thetangentaxesin world coordinates? andt? of a
surfel s areequalto the orthogonaltangentaxesin materialcoordinates.During
a deformationthe world coordinatesare shifted. Thus,if a surfaceis stretched
or compressedhetangentaxesin world coordinatesareno longerorthogonalo
eachotherandtheir lengthchanges.A measurementf this local distortioncan
befoundby looking atthe rst fundamentaform ats, whichis de ned as

141 1 2
E é é é : (5.29)
Theeigervaluesof thematrixin Equation(5.29)give theminimumandmaximum
stretchfactorsandthe correspondingpigervectorsde ne the principal directions
of the stretching.Thus,theratio of the two eigervaluesis a measuremenf the
local anisotroy. Whenthis ratio is largerthana threshold the surfelis split into

two new surfelswhich arepositionedon the main axis of the ellipseasshavn in

Figure5.6.

Ideally, if anobjectis rst stretchedandthencompressetb its original shape,
the surfaceshouldnot change We usea simpleapproacho achieve this. Instead
of deletingasplitsurfels, it is keptin materialcoordinateslf bothchildrenof this
surfelare compressedthe ratio of the eigervaluesis smallerthanone),alsothe
world coordinate®f 5 arecomputedlf s doesnotful Il thesplitting criterion,its
childrenaresimply deletedandthe parentsurfelis usedagaininstead.Note that
theoverheads smallbecausdor inactive surfelsonly therigid transformatiorof
therestshapeneeddo be appliedto them(seeSection5.4.3).

Fracture Model

The previous sectiondescribeda framewnork for the animationof elasto-plastic
materials.In thefollowing, we will discusshow this frameavork canbe extended
for simulatingfracturingsolids. Centralto themethodis a highly dynamicsurface
and volume samplingmethodthat supportsarbitrary crack initiation, propaga-
tion, andterminationwhile avoiding mary of the stability problemsof traditional
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Figure 5.7: Brittle fractureof ahollow stonesculpture Forcesactingon theinterior create

5.6.1

78

stressesvhich causethe modelto fractureand explode. Initial/ nal sampling:
4:3k=6:5k particles 249k=310ksurfels,22sframe

mesh-basetechniques.Advancingcrack fronts are modeledexplicitly andas-
sociatedracturesuriacesareembeddedn the simulationvolume. Whencutting
throughthe material,crackfronts directly affect the couplingbetweenparticles,
requiringa dynamicadaptatiorof the particleshapefunctions. Comple fracture
patternsof interactingandbranchingcracksarehandledusinga smallsetof topo-
logical operationdor splitting, merging, andterminatingcrackfronts. This allows
continuougpropagatiorof crackswith highly detailedfracturesurfacesjndepen-
dentof the spatialresolutionof the particles,andprovideseffective mechanisms
for controlling fracturepaths. The methodis applicablefor a wide rangeof ma-
terials,from stiff elasticto highly plasticobjectsthatexhibit brittle and/orductile
fracture.

Intr oduction

Physically fracturingoccurswhentheinternalstresseandtheresultingforcesare
so large that the interatomicboundscannothold the materialtogetherarymore.
Fracturinghasbeenstudiedextensiely in the physicsand mechanicditerature.
However, dueto the compleity of the problem,the studiesandsimulationsusu-
ally dealonly with "simple" fracturessuchasthe creationor propagationof a
singlecrack. In computergraphics,we oftentradephysicalaccurag for visual
realism.By simplifying the physicalmodel,realisticanimationsof very complex
fracturessuchasthe shatteringof glassinto hundredsf piecescanbe achieved.
However, changingthetopologyof a simulatedobjectis challengingfor boththe
animationof thevolumeandthesurface.Whenasolid fracturesthesurfaceneeds
to adaptto the cracksthat propagatehroughthe volumeof the solid. To achiere
a high degreeof visual realism,cracksshouldbe allowed to startarywhereon
the surfaceandmove in ary directionthroughthe volume. Furthermoregcracks
might branchinto several cracks,or differentcrackscanmeigeto a singlecrack
within the solid. While fracturing,not only the topologyof the surfacechanges,
but also the discontinuitiesintroducedby the cracksin the volume have to be
modeledaccordinglyto achiese physicallyplausiblefracturebehaior. Thefrac-
turing characteristicdependnthematerial. We differentiatebetweerductileand
brittle fracture.While brittle materialsplits without experiencingsigni cant irre-
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Figure 5.8: Highly plasticdeformationsandductilefracture. Thebubblegumlik e material

5.6.2

is rst deformedbeyond recognition. It is then stretcheduntil the stressin the
materialis too high andit fracturesalonga comple fracturesurface.Initial/ nal
sampling:2:2k=3:3k patrticles,134k=144ksurfels,2:4s=frame.

versibledeformation(i.e., only elasticdeformation),ductile materialexperience
someamountof plastic deformationbeforefracture[OBH02a]. Two examples
for brittle andductile materialsareshavn in Figure5.7 andFigure5.8. A force

actingon the hollow stonesculpturein Figure5.7 causegshe modelto explode.
Dueto the simulatedbrittle materialthis resultsin a shatteringof the objectinto

pieces Figure5.8shavsductilefractureof ahighly plasticbubblegumlik e mate-
rial whichis deformedbeyondrecognitionbeforesplitting alonga singlecomplex

fracturesurface.

Modeling Discontin uities

We will rst discusshow the discontinuitycanbe modeledthatis introducedby
a propagatingcrackinto the domainof a simulatedsolid. For that, the so-called
visibility criterion [BLG94] canbe usedwhereparticlesare allowed to interact
with eachotheronly if they arenotseparatedy a surface.Thisis doneby testing
if aray connectingwo particlesintersectsheboundarysurface.

To seewhat happensvhenwe usethe visibility criterion we look at the dis-
cretizationhui of thecontinuouddisplacementeld u. As shavnin Section2.3.4,
we canapproximateu in theform

u(m)i @ Fj(mj)uj; (5.30)
J
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Figure 5.9: Comparisorof visibility criterion (a) andtransparenc method(b) for anir-
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regularly sampled2D domain. The effect of a crack,indicatedby the horizontal
white line, on weightfunctionw; andshapeunctionF; is depictedor particle p;
marked by the cross. A schematioview of the transparenc methodis showvn in
(c) andtheeffect of dynamicupsamplings illustratedin (d).

whereF j(m;) is the shapefunction of a particle p; with positionmj in material
coordinatesanduj is the eld valueat mj, i.e., in our casethe displacemenof
p;j into world coordinategj. As describedn Section2.3.4,an approximation
with consisteng ordern canbe achiezed by using moving least-squags (MLS)
interpolants Givena completepolynomialbasisb(m) = [1m ::: m"]" of ordern
andaweightfunctionw, the meshlesshap&unctionsaredervedas

Fi(m) = b (mM (m)b(m)wi(m m;;hy); (5.31)
whereM is themomentmatrixde ned as

M(m) = é b(mj)bT(mj)wj(m mj;hj); (5.32)
j
seeSection2.3.4for details.

Figure5.9 (a) shavs the weightandshapefunctionswhenusingthe visibility
criterion. The cracknot only introducesa discontinuityalongthe cracksurface,
but alsoundesirabla@liscontinuitiesof theshapegunctionswithin thedomain.The
transparenc methodproposedy Organet al. [OFTB96] alleviatespotentialsta-
bility problemsdueto thesediscontinuities.The ideais to make the crackmore
transparentloserto the crackfront. This allows partialinteractionof particlesin
the vicinity of the crackfront. Supposehe ray betweentwo particlesp; and p;
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5.6.3

intersectsa cracksurfaceata pointmg (Figure5.9(c)). Thentheweightfunction
w; (andsimilarly for wj) is adaptedo
! !

2ds 2

Wi(rijhi) =wi rij 1+h
whereds is the distancebetweenmg and the closestpoint on the crack front,
andk°Paclty controlsthe opacity of the crack surfaces. Effectively, a crack pass-
ing betweenwo particleslengthenghe interactiondistanceof the particlesuntil
eventually in this adapteddistancemetric, the particleswill be too far apartto
interact. As shavn in Figure5.9 (b) this methodavoidsthe discontinuitiesof the
shapeunctionswithin thedomainandthusleadsto increasedtability.

To computeheray intersectiorwith thecracksurfacesampledvith surfels,the
implicit surfacede ned by the surfelsis used(seeSection2.5.1). Theintersec-
tion point mg on this surfaceis thenfound using Brent's methodasdescribedn
Section2.4.2.

Fracture Surface Model

Introducingcutsinto the modelexposesnterior partsof the solid which needto
be boundedby new surfacesheets. Previous approachedasedon FEM de ne
fracturesurfacesusingfacesof the tetrahedraklementsyhich requirescomplex
dynamicremeshingo avoid unnaturallycoarsecrack surfacesfOH99]. To sim-
plify the topologicalcompleity andavoid stability problemsduring the simula-
tion, mesh-basedpproachesmposerestrictionson whereandhow the material
canfracture.Theseestrictionscanbelifted by embeddingsurfaceandexplicitly
creatingnew fracturesurfacesheetsvheneer the materialis cut. In this section
we will describenow we extendour point-basedurfacemodeldescribedn Sec-
tion 5.5 for creatingthesesurface sheets. We will shaw that this extensionis
simpleandef cient, sinceno explicit connectvity informationneedgo bemain-
tainedbetweensurfels. Sharpcreasesnd cornersare representedmplicitly as
the intersectionof adjacentsurfacesheetausinga CSG method. The preciselo-
cationof creasdinesis evaluatedat rendertime (cf. Figure5.10),avoiding costly
surface-surdceintersectiorcalculationduring simulation.

A crack consistsof a crack front andtwo separatesurface sheetswhich are
connectedat thefront to form a sharpcrease.The crackfront itself is de ned by

fracturesurfaceswhile propagatinghroughthe material. For surfacecracksthe
endnodesof thefront lie onaboundarysurfaceor afracturesurfaceof adifferent
crack. Interior crackshave circularly connectedcrack fronts, i.e., the two end
nodesc; andc, coincide(cf. Figures5.11and5.13).

To animatethe boundarysurfaceof the solid, the free-form deformationap-
proachdescribedn Section5.5.1is used. To ensurethatthe displacementeld
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Figure 5.10: Surfelsareclippedto createsharpcreasesvith dynamicallycreatedracture

5.6.4
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surfaceswhosevisualroughnesss controlledusing3D noisefunctionsfor bump
mapping. The samplingof the simulationdomainis shavn on the right, where
greensphereglenoteresamplegatrticles.

is smoothat the crackfront, thetransparencweightsw describedabove arealso
usedin Equation(5.28)for the displacementomputationof the surfels(cf. Fig-
ure 5.12). Becausehe changesof the transpareng weightsare localizedto a
smallregion aroundthe crackfront, only a smallfraction of the weightsneedto
beupdatedn everytime step,leadingto anef cient implementation.

Crack Initiation and Propagation

Crackinitiation is basedon the stresstensors®. A new crackis createdwhere
the maximaleigervalueof s€ exceedghe thresholdfor tensilefracture(opening
modefracture[And95]). This conditionis evaluatedfor all particles. To allow
crackinitiation anywhereon the surfaceor in theinterior of the model,a stochas-
tic schemecanbe appliedto initiate crackfronts. A randomsetof surfaceand
interior samplepointsarecreatedandthe stresgensorat thesepointsis evaluated
usingweightedaveragingfrom adjacenparticles.Theinherentsmoothings usu-
ally desiredto improve the stability of the crackpropagation.If a crackfrontis
initiatedatoneof thesespatiallocations thefracturethresholdf all neighboring
samplesareincreasedo avoid spuriousbranching.

A new crackis initialized with threecrack nodes,eachof which carriestwo
surfelswith identical position and tangentaxes, but opposingnormals. These
surfelsform the initial cracksurfaceswhich will grow dynamicallyasthe crack
propagateshroughthe solid (Figure5.11). Crack propagations determinedoy
the propagationvectorsd; = kPP (g t;), wherel ; is the maximaleigervalue
of the stresstensorat ¢;, andg is the correspondingeigervector The vectort;
approximateghe tangentof the crackfront ast; = (¢+1 ¢ 1)=KG+1 G 1K,
wherecy = ¢; andcp 1 = ¢y, for surfacecracks. The parametekP™©P dependon
thematerialandcanbeusedto controlthe speedf propagationThenew position
of acracknodec; attimet + Dt is thencomputedasc; + Dtd;, wherelx is thesim-
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Figure 5.11: Frontpropagatiorandfracturesurfacesampling.The upperrow shovs atop
view of an openingcrack,the lower part shovs a sideview of a single fracture
surface. After propagatinghe cracknodesc; accordingto dj, endnodesarepro-
jectedonto the surface. If necessarythe front is resamplecandnew surfelsare
addedo thefracturesurfacesheets.

ulationtime step.Additionally, theendnodesof surfacecracksareprojectedoack
ontothesurfacethatthey originatedirom usingthe projectionmethoddescribedn
Section2.5.1.Sincepropagatioraltersthe spacingof cracknodesalongthefront,
the samplingresolutionof the crack nodesare adjusteddynamicallyafter each
propagatiorstep. If two adjacentracknodesarefurtherapartthanthe radiusof
their associatedurfels,a new nodeis insertedusingcubic splineinterpolationto
determinghenew nodes position.Redundantracknodesareremovedwhenthe
distanceto the immediateneighborsbecomesoo small. Fracturesurfacesheets
aresampledoy insertingnew surfelsif thepropagatiordistancesxceedghesurfel
radius,indicatingthat a hole would appeatin the surface. This spatially (along
thecrackfront) andtemporally(alongthe propagatiorvectors)adaptve sampling
schemeensuresiniformly sampledandhole-freecracksurfacegcf. Figure5.11).

During crackpropagationthe simulationis adjustecautomaticallyto the newly
createdracturesurfacesby adaptingthe shapefunctionsusingthe transpareng
methoddescribedbove. Thetransparencweightw;(rij; hy) for apairof particles
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Figure 5.12: Transparencweightsfor embeddingsurfelsin the simulationdomain. The
thicknessof the linesindicatesthein uence of a particleon the displacemenof
a surfel. During crack propagationnew surfelsand particlesare createdusing
dynamicresamplingasdescribedelow.

is adaptedoy computingthe intersectionpoint on the fracturesurfaceof the ray

connectinghetwo particles(seeSection5.6.2). Thedistanceds to thecrackfront

is approximatedsthe shortesEuclideandistanceo theline segmentsde ned by

adjacentcracknodes. To avoid stability problemswith curved fracturesurfaces,
weightsareallowedto only decreasérom onetime stepto the next.

5.6.5 Topology Control

The major challengewhen explicitly modelingfracturesurfacesis the ef cient
handlingof all eventsthat affect the topology of the boundarysurfaceandthe
simulationdomain.Apart from crackinitiation, threefundamentaéventsaresuf-
cient to describethe often intricate constellationghat occur during fracturing:
Termination splitting, andmeging of crackfronts:

A crackis terminatedf the crackfront hascontractedo asinglepoint.

Splitting occurswhena crackfront penetrateshrougha surfaceas shavn
in Figure5.13(a). The signeddistanceof a cracknodeto a surfacesheet
canbeestimatedisingtheprojectionoperatordescribedn Section2.5.1.A
splitting eventis initiated whena sign changeoccursfrom onetime stepto
thenext. Thefrontis split atthe edgeghatintersecthe surface,discarding
all nodesthatareoutsidethe solid, exceptthe onesthatareconnectedo an
interior node. Thesenodesbecomenen endnodesby moving themto the
intersectiorpoint with the surface.As shavn ontheleft of Figure5.13(a),
a surfacecrackis split into two new crackfrontsthatsharethe samecrack
surfaces,.e., independenthaddsurfelsto the samefracturesurfacesheets
during propagation.An interior crackbecomesa surfacecrackafter split-
ting, asillustratedon theright.

A memingeventis triggeredwhentwo surfaceendnodesof two crackfronts
meetby creatingthe appropriateedgeconnectiongFigure5.13(b)). Two
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Figure 5.13: Topologicaleventsduring crackpropagation(a) Splitting, (b) merging. The
top andbottomrows showv a cutavay view with onecracksurfaceexposed.The
sketchesn the centerrows show this fracturesurfacein gray, endnodesof crack
frontsareindicatedby white dots.

surfacecracksaremeigedinto a singlesurfacecrack(left), while a circular
front is createdf thetwo endnodesarefrom the samecrackfront (right).
Typically, whencracksmemge, their fracturesurfacescreatea sharpcorner
S0 we maintain separatdracture surface sheetsthat intersectto createa
crease.

As canbeseenin Figure5.13,splitting andmeiging aredualto eachother The
formerintroduceswo newv endnodeswhereaghelatterdecreasethe numberof
endnodesby two. Similarly, crackinitiation andterminationare dual topologi-
cal operations.Note thatthe intersectionof two crackfronts at interior nodesis
handledautomaticallyby rst splitting both fronts and then memging the newly
createcendnodes.

One usefultechniqueto improve the stability of the simulationis snapping
Snappingguaranteeshat problematicsmall features suchastiny fragmentsor
thin slivers,do not arise. It works by forcing nodesvery nearothernodesto be-
comecoincidentand projectsnodesonto the surfaceif they arevery closeto it
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Figure 5.14: Controlledfracture. While the sphereblows up it fracturesalongthe pre-

5.6.6
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scribedsmiley face. Initial/ nal sampling: 4.6k/5.8kparticles,49k/72k surfels,
6s=frame.

to ensurethatary featurespresentare of sizecomparabldo thelocal nodespac-
ing. Similar methodshave beenprovento guaranteg@opologicalconsisteng with
the ideal geometryin other settings|GM95]. Speci cally, when a front inter-
sectsa surface, all crack nodesare projectedthat are within snappingdistance
d to the surfaceonto the surface. This avoids fragmentingthe front into small
piecesthat would be terminatedanyway within a few time steps. Furthermore,
frontsaremegedwhenthe endnodesarewithin distanced by moving bothend
nodesto their averageposition. This avoids small sliversof materialto be cre-
ated, which would requireaddinga signi cant numberof new particlesto the
model(seeSection5.7). Similarly, theintersectiorof two crackfrontscanleadto
multiple splitting andmeging events,which arecombinedinto a singleeventto
avoid theoverheadf creatingandsubsequentlgeletingmary smallcrackfronts.
Snappingcanalsobe appliedto front termination,wherea crackfront is deleted
whenall its nodesarewithin distanced from eachothet

Fracture Contr ol

The courseof the simulationcanbein uenced by specifyingmaterialproperties.
However, often direct control over the fracturebehaior is crucial, especiallyin
productionervironmentsand interactve applicationswherethe visual effect is
usuallymoreimportantthanphysicalaccurag. By exploiting the explicit point-
basedrepresentatiof the fracturesurfaces,the fractureframewnork canbe ex-
tendedo supportprecisecontrolof whereandhow a modelfractures.Onepossi-
bility is to usea paintinginterface(seee.q.[ZPKG02 AWD™ 04]) thatallows fast
prototypingof fracturesimulationsy prescribingracturepatterngdirectly onthe
objectboundary The usercanpaintarbitrary networks of crackson the surface
andexplicitly specifystresghresholddor thesecracks.Additionally, a propaga-
tion historycanbeusedto controlthe propagatiorof cracksthroughthe material.
The adjustedpropagationvectorat time t is computedas the weightedaverage
d = khisigh D4 (1 KMsYdl, wherek™st 2 [0;1] is the history factor A purely
stress-basegropagatioris achieved for k"st= 0, while kMst= 1 yields purely
geometriccracksandfracturesurfaces.Otherpossibilitiesncludevolumetrictex-
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Figure 5.15: Volumetric sampling: (a) octreedecomposition(b) initial adaptve octree
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sampling,(c) dynamicresamplingduringfracturing.

turesfor adjustingthe fracture thresholdswithin the material, and pre-scoring
techniqueswherethe stresstensoris modi ed accordingto an embeddedevel

setfunction[MBFO04]. Figure5.14shavs anexampleof anexplicitly controlled
fracture,usinga combinationof crackpainting,propagatiorhistory, andadaptve

fracturethresholds.

Volumetric Sampling

Oneof the main advantagef meshlessnethodsdlies in the fact thatthey sup-
port simpleandef cient samplingschemeslnitially, the volume W boundedby
asurfaceS of anobjectG is discretizedby samplingW with particles. Similar
to adaptve nite elementmeshingwe wanta higherparticledensitycloseto the
boundarysurfaceandfewer particlestowardsthe interior of the solid. An appro-
priate samplingof the particlescanbe computedfor instance usinga balanced
octreehierarchyasshawn in Figure5.15. Startingfrom the boundingbox of S,
acell of theoctreeis recursvely re ned, if it containspartsof S. The nal num-
berof particlesis controlledby prescribinga maximumoctreelevel at which the
recursve re nementis stopped.Giventhis adaptve decompositiona particleis
createcht eachoctreecell centerthatlies within W.

During simulation, the discretizationof the simulation domain needsto be
adjusteddynamically Without dynamicresampling,frequentfracturingwould
quickly degradethe numericalstability of the simulationevenfor aninitially ad-
equatelysamplednodel. New particlesneedto be insertedin thevicinity of the
cracksurfacesandin particulararoundthe crackfront. At the sametime, strong
deformationof the modelcanleadto a poorspatialdiscretizatiorof the simula-
tion volume,which alsorequiresadynamicadaptatiorof thesamplingresolution.
This is particularly importantfor highly plastic materials,wherethe deformed
shapecandeviate signi cantly from its original con guration.

A simplelocal criterion canbe usedto determineundersamplingat a particle
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Figure 5.16: Dynamicresamplingat the particle p; dueto strongdeformation(left) and
fracturing(right).
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wi = & Wi(rij; hi)=wi(rij; hi) (5.34)
j

bethe normalizedsumof transparencweights(seeSection5.6.2). Without visi-
bility constraintsy; is simply thenumberof particlesin the supportof p;. During
simulationw; decreasesf fewer neighboringparticlesare found dueto strong
deformationspr if the transparencweightsbecomesmallerdueto a crackfront
passingthroughthe solid. If w; dropsbelov a thresholdwyin, Nnew particlesare
insertedwithin the supportradiusof p; (seeFigure5.16). For the dynamicup-
and dowvnsamplingand robust interactionbetweenparticleswith differentsup-
port radii the multiresolutionapproachdescribedn Section4.5 canbe exploited,
wherew;  Wnin IS usedasa splitting criterion.

To prevent excessve resamplingfor particlesvery closeto a fracturebound-
ary, particlesplitting is restrictedoy prescribinga minimal particlesupportradius
h. Notethatresamplingdueto fracturingis triggeredby the cracknodespassing
throughthe solid, similar to adaptingthe visibility weights(seeSection5.6.3).
Performingthesecheckscomesessentiallyfor free, sinceall the requiredspatial
queriesarealreadycarriedout duringvisibility computation.Figure5.15(d) and
Figure5.10illustratethe dynamicadaptatiorof the samplingrateswhenfractur
ing. Theeffecton the shape&unctionsis shovn in Figure5.9 (d).

Contact Model

Soft objectsdeformdueto externalforcesexertedduring collisionswith the en-
vironmentor with otherobjectssuchasa userguidedtool. Therefore boththe
collisiondetectioralgorithmaswell asthe collisionresponsenodelplay acentral
role in the simulationof deformableobjects.

In this sectiontheframawork for elasto-plasti@andfracturingobjectsG, where
the objectvolumeW is sampledwith particlesp andthesurfaceS; is represented
by surfelss (seeSection5.4) is extendedfor collision detectionand response.
Collisionsarestablydetectedusingthe implicit surfacerepresentationlescribed
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Figure 5.17: Overview of the contacthandlingpipeline (gray shaded).After the physics

5.8.1

5.8.2

andsurfaceanimation thecolliding surfelsaredetectecandthe contactsurfaceis
computed.The collision responsdorcesare computedfor the contactnodeson
the contactsuriaceanddistributedto the particles.

in Section2.5.1. In caseof a collision, responsdorcesare computedfor pene-
trating surfelsanddistributedto particles. The decouplingof collision handling
anddeformationallows for a very stablecollision responsavhile maintainingin-
teractve updateratesof the dynamicsimulationfor ervironmentswith moderate
compleity.

Overview

Figure5.17 givesan overview of our collision detectionandresponselgorithm

which is built on top of the deformationand fracturing framework described
above. After eachanimationstep,the collision detectionalgorithmgetsthe point-

sampledsurfacesasinputandcomputeghecolliding surfels(Sections.8.2).From

thecolliding surfels,acontactsurfaceis computedvhichresolhestheintersecting
surfacesin a plausibleway (Section5.8.3). For the surfelson the contactsurface
(calledcontactnode$, penaltyforcesarecomputedanddistributedto the neigh-

boringparticlessuchthatmomentunof the systemis presered(Section5.8.4).

Collision Detection

Collision detectionfor point-basedbjectsamountso nding surfelsthatarein-
sideothersurfel-boundobjects.Boundingvolumehierarchiesarea meango re-
ducethe numberof primitives(surfelsin our case)to be testedfor intersection.
However, becausave dealwith highly deformablemodels,the updateof sucha
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Figure 5.18: (a) Detectionof colliding surfelsby rst intersectingthe boundingboxes.
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The pointsin the shadeved region arecollision candidates Colliding pointsare
outlinedin red. (b) In the casewhereboth objectshave the samestiffness,the
contactsurfaceis the middle of the intersectingvolume, shavn asred line. It
is initialized by moving the colliding pointsontoit. (c) The nal surfacesafter
resamplinghe contactsurface.

hierarchyis oftenvery costly. Thereforewe approximatehe objectsby only one
boundingvolumeto ef ciently discardcollisionsif the boundingvolumesdo not
overlap.

We chooseaxisalignedboundingboxes(AABBSs) [van97]because¢hey canbe
computedvery ef ciently. Furthermoretheintersectiorvolumeof two overlap-
ping AABBs is againan AABB, heredenotedwith B. Only the surfelss; that
areinside B are candidatedor a collision. Thesesurfelsare efciently found
by rst insertingall surfelsinto a uniform spatialgrid and then intersectingB
with the cells of this grid (seeFigure5.18(a)). The grid is usedafternardsasa
searchdatastructurefor rangeandneighborqueries(seeSection7.1.1). A simi-
lar approachs suggestedby Teschneret al. for collision detectionof tetrahedral
meshegTHM * 03].

In anext step,it is determinedvhetherthecollision candidatesn B areactually
penetratingotherobjects. For that, the implicit surfacerepresentatiory de ned
by the surfelsasdescribedn Section2.5.1is used.With suchanimplicit repre-
sentationit canbe ef ciently computedf the centers; of a surfelsis insidean
objectGasfollows:

SVG() s yo™(s) nyomyg)<O; (5.35)

wherey °(s) is the orthogonalprojectionoperatordescribedn Section2.5.1,
which givesthe projectedpositionof s; onto Y, andny o) is thenormalvector

of Y aty °™(s) (Section2.5.1).We de ne thata surfelis penetratinganobjectif
its centeris insidethe object.

For simplicity, we assumen the following sectionghatwe have only two pos-
sibly colliding objectsG; andG,. In Section5.8.5the contacthandlingfor an
arbitrarynumberof objectsis discussed.
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5.8.3 Contact Surface

At thetime of collision two colliding surfacesintersect.We getavisually consis-
tentcontactsurfaceby assuminghatthe surfaceis elastic. Thus,we tempoarily
recomputethe intersectingsurfacessuchthat they touch. The displacemenbf
the surfaceto the contactsurfaceis usedfor computingthe collision responseas
describedn the next section,andfor rendering. Thus,in the next time stepthe
contactsurfaceis discardedandthe surfacebeforecontacthandlingis usedfor
thefurtheranimationof the surface.

Assumehatwe havetwo intersectingpbjectsG; = S 1; WigandG, = fSo;Wag,
whereS; is the surfaceandW the volumeof G. We aim to ef ciently compute
areasonableontactsurfaceS; thatlies in the intersectiorvolumeW; of W4 and
Wo, i.e., We = Wi\ Wo.

Usingthe orthogonabprojectionoperatory ©™(x) describedn Section2.5.1we
canefciently computethe closestdistanceof a point x to the implicit surface
representatioly; of G as y°™(x) x . Wede ne afunction

F(x) = Ky x o K yS™ix) x (5.36)

kS + KS
We usethis functionto de ne the contactsurfaceS. implicitly as
Sc=fx2W;jF(x) = 0g; (5.37)

wherek; andk§ are constantsiependingon the surfacematerial. If k§ is much
larger thank$, thenthe contactsurfacewill approactthe intersectionsurfaceof
Gy, I.e., thesurfaceof G, behaesrigidly duringthe contactwhereaghe surface
of & is elastic. We choosek = E;, whereE; is Young's modulusof a material
andthusdetermineghe object’s stiffness(seeSection5.3). Hence the surfaceof
elasticobjects(low E) adaptdo stiff objects(high E).

To getaninitial samplingof S¢, the colliding surfelsare moved onto S¢, see
Figure5.18(b). The samplingpointson S, are calledcontactnodes A contact
nodec consistf two surfelswith identicalpositionsbut opposingnormals,sim-
ilar to crack nodes(Section5.6.4). For nding the positionc 2 S of a surfel
$1 2 S; suchthat F(c) = 0, the Newton-Raphsormrmethodcould be used(Sec-
tion 2.4.2). However, this would requirecomputingr F(s1), €.g., using nite
differencesFurthermorethis methodmightnotcorvergeto a solution. We there-
forereducethe problemof nding therootto a 1D problemby projectings; onto
theimplicit surfacerepresentatioly » of G, usingthe (notnecessarilyprthogonal)
projectionoperatory »(x) describedn Section2.5.1. The point ¢ with F(c) = 0
lies on the line betweens; andy »(s1), wherec canbe found iteratively using
Brent's methodasdescribedn Section2.4.2. If the boundaryof the intersecting
volumeis not corvex, it might happernthatthe line betweens; andy »2(s;) is not
insidethe intersectionvolumeW,. Thus,a new contactnodeis createdonly if
c2 W..
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Figure 5.19: Left: collision of Igeawith planewithout surfacecontacthandling. Middle

5.8.4
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andright: surfacerespons®f Igeaandplane,respectrely.

To get an even and hole free samplingof the contactsurface, a resampling
schemas appliedconsistingof relaxationand resamplingstepssimilarly to the
onein Section6.6.3. A relaxationforce, derived from a repulsionpotential lo-
cally distributesthe surfelsevenly. After eachrepulsionstep,the contactnodes
areprojectedbntoS.. Afterwards,contactnodesareinsertedr deleteddepending
on the numberof neighboringnodeswithin a certaindistance seeSection6.6.3
for details. This seriesof relaxation,projectionandresamplingstepsis repeated
until the displacementf nodesis below an error thresholdand no resampling
takesplaceanymore,resultingin a fully coveredandlocally uniformly sampled
surface. The combinationof both relaxationand resamplingresultsin an ef -
cientalgorithmfor covering a certainarea,aswasalreadystatedby Witkin and
HeckberfWH94].

For visualaccurag, thenormalvectorsarerecomputedisingprincipalcompo-
nentanalysis(PCA), i.e., the eigervectorsof the covariancematrix of the local
neighborhoodirecomputedwherethe eigervectorcorrespondingo the smallest
eigervaluegivesthenormaldirection[HDD™* 92].

Collision Response

We have shawvn above how a contactsurfacecanbe computedrom the colliding
surfelsandhow it is sampledwith contactnodes.The informationgainedduring
the creationof the contactsurfaceis usedto apply a penaltymethodthat sepa-
ratesintersectingpbjectsj.e.,forcesarecomputedhatactagainsthepenetration.
While penaltymethodsareef cient to computeandyield stableanimationsthey
do not prevent objectsfrom penetrating. However, sincewe have alreadyhan-
dled penetratiorby deformingthe surface,a simple penaltymethodis sufcient
ascollisionresponsenodelfor the volume.

In the following subsectionan approachs describedhatcomputesa penalty
andfriction force for eachcontactnode. Theseforcesarethendistributedto the
particlesof thecolliding objects.We considettwo colliding objectsG; andG; and
derivetheforcesfor G;. Theforcesfor G, arecomputedanalogously
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Figure 5.20: Penaltyandfriction force computationfor a contactnodec on the contact
surfaceS; betweentwo objectsG; and G, with surfaceS; andS,, respectiely.
Theforcesdependinearly onthedistancebetweerx; andx,.

Penalty Force Computation

A penaltyforceis de ned for eachcontactnodesuchthattwo intersectingobjects
areseparate@longthe penetratiordirection. A reasonabl@pproximatiorof this
directionat a contactnodec in caseof small penetrationss to take the normal
vectorng atc, seeFigure5.20.

By shootingaray from c alongn. and n¢ andintersecit with S; andS; we
getthe pointsx; 2 S; andx» 2 Sy, respectiely (if the surfaceis in the middle,
i.e., By = Ep, thenit is sufcient to computeonly x;, mirroring it at c givesxy).
We thensetup a force-displacementlationshipbetweernx, andx,. We choose
alinearelasticmodeldependingon the penetratiordirectiond. = X3 X, i.e.,a
linear springof restlengthkdck =2 is attacheetweenx; andx, resultingin the
following force

fPen= %(kperuc+ KIamRy); (5.38)

wherekP®" is the spring stiffness. This stiffnessis a parameteof our collision
responsenodel. It controlsthetrade-of betweerguality, i.e., smallpenetrations,
andthe stability of the simulation. The stability problemsn connectiorwith stiff
springsis reducedby addingdamping. The time derwvative of the penetration
directiond; atc is equalto therelative velocity of G; andG, at ¢ in directiondc,
ie.,

(V' do)de.

d. = vPer=
¢ kd.k2

(5.39)

Therelative velocity is computedas
Ve = vg () ve,(0); (5.40)

wherethe velocity vg (c) of objectG at ¢ is computedusinga normalizedSPH
approximatiorof the velocity of particlesp; within therangeh:
a pi2W w(c pj;hc)Vjvj _

va (o) = : 5.41
(0= 5 wwe iV, (541)
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Figure 5.21: PlasticMax Planckmodelsbuilding a pile andfalling apartagain.
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wherewe usethe kernelwP®Y asaweightingfunction (seeEquation(4.9)).

Friction Force Computation
To prevent two objectsfrom freely sliding relative to one anothey we apply a
Coulombfriction forceasproposedn [MC95] to eachcontactnodec

Vgan
vtk ; (5.42)

fi(::l’i — I-lfri kfger‘k

wherey™ is thecoefcient of friction andvi2" thevelocity vectortangentiato the
penetratiordirectiond,

tan

vian= yrel - yper. (5.43)

wherev'® is therelative velocity andvE® the velocity in directionof the penalty
forceasde nedin the previoussection.

Force Distrib ution

Thetotal collision responséorcefSU™c€of a contactnodec 2 S; is thesumof the
forcesde nedin Equationg5.38)and(5.42)

fsurbce  (gpen, gfri). (5.44)

wherer  denoteghe local contactnodedensityat c. This scalesthe force such
thatit is independenof the contactsurfacesampling.We usea simpleestimation
for r c assuggestedby Pauly [Pau03]

k

e= p—dg, (545)

whered. is thedistanceo the farthestbof thek nearesheighbomodesof c.
So far the computedcontactforces f3U€ are de ned per contactnode. To
in uencetheobjectsdynamicsthesdorcesneedo bedistributedto theparticles.
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Figure 5.22: SantaClausriding thedragon.

5.8.5

A contactnodec aertsaforcefﬁgma‘“ontoa particlep; 2 W4 within its support
radiushg

f.C.OHtaCt: W(p| C’ hc)fgurface (546)

T A wpy ch
wherew is aweightingkernel(we useagainwP®). Theforcefor particlesp; 2 W
is computedanalogouslybut with the negative contactforce  f3urace

Thetotal forceactingon a particlep; is then

feontact— § fic;gntaCt. (5.47)
CZSC

Thisforcewill acton p; like anexternalforce atthe next time step.Notethatthe
sumof all contactnodecollision forcesis equalto the sumof all particleforces
actingon an object,i.e., & f3UMce= 3, fcontact Becausen contactnodealways
exertsthe sameforceontobothobjects thetotal sumof all exertedforcesis zero.
Theforcesthereforeconsere linearandangularmomentunmof the system.

Contact Handling Pipeline

We will now summarizehe differentstepsneededor contacthandlingbetween
anarbitrarynumberof objects.After particlesandsurfelsareanimatedgollision
handlingfor eachpair of objectsis performed.A boundingbox is computedor
bothobjectsandthesurfelsin theintersectingpox arechecledfor collisionasde-
scribedin Section5.8.2. Thecolliding surfelsaremovedto thecontactsurfaceS..
Afterwards,S; is resampledandfor visual accurag the normalsarerecomputed
usingPCA (Section5.8.3). The penaltyforcesarecomputedor eachcontactsur
fel on S¢ andthendistributedto the neighboringparticles(Section5.8.4).Finally,
the new surfaceS"® consistsof the non-collidingsurfelsuni ed with onesetof
surfelsof Sc. Notethatafterhaving computedhepenaltyforces thenew collision
free surfaceS™®" is usedonly for rendering. The next time stepoperateson the
original surfaceS;. However, S" is alsousedfor contacthandlingwith further
objects.Contacthandlingdependshuson the orderof the objectpairs. However,
in practicethereis only little difference.
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Figure 5.23: A softelasticMax Planckmodelis initially heldby the cranium,thenmelted

anddroppedo thegroundplane:200particles, 10k surfels,28 framess

5.9 Results & Discussion
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With thealgorithmsdescribedbore we developedaframework for thesimulation
of deformableslasto-plastiobjectsincludingfracturingandcontacthandling.In
thissectionwe will discusgheachievedresultsandlimitationsof ourapproaches.
For all timingswe useda standardPentiumlVV 3 GHz PCanda NVidia GeForce
FX 5900GPU.

Our framavork allows to changephysicalpropertiesduring run-time, asillus-
traedin Figure5.5,wherewe let anelasticmodelwith E = 0:5 10°N=m? bounce
off the groundplane. The modelexhibits realistic elasticbehaior. Shortly be-
fore hitting the grounda secondtime, we switch to a plastic material,resulting
in anirreversibledent. Afterwards,we switch backto a stiff elasticmaterialwith
E = 0:5 10'N=m?. Themodelhastakenconsiderablelamagebut the surfaceis
still skinnedcorrectly A real-timemeltinganimationwith anadaptvely sampled
surfaceis shavn in Figure5.23,wherethe modelexhibits realisticelastic,plastic,
meltingand o wing effects.For elasticdeformationsve achieve real-timeanima-
tionswith about30 framess for modelsthataresampledwith approximately200
particlesand 10k surfels,whereOpenGLis usedfor rendering.

A complicatedandhighly detailedoctopusmodel(Figure5.24)with 2:7k par
ticlesand 465k surfelsshaws the stability and ef ciency of our method. In Fig-
ure 5.2 we demonstrateéhe effect of Poissors ratio n for volume conseration.
For theimagein themiddlewe setn to zero.Whenthe modelis pulledvertically,
its width doesnot changeandits volumeis not consered. In contrast,with a
ratio of 0:49thewidth adjustgo the stretchtherebyapproximatelyconservinghe
volumeof theobject(right).

Figure5.7 shaws brittle fractureof a stiff elasticobject,computedat an aver
ageof 22 secondger frame. The initial modelis sampledwith 4:3k particles
and 249k surfels. During fracturing the numberof particlesincreasedo 6:5k,
while 61k additionalsurfelshave beencreatedo de ne thenew fracturesurfaces.
Comparedto FEM-basedapproacheshat usethe facesof simulationelements
to de ne the object surface, we achieve a signi cantly higherlevel of surface
detail without requiringa proportionallylarge numberof particles. This decou-
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Figure 5.24: Animating a highly detailedoctopusmodel: 2.7k particles,465k surfels,
2sframe

pling of the simulationdomainfrom the representatiomf the boundarysurface
leadsto increasedperformanceand provides essentialkcontrol in computerani-
mation,wherevisual quality is typically favoredover physicalaccurag. On the
otherend of the spectrumof material propertiesthat our methodcan handleis
the exampleof Figure5.8. The highly plasticbubble gum is deformedbeyond
recognitionbefore splitting along a complec fracturesurface. The initial sam-
pling resolutionis 2:2k particlesand 134k surfels,increasingto 3:3k and 144Kk,
respectiely, in the nal model. Averagesimulationtimeis 2:4 secondperframe.
Figure 5.14 shavs how we canexplicitly control fracture,usinga combination
of crackpainting,propagatiorhistory, andadaptve fracturethresholds.Initially,
the model is sampledwith 4:6k particlesand 49k surfels, fracturing increases
the numberof particlesto 5:8k andthe numberof surfelsto 72k, with an aver
ageof 6 secondger frame. The imagesof the animationsequenceshovn in
Figures5.7,5.8 and5.14 were createdusingthe open-sourceéenderePOV-Ray
(http://www.povray.org ), which we extendedto handleray intersections
with surfelsas describedin [AA03a, AA04a,AKP* 05]. As mentionedabove,
we avoid an explicit representationf the intersectioncurve of two adjacensur
facesheetdy deferringthe surface-surdceintersectiorproblemto therendering
stage whereit canbe solvedef ciently. We adaptthe CSGrenderingtechnique
for point-sampledurfacesproposedy Wicke etal. [WTGO04]. Duringfracturing,
we maintainalist of all intersectingsurfacesheetghatform a sharpcrease With
thisminimaltopologicalstructureall surface-surfceintersectionganberesohed
by therendereduringray-castingseeFigure5.10).

Note that all fracturedmodelshave beenresampledsubstantiallyduring the
simulationto matchthe increasedgeometricand topological compleity after
fracturing. The simplicity of this dynamicresamplingof the simulationdomain
highlightsone of the main bene ts of meshlessnethodsfor physics-baseani-
mation. A similar agumentholdsfor our surfacesamplingmethod. Insteadof
maintaininga consistentsurface meshand dynamically cutting and remeshing
during simulation,our samplingschemesimply insertsandmovessurfelsduring
crackpropagation.

An examplefor contacthandlingis showvn in Figure5.21,wherethreeplastic
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Figure 5.25: Newton's Cradlewith stiff elasticspheres.Middle: Contactsurfaceof left
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sphere.

Max Planckbustsfall onto eachotherbuilding a pile, fall apartagainand nally

cometo rest. Stiff elasticspheresareusedto simulateNewton's Cradle,seeFig-
ure 5.25. In the middle picture the contactsurfaceof the rst sphereis shavn.
The SantaClausriding thedragon,shavn in Figure5.22,is anexamplefor con-
tacthandlingbetweerntwo highly complex models. To preventthatthe mouthof
the dragonself-intersectsve storeall neighborswithin thein uence distance.If
two particlescomeclosethat werenot in the in uence region before,a simple
penaltyforceis appliedto thetwo particles.

In thelastexampleshavnin Figure6.7,ahighly plasticobject rst stretchesand
thenfractures(seeSection6.7 for details). Thetwo separateghartsaredetected
andcorvertedinto two separateabjects. Afterwards,contacthandlingbetween
thetwo objectsis performedasdescribedibove.

In Figure5.26, we shav the time measurementsf two colliding Max Planck
bustswith eachl10k surfelsand390particles.We madethe bustselasticsuchthat
the physicalanimationperformsin aboutconstantime. The redline shows the
totaltime neededor theanimationincludingcontacthandlingandrendering.The
time neededor contacthandlingis shovn in blue, andthe numberof colliding
surfelsis shavn in orange.Therearemary factorsin uencing the performance:
For large intersectionghat yield contactsurfaceswith mary contactnodes,dis-
tributing the nodeforcesto the particlesis the mostexpensve step. This canbe
donein O(c @), wherec is thenumberof contactnodesandq is theaveragenum-
ber of particleswithin the supportradiush; of a contactnode,wherewe assume
thatrangequeriescanbe donein constantiime usinga hashdatastructure(see
Section7.1.1). Thetime compleity for computingthe colliding surfelsdepends
linearly onthe numberof surfelsin theintersectedoundingbox. For computing
the contactsurface,the penetratiordepthis crucial for the performance Deeper
penetratiorusuallymeanghat moreiterationsare neededo projectsurfelsonto
the contactsurfaceandto resamplet.
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Figure 5.26: Performancaneasuremenfor two colliding Max Planckmodelswith each
10k surfelsand 390 particles.Red: total animationtime. Blue: contacthandling
time. Orange:numberof colliding surfels.

5.9.1 Limitations

The presentedramenork hasseveral limitations (someare discusseds future
work in thenext section).

The usedelasticity modelassumes Hookean material,i.e., materialswith a
linear stress-straimelationship. However, this doesnot restrict us to isotropic
materials. Anisotropic materialscan be simulatedby modifying the constitutve
matrix C describedn Section5.3.

The moving least-squareapproximationmethodusedfor rst-order accurate
approximatiorof thegradientof thedisplacementeld (Section5.4.1)only works
well if eachparticle hasat leastthree neighborsat non-dgjeneratedocations.
The approachthus only works for volumes,not for 2D layersor 1D stringsof
particles. Note that a minimum numberof neighborscanbe enforcedusingthe
resamplingalgorithmdescribedn Section5.7. However, if, for instance during
fracturing mary small fragmentsare created,the numberof particlesincreases
drasticallywhich slows-dovn the computatiorsigni cantly. Thereforewe resort
to modelingsmall piecesof materialasrigid bodies,assuminghat the internal
deformationsarenggligible. Fortunately large numbersof very small fragments
aremainly createdby stiff objectsthatexperiencebrittle fracture,wheresuchan
approximatioris reasonable.

In the modeldescribedn this chaptey the restshapeis x ed or transformed
rigidly. Thus,the neighborhoodf the particlesdoesnot changewhich prevents
from recomputingghe momentmatricesand weightsafter eachtime step. How-
ever, changesn topology which arenot modeledexplicitly aswasdonefor frac-
turing, cannotbe handled. This restrictionwill be lifted in the next chapterby
usingadeformableaestshapeseeSection6.4.1.
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Extremelystiff objectsrequirevery smalltime stepgo obtainanaccuratelistri-
bution of stresswithin the material. This problemcanbe alleviatedusingimplicit
or semi-implicitintegrationschemesA dervation of the stiffnessmatrix andthe
implicit dynamicequationsaregivenin [MKN * 04].

Thepresenteaollision handlingalgorithmusespenaltyforcesto separatgen-
etratingobjects.The computatiorof theseforcesdepend®n anaccuratesstima-
tion of the penetratiordirection. Thealgorithmis thereforeespeciallysusceptible
to fail for deeppenetrationswherethe penaltyforce might point to otherdirec-
tions thanthe actualdeformationdirection. Also the computationof the contact
surfacecanbevery costlyfor deeppenetrationsFurthermorethealgorithmis not
capableo detectandresole self-intersections.

Extensions & Future Work

The framewvork hasbeenextendedn severalwaysandopensup variousresearch
directions.

As describedn Section5.4.3,the restshapeis transformedigidly to reduce
numericalproblemsandghostforces.Thisworks ne aslongasthewholeobject
undegoesmoreor lessrigid transformations.However, if two or more partsof
an objectaretransformedndependentlytheseproblemscanstill occur A pos-
sible solutionis to divide the setof particlesinto overlappingclusters,similar
to [MHTGO5]. Theshapematchingis thendoneper cluster andthe obtainedpo-
sitionsblendedwith overlappingclusters.If we increaseéhe numberof clusters
sothatattheendevery particlewith its surroundingneighborsouild a cluster the
rigid transformationsreextractedper particle. However, thenit will take longer
for a deformedobjectto turn backto its restshape.Furthermoreit increaseshe
needeccomputatiortime per particlesigni cantly.

Our fracturing algorithmscan also be usedfor cutting, as demonstratedy
Steinemanret al. [SOGO06]. To make it suitablefor interactve simulations they
constructavisibility graphthatstoregoroximity information. Thevisibility graph
is updateddynamicallywhena crackpropagates.

In Section4.4 anapproactasbeenpresentedor uid-rigid bodyinteraction.
The rigid body is sampledwith particlesand thentreatedasa rigid uid, i.e.,
forcesbetweenuid andrigid body particlesare computedthe sameway asfor
multiphase uids andthenintegratedontotherigid objectto achievse rigid body
motion. We canusethesameapproacHor simulatingtheinteractionbetweenuid
and deformableobjects. The forcesappliedfrom the uid onto the deformable
objectparticlesare addedas externalforces. Experimentsshawv that this works
very stably As with rigid bodies,the samplingdensityof the deformableobject
shouldbe similar to the samplingof the uid. Unlike with rigid bodieswhere
it is sufcient to only samplethe objectwith particleswithin the distanceof the
supportradius,the whole volumeof the deformingobjectsneedso be sampled.
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However, to reducethe numberof solid particlesin theinterior of the object,the
multiresolutionapproachdescribedn Section4.5 canbeused.

The presentedcontacthandlingalgorithm can only detectcollisions between
separatedbjectsor objectparts.Ef cient detectiornof self-collisionsis adif cult
problem,especiallyin the caseof point-sampledurfacesdueto the missingcon-
nectvity. Exploiting spatialandtemporalcoherencdor contacthandlingwould
make ouralgorithmmoreef cient. In[HTK* 04] we proposeamethodto compute
aconsistenpenetratiordepthanddirectionevenin caseof large penetrationsAl-
thoughthis approachrequiresavolumetricmesh,it couldbe adaptedo particles.

In [AKP* 05] we exploit the surfaceanimationschemepresentedh Section5.5
to acceleratdouilding a boundingspherehierarchyfor ef cient raytracingof de-
forming point-sampledbjects. Due to the decouplingof the (high-resolution)
surfaceandthe (coarse)olumetricrepresentatiora reduceddeformationmodel
similar to [JP04]is used wherethe displacemenbf the surfacecanbe expressed
with signi cantly fewer parameterghanthe numberof degreesof freedomof the
surfaceitself. Furthermorea novel techniquefor renderingsharpedgesandcor-
nersin point-samplednodelsis presented.The updateof the boundingsphere
hierarchycould alsobe usedfor acceleratinghe collision detectiondescribedn
Section5.8.2.

In the next chaptemwve will describehow to combine uids anddeformableob-
jectsto simulateviscoelastiomaterialsaswell asphase-transitions,e., melting
andfreezing. This alsorequiresan extensionof the surfaceanimationsuchthat
implicit changesn topology canbe handledanda smoothtransitionfrom a de-
tailedsolid surfaceto a smooth uid surfacecanbeachieved.

Summary

With the meshles$ramewnork describedabove, deformableobjectswith material
propertiesangingfrom stiff elasticto highly plasticcanbesimulatedatinteractve
ratesfor moderatecompleity. Theforcesarederivedfrom continuummechanics
andcomputedocally basedon the neighborhoodf a particle. Physicalparam-
eterscanbe modi ed at run-time, resultingin visually plausibleandinteresting
effectssuchasmeltingandsolidifying asalsodescribedn the next chapter

Extendingthis framawork for fracturingis straightforvard and shovs several
advantagessomparedio FEM simulation. Insteadof maintaininga consistent
volumetricmeshusingcontinuouscuttingandrestructuringdf nite elementsthe
shapdunctionsof theparticlesareadjustedlynamicallybasednsimplevisibility
constraints.

The spacediscretizations continuouslyadaptedusinginsertionsof new parti-
cles. The simplicity of this dynamicresamplingof the simulationdomainhigh-
lights oneof themainbene tsof meshles&agrangiarmethodgor physics-based
animation. Due to minimal consisteng constraintsbetweenneighboringparti-
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cles,dynamicresamplings ef cient andeasyto implement,ascomparedo the
far moreinvolvedremeshingnethodsusedin FEM simulations.

A point-basedepresentatioms built for the boundarysurface, which allows
efcient dynamicsamplingof fracture and contactsurfacesas well as surface
re nementto maintaina high quality surfacealsofor large deformationsFurther
more, it facilitatesexplicit control of the objecttopology (seealso Section6.6).
Thedecouplingof thesurfacefrom thevolumetricrepresentatioenablef cient
animationsof highly detailedsurfaces.

This decouplings alsoexploited for resolvingobject-objectollisions. By us-
ing a high resolutionsurfacefor contacthandlinganda low resolutionrepresen-
tation for the deformation the animationis both stableandef cient. Dueto the
smoothingeffect of the distribution of the surfaceforcesto the particles,oscilla-
tionsfor restingcontactsareavoided.

A generalimitation of themeshlessipproachs thatevenvery smallfragments
mustbe sampledsufciently densein orderto obtaina stableevaluationof the
shapefunctions. This in ates the numberof particleswhenan objectis fractured
excessvely, which slows down the computations.



Chapter 6

Solid-Fluid Simulation

In this chapterwe wantto extendand combinethe uid anddeformablesolids

animationframewvorks describedn Chapter4 and Chapter5 suchthat we can

simulatealsomaterialsthatarein-betweenuids andsolids,so-calledviscoelas-
tic materials.We brie y discusshow to derve acommonequatiorfor bothsolids

and uids from a Lagrangianviewpoint. Usingour particle-base@pproachwe

areableto employ a uni ed methodto animateboth solidsand uids aswell as
viscoelasticmaterialsand melting and freezing. Centralto our framework is a

hybrid implicit-explicit surfacegeneratiorapproactthatis capableof represent-
ing ne surfacedetailaswell ashandlingtopologicalchangest interactve rates
for moderatelycomplex objects. We thus extend the point-basedsurfacemodel

describedn thelastchaptersuchthatthe surfaceadaptgo the new positionof the

particlesby minimizing a potentialenegy subjectto geometricconstraints.

Our physicsmodelis basedon Newtonianmechanicsandthe combinationof
uid andelasticsolid stressegSection6.3). Arbitrary plastic deformationscan
beachievedby adaptingherestshapeo thedeformation(Section6.4). By intro-
ducingtemperaturaliffusion anda simple modelfor couplingtemperaturevith
physicalparametersnelting andfreezingeffectscanbe simulated(Section6.5).
To copewith theseeffects,potential elds arede ned dueto whichthesurfacede-
formssuchthatit adaptgo the physicsrepresentatiofSection6.6). Our surface
modelcombineghe advantage®f explicit andimplicit representations thatit
canexplicitly represenhighdetailedsurfacedor solids,but continuouslychanges
to animplicit representatiomwhile meltingto a uid with a smoothsurface(Sec-
tion 6.6.6). We illustrate our algorithmon a variety of examplesrangingfrom
stiff elasticandelasto-plastienaterialsto uids with variableviscosity aswell as
meltingobjectsandfreezing uids (Section6.7).
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Intr oduction

Simulationof specialeffects, suchas melting and freezingor the animationof
viscoelasticmaterials,play an importantrole in computergraphicsapplications
suchasfeature Ims andgamesA prominentexampleis theterminatorsequence
from the well-known feature Im, wherethe metallicterminatoris shatteredaf-
ter which the individual piecesmelt andfuse, beforeretainingthe old shapeand
freezingto a solid. Filming theseeffectsis often not possible beit becauset is
too costly or too complex. Simulationon the computerhasthe advantagethatit
is comparablycheap,andevenmaterialscanbe animatedhat do not necessarily
exist. However, evenif the simulatedmaterialsarearti cial, the animationsstill
have to look physicallyplausible.

Themaindifferencebetweersolidsand uids isthatsolidshaverestoringforces
dueto stresseswhereasanideal Newtonian uid storesno deformationenegy.
However, mary materialscannotbe classi ed clearly as solid or uid. Solids
often startto o w plasticallywhena high continuousstressis applied. On the
otherhand,some(so-callednon-Nevtonian) uids canwithstandsmall shearing
stressseealsoSection2.1.5. To simulateall kinds of theseso-calledviscoelastic
materials,a methodhasto be ableto handlethe full rangefrom stiffelasticsolids
to elasto-plastienaterialsto uids. In Chapterst and5 we appliedthe meshless
SmoothedParticle Hydrodynamicq SPH) methodto simulate uids and elasto-
plasticsolids,respectiely. In this chaptemwe will combinetheseapproachesuch
thatarbitraryviscoelastianaterialscanbe simulated.Furthermorewe will shov
how we cancontinuouslychangebetweerthe materialpropertiesdependingn a
temperaturescalarvalueto animatematerialshatmeltandfreeze.

Meshlesgarticle-basednethodsrequirethe de nition or extractionof anim-
plicit or explicit surface,for instancefor renderingandcontacthandling. In the
contet of a unifying framework for solid- uid animationsthe surfacemustbe
abletoful Il variousrequirementsSolid surfacesareoftenverydetailed whereas
uid surfacesaresmoothdueto surfacetension.For phasdransitionsrom solids
to uids thedetailshoulddisappegrwhereasrom uids to solidsthe existing de-
tail hasto be presered. Additionally, the surfaceshouldbe temporallysmooth,
I.e.,temporalaliasingsuchaspoppingartifactshave to be avoided. Finally, topo-
logical changesuchas splashesnustbe handledby the surface. We will show
how toful Il theserequirementd®y dynamicallymaintainingapoint-samplecgur
facewrappedaroundtheparticles.

Related Work

In this sectionwe give a shortovervien of work that hasbeendonein physics-
basedanimationof melting andsolidifying of objectsandthe simulationof vis-
coelasticuids. Furthermorewe will discussresearchn surfaceextractionand
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animationfor simulateddeformingobjectsand uids.

Melting Objects and Viscoelastic Fluids

Terzopoulostal. extendedheirwork on physics-basednimationof deformable
objects[TPBF87,TF88] for heatingand melting [TPF89]. In their mass-spring
system,they achieved a (local) phasetransitionfrom solidsto uids by simply
varying the spring constantand nally remaoving a spring. TonnesenTon91,
Ton98] couple particlesbasedon potential enegies (seeSection3.1.1 for de-
tails). Applying the heatequationto this particle systemchangeghe potential
enegies, thus, soft objectsstartto melt. Carlsonet al. [CMVTO02] usedan Eu-
leriangrid-baseduid simulationmethodfor melting, o wing andsolidifying of
objects. Their methodis capableof modellingdifferentmaterials,rangingfrom
rigid solidsto uids, by varyingthe viscosity Storaet al. [SAC* 99] simulated
the o w of lava usingSPHby couplingviscositywith temperatureViscoelastic
andplasticmaterialsareachiazed by Clavet et al. by combiningthe SPHmethod
with a mass-springsystem[CBP05]. Wicke et al. [WHP" 06] discardexplicit
connectvity informationcompletely Instead they usethe initial regular particle
samplingasareststatein combinationwith shapematchingtechniques.
Goktekin et al. [GBO04] addedelastictermsto the Navier-Stokes equations
which they solve using Eulerianmethods thusobtainingviscoelastic uids that
canmodela variety of materialssuchasclay and pudding. Our work is similar
to theirsin thatwe alsocombine uid andsolid characteristicsSolvinganequa-
tion thatcombinessolid mechanicandthe Navier-Stokesequationsallows usto
animatematerialsfrom stiff elasticand elasto-plastiobjectsto uids with low
viscosity Losasscetal. [LIGF06] usea FEM simulationfor deformableobjects
anda Euleriansolver for uids. A level setrepresentatioffor the surfaceis used
to couplethetwo methodsthusenablingmeltingandburningof solids. However,
therepresentationf ne surfacedetailis dif cult usinglevel sets.

Surface Extraction and Animation

Stateof the art methodsin Eulerian uid simulationuselevel sets,introduced
by Osherand Sethian[OS88], to renderthe uid [FFO1]. Level setsstartwith
an implicit function that is evolved over time using a velocity eld. This al-
lows temporallysmoothsurfaceanimation.However, level setevolution cansuf-
fer from severevolume loss, especiallyneardetailedfeaturessuchas splashes.
As a solution, Enright et al. proposeto combinelevel setswith surface parti-
cles[EMF02,ELF05a]. Volumelossis avoidedby Bamteil etal. [ BGOS06]who
computethe advectedgrid distancevaluesto anexplicit mesh thusobtainingex-
actvalues.This comesatthe price of lower computationakpeed.

Desbrunand Cannimodel soft inelasticobjectsthat split and meige by coat-
ing a setof skeletonsusinganimplicit representatiofDC95]. They extendtheir
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work by introducingactive implicit surfaces/DC98], which move accordingto a
velocity eld. Thevelocity eld is chosersuchthatthesurfaceis attractedo age-
ometriccoating,but othertermssuchassurfacetensionandvolumeconseration
arealsoapplied.

The techniqueddiscussedabore animatethe surfaceby solving a PDE on a
grid, followedby isosurficeextractionfor rendering Witkin andHeckbertde ne
constraintdo keepsurfaceparticleson a moving implicit surface[WH94]. Sur
faceparticlesadaptvely samplethe surfaceusingasplittingandmeimging scheme.
SzeliskiandTonnesenntroducedorientedparticlesfor surfacemodeling[ST92].
Additional to long-rangeattractionand short-rangeepulsionforces,they de ne
potentialsthatfavor locally planaror locally sphericalarrangementsTheir parti-
cle systencanhandlegeometricsurfaceswith arbitrarytopology Similarto them,
we usesurfelsasorientedparticles. Our explicit surfacerepresentationleforms
by internalandexternalforcesandgeometricconstraintssimilarto active implicit
surfacegDC98]. We derive theforcesby minimizing a potentialenegy termthat
depend®n boththe surfaceandthe physicalparticles.Besidegjainingef ciency
in computationand memory we canexploit all advantagesof explicit surfaces
suchasthesimplerepresentationf ne surfacedetails.

Physics Model

Thedifferencen thephysicsmodelbetweenuids andelasticsolidsis thatsolids
have arestshapeale ned andthuselasticrestoringforcesdueto internalstressin

thenext sectionwe will brie y discusgheequationdor uids andsolids,andde-
rive auni ed momentunmequationthatenableslsothe simulationof viscoelastic
materials.

Governing Equations

As describedn Section2.1 (seealso[MGO04]), we canwrite the equationdor an
elasticsolid as

TPu _ Fext.
r e rsSu)+ & (6.1)
andfor anincompressiblé&Newtonian uid as
Dv f =
— = + fEXt: 6.2
r Dt r s'(v) (6.2)

Both Equationg6.1) and(6.2) describehe changan momentumwhichis equal
to internalforcedensity elds dueto stresseandbody force densityvector elds
&t wherer denoteshedensity u thedisplacementrom thematerialcoordinates

m, v the velocity and s the stresstensor % is the materialderiative of the
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Figure 6.1: Solidifying a uid dueto the contactwith thefrozenground.

velocity eld. Conserationof massis representeds

Ir

@ +rr v=0: (6.3)
Theseequationscan be simpli ed whenusing a particle-based.agrangianap-
proach. By assigningeachpatrticle p; a constantmassm;, massconserationis
guarantee@ndEquation(6.3) canbe omitted. Furthermorebecausehe particles
move with the uid, thematerialderivative g—‘t’ of thevelocity eld is equalto the
partial time deriative of the particles'velocity (seeEquation(2.5)). Using that

= 1111_? Equationg6.1) and(6.2) canbewrittenin the Lagrangiarform as

Tu _ ot

e sS(u) + & (6.4)
Teu ot

iz sf(v) + & (6.5)

The uid stresstensors’ is composedof the viscous stresss YiSCoUs gnd the

isotropic pressurestresssPressurej e sf = gVviscousy gpressure Note thatthe solid
stresssS is relatedto shapedeformationswhereashe viscousstresss ViscoUs jg
dueto “sliding forces”that do not changethe volumeandtheisotropicpressure
stresssP€sSU€js dueto volume changes.For materialsthat do not changetheir
volume,we canthusmeige Equationg6.4) and(6.5) asfollows

 Tu
fit2

wheres (u;v) = sS(u) + sf(v) isthesumof theelastic viscousandpressuretress.

=r s(uv)+ e (6.6)
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For computingthe stressesS(u) andsf(v) and the resulting forces, the SPH
methoddescribedn Sections4.3and5.4is used.We give herea shortsummary
of thederivedforces.

Elastic Force. As describedn Section5.3, the elasticforce for a particle p; can
becomputedvia the strainenegy

Uistrain= %Vl(qs Sﬂ; (6_7)

wheree? is the strainands? the elasticstresof p;. We usea linear stress-strain
relationship(Hooke's law), i.e., s? = Ce®. For anisotropicmaterial,the consti-
tutive matrix C only dependsn Young's modulus andPoissors ration. The
strainis measuredisingthe quadraticGreen-Saint-&nantstraintensor

1
&= S(rui+rul+ruruf); (6.8)

whereu; is the displacemenbf a particlefrom its restshape. The elasticforce
felasticof a particle p; is computedasthedirectionalderivative of thestrainenegy

fielastic= r UiUistrain= VisPr € (6.9)

whereV; is thevolumeof p;, computedasV, = my=r ;. For modelingplasticitywe
usetheapproachdescribedn Section5.4.4.

Viscosityand Pressue Force. Theviscousstresss'Sc°USandtheisotropicpres-
surestresss " *>*""for a particle p; arecomputedas

sYiscous = iy v; and (6.10)
gpressure — . (6.11)

where} is theviscositycoefcient, P thescalampressurandl theidentity matrix.

The pressuras computedusingthe constitutve equationgivenin Equation(4.8).

Note thatfor meltingandfreezing,p; canlocally differ andis subjectto change.
Applying the SPHapproximationwe getthefollowing forces

gpressure
i

o P P H

Vi v,-%r wPR(ri:h)  and (6.12)
j

Hi+ M
2

f;/iscosity — ViéVj (Vj vi)r 2WIapIace(rij;h); (6.13)

J
whererij = p; p; is thedistancevectorbetweertwo particlesp; andp; andhis
thesupportradius.
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Figure 6.2: Forcecomputatiorpipeline.The uid forcesarecomputedonly oncepertime
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step,whereaghe elasticforceis computedn every subtime step. This pipeline
is partof theanimationloop shovn in Figurel1.1.

Particle Animation

Dependingntheapplicationwe eithersamplethe volumeof anobject(seeSec-
tions 4.3.1and5.7) or usea sourcethat createsa streamof particles. In each
iteration,we rst computefor eachparticle p; its particleneighborhoodisingei-
therakd-treeor hashgrid asa searchdatastructure(seeSection7.1). Theforces
arethencomputedasdescribedn the previoussectionyielding thetotal force

fitotal - fipressure+ f;/iscosity_l_ fie|astic+ fiext (6.14)
wheref&t = mg+ ffoMacts theexternalbodyforcedueto gravity andthecollision
responseforce ffON@¢t (seeSection5.8.4). For integration we usethe leapfrog
schemgseeSection7.2.1),which shavedto be both ef cient andstablefor our
animations.

Deformation of the Rest Shape

All elasticforcesare computedrelative to a restshapeto counteracderivations
of the deformedshapein world coordinatego the restshapein materialcoordi-
nateqSection2.1). To avoid numericalproblemsa methodhasbeenproposedn

Section5.4.3to rigidly transformtherestshapesuchthatit optimally matcheshe
shapen world coordinatesHowever, this doesnot changeheneighborhoof a
particle,evenif in world coordinateghe neighborhoodnight be completelydif-

ferent.In caseof melting,theobjectcandeviatefarfrom its original shapeandthe
topologymightchangecompletely Thus,storingtheoriginal neighborhoods not
usefulanymore. Instead we suggesto updatethe referencesystemby absorbing
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the deformationcompletelywhile storingthe built up strainse? of a particle p; in
the plasticstrainstatevariablee;D (seeSection5.4.4),i.e.,

@ & & m m+u; u O (6.15)

wherethe straine® is computedasdescribedn Section5.4. Note thatwhenwe
updatetherestshapeall informationaboutthe original shapes lost andthusthe
objectwill notgo backto its original shapeanymore. Becausagenerallyseveral
iterationsare neededo bring a deformedmeshbackto its original shape,only
highly plastic materialscan be simulatedif the rest shapeis updatedin every
time step. Instead,we updatethe rest shapeonly every n-th time step, where
n= 10 shaovedto be sufcient for small elasticdeformations.It turnedout that
the requiredtime stepfor stablyintegratingthe elasticforcesis aboutten times
lower than for integratingthe uid forces(for uid simulation(Chapter4) we
usedatime stepDt = 1ms andfor simulationof deformableobjects(Chapters)
we usedDt = 0:1ms). The simulationcanthusbe speededip by rst computing
both elasticand uid forces,but thenintegratetheseforcesduring ten subtime
steps(i.e., with a time stepDt=10), wherethe elasticforcesare recomputedn
every subtime step(cf. Figure6.2). This resultsin asigni cant performanceain
becausehe neighborhoodloesnot needto be recomputedintil therestshapes
updated.

Melting and Solidifying

In our settinga materialcanbede ned by thefollowing mainproperties Stiffness
(Young's modulusE), compressibility(Poissors ratio n), plasticity (k€' and
kereen) viscosity () andcohesiorfor particlesat theinterface(k€°"esi®" modeled
as pressurgump, seeSection4.4.2). As long asthesevaluesare chosenin a
(physically) reasonableange,they canbe arbitrarily combined. Therefore also
materialshatdo not exist in the physicalworld, suchasstiff elastic uids, canbe
simulated.

For melting and solidifying the materialparametersieedto changetogether
with the changingaggreationstate. To allow local changesgachparticlestores
its own materialparameterslf the materialmeltsfrom solidto uid, thestiffness
and viscosity decreasewhereascohesionat the surfaceand plasticity increase,
andvice versafor solidifying.

Note thatherewe arenotinterestedn the (highly comple) physicalaccurate
modelingof phasetransitions.Instead the usercansetthe parameterslescribed
above for two materials.We assignto eachparticle p; a scalarvalueT; whichis
usedto interpolatebetweenthe two materials. We call T; the tempeature of p;.
Assumingascalamaterialparametea is setby theuserto a™" anda™ for T™in
andT™M2X g is computedusinglinearinterpolationfrom the currenttemperature
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Figure 6.3: Melting two cubesthrougha funnel with differentplasticity constants.The
meltedcubesreezeontheground.
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min Tl Tmin

a=a + m(amax amin) (616)

Heattransferbetweerparticlesis modeledby solvingtheheatconductiorequa-

tion [MHWO5]
kcapd_T
dt

wherek®@Pis theheatcapacityperunit massatconstanpressurer, thedensityand
k the thermalconductvity coefcient. Assumingthatk is constantandthatthe
heatcapacityis constantvithin therestvolumeV; of a particlep; (i.e., k®@P=m; =
constwherem is themassof p;), we candiscretizethis equationasfollows

= 2t (ke T); (6.17)

keardTi Vikr 2T; (6.18)
dt
wherer 2 is the Laplacian.Solvingthis equatiorusingSPHyields
% = KV Vi(Ty T)r 2w2qrj;h); (6.19)
j

wherek@at=k=kaP gnd wiarlace js the samekernel as we usedfor computing
the viscosity forces (seeSection4.3.2). For computingthe heattransferfrom
boundarieto uid particleswe useamodelsimilarto [SAC* 99]

(
dTe _ KBEVi(h? dA)p(Te« Ti); ifdi<h
= , (6.20)
dt 0 otherwise

whered; is the distanceof p; to theboundary(h? d?)p is the approximatiorof
the contactsurfaceareawith the boundary k8= keq=kSo, andh is the charac-

teristicsmoothingength.

Surface Animation

In Section5.5a surfacemodelhasbeenpresentedvherea point-sampledgurface
is embeddednto the particlerepresentatiomy adwectingthe surfelsalongwith
the displacementeld de ned by the particles. While this approachs fastand
yieldsgoodresultsin caseof deformationsit cannothandletopologicalchanges
of the surface, cf. Figure 6.7. In this sectionwe will shov how to extend the
surfacedisplacemenapproactsuchthatarbitrarychange®f topologyde ned by
the particlescanbe handled.

To be ableto animateanddeformthe surface ,eachsurfel storesa setof neigh-
boringparticlesanda setof neighboringsurfels(Section6.6.1). After performing
ananimationstepof the particles we getanestimationof the new surfaceby ad-
vectingthe surfelsalongwith the neighboringparticles.Similar to active contour
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Figure 6.4: Melting of acubewith sharpedges.

6.6.1

models[KWT88, DC98], the surfaceadaptsto the new positionof the particles
by minimizing a potentialenegy termwhile ful lling geometricconstraint§Sec-
tion 6.6.2). The surfaceresolutionis adaptedusinga simpleresamplingscheme
thatensures hole-freesurface(Section6.6.3). Disjoint component®f the sur
faceareidenti ed andthe particlesand surfelsare separateagccordingly(Sec-
tion 6.6.5). We detectintersection®of separatedurfacesandmegetheintersect-
ing surfaceparts(Section6.6.5). Finally, we shonv how the surfacecanbeblended
smoothlybetweerdetailedsolid andsmooth uid surfacegSection6.6.6).

Surfel Neighborhoods

Eachsurfels storesa setP; of neighboringparticlesanda setS; of neighboring
surfelsof the sameobject (Figure 6.5). The neighboringparticlesare usedto

estimatethe displacemenof the surfelsafter an animationstep. Fromthe surfel

neighborhoodforcesarecomputedo updatethe surfaceasdescribeelow.

Particle Neighborhood. The neighboringparticles are computedin a pre-
animationstep. We reusethe searchdatastructureof the particles(Section6.4)
to determinethe neighboringparticlesp; that are within the (particle) support
radiushp of asurfels with positions. FurthermoreaweightwP®Y(s  pj;hp)
is storedfor eachneighborparticle,wherethe kernelwP®Y is usedasa smoothly
decayingweightfunction (seeEquation(4.9)).

Surfel Neighborhood. Additional to the particle neighborhooda surfel s; also
storegheneighboringsurfelswithin the (surfel)supportradiushs. Thisneighbof

hoodis recomputedafter the surfacehasbeendisplacedalongwith the particles.
During surfaceupdate the positionof the surfelschangerequentlyandtherefore
this surfelneighborhoodeeddo be updatedquite often. Insteadof doinganup-

dateof the searchdatastructureand expensve recomputatiorof the neighbors
eachtime the positionof a surfelchangesthefollowing updateschemas used.
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Figure 6.5: Left: thesurfelss arewrappedaroundthe particlesp;. Middle andright: each
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surfels storesaparticleneighborhoodP; anda surfelneighborhood;.

Assumethata surfels; changests position. Let the new neighborhoode the
(initially empty)setSiO. First, all surfelsin S; with an Euclideandistancesmaller
thanhg areaddedo Sio. We theniteratethroughall neighborsof the neighbordan
Si andaddthemto SCif their Euclideandistances smallerthanhs. By tagging
neighborghatwerealreadyvisited, this updateprocedurecanbe performedvery
fast. Note that not necessarilyall neighborsare found, however, as the surfel
positiondoesnot changesigni cantly duringthe surfacedeformationthis update
procedureshavedto besufcient. Someof thefollowing algorithmswill only use
thek nearesnheighbordrom the neighborsetS; (we usek = 10). We denotethis
subsesSUP,

Surface Deformation

The surfaceanimationis divided into two steps:First, the surfelsare displaced
alongwith the particles. They arethenupdatedto re ect the new particle po-
sitionsby minimizing the surfaceenegy, whereconstraintgestrictthe possible
movements

Surface Displacement

In the rst step,eachsurfels with materialcoordinatesns is displacedusingthe
approachdescribedn Section5.5.1

1

A WPOY(r..-h rruT(re:) - 6.21
& W (rgne) G SR W) (62

j

S= mg+

wherergj = ms mj is thedistancevectorbetweerthe surfels anda neighbor
ing particlemj in therestshapeands is the positionof s in world coordinates.
Similarly, thetangentvectorsof s aredisplacedyielding the surfelnormalns, see
Section5.5for details.
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Surface Update

After adwectingthe surfacealongwith the particles,

it is deformedin normaldirectionunderthe action

of surfaceforces,similar to balloons[Coh91]. The

forcesare derived by minimizing the potentialen-

ergy of the surface. The potentialenegy is com-

posedof externalpotentialsthat dependon the par
ticlesandinternalpotentialsthatdependon the sur

fels. We deriveanimplicit andanattractingpotential

suchthatthe enegy is minimizedwhenthe surfels

areattractedto animplicit surfaceandto the parti-

cles,respectiely. Minimizing theinternalpotentials consistingof the smoothing
potentialandthe repulsionpotential,yields a locally smoothanduniformly sam-
pledsurface.Fromthepotentialenegy we derive forcesactingonthesurfels.The
dervedforcesfrom the guiding, attractingandsmoothingpotentialactin normal
direction,whereagherepulsionforceis appliedin tangentiaddirection. Note that
thesdorcesarede ned for deformingthesurfaceonly, andthushave noin uence
ontheparticles.

Guiding Potential. We de ne apurelygeometriamplicit coatingof the particles
thatattractsour explicit surface,similarto DesbrunandCani[DC98]. Eachparti-
cle pj de nesalocal eld function. A potential eld is de ned by computingthe
weightedsumof the eld functionsat anarbitrarypositionin spacgBli82]. We
usethecolor eld j (x) describedn Sectior4.3.3asapotential eld. Theguiding
potentialQ2"'“® is de ned asthe squarediistancefrom the positions; of a surfel
S to its projectedpositiony | (s) onanisovaluel of thepotential eld, i.e.,

Q= (yi(s) s)” 622)

The projectiony (s) is found using the Newton-Raphsommethod (see Sec-
tion 2.4.2). Note thatfor ef ciency reasonsye do not enforcethis projectionto
be orthogonal. However, asthe actualpoint-sampledsurfaceis generallyclose
to the isosurfice the differenceis not signi cant. Thenormalng“®aty (s) is

equalto thegradientof thecolor eld , i.e.,
nd““=r j (yi(s)): (6.23)

Attracting Potential. Generallywe wantthe surfaceto coatthe particlesastight
aspossible. Thus,a potentialis de ned suchthatthe surfelsare attractecto the
particles. The attractingpotential Q3™ is computedas the sum of weighted
squaredlistancesrom asurfels to its neighboringparticlesp; 2 Pj, i.e.,

Qattract_ }
S

5 & (b s)WPM(s pjihp): (6.24)

Pj2Pi
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Figure 6.6: lllustrationof theimpactof the guiding, smoothingandattractingforce. Left:
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guiding force only (k3“i®®= 0:2). Middle: guidingandsmoothingforce (k9!ide =
0:2, k8Mooth="0:6). Right: guiding, smoothingandattractingforce (k349¢= 0:2,
ksmooth— 0:6, Kattract— 0:1)_

SmoothingPotential. Minimization of theimplicit andattractingpotentialyields
thewell-known blob artifactsdueto thediscretizatiorof thevolumewith particles
(seeFigure6.6). Hence,a potentialQS™°°t"is de ned thatyields a smoothsur

face. Theimplicit surfacedescribedn Section2.5.1is a smoothsurfaceY smooth
thatapproximateshesurfels.To ensurghatonly surfelsof thesamesurfacesheet
areconsideredthe neighborhoodor computingY smoothis restrictedto neighbor
surfelswhosenormalshave an angleto the normalof s; smallerthana thresh-
old (we choosep=4). The smoothingpotentiangmOOth is thencomputedasthe
squaredlistancgrom s t0 Y smooth

2

1
ngooth: > yots) g (6.25)

wherey °(s) is the orthogonalprojectionoperatordescribedn Section2.5.1.
Thenormalng™™Mon Y gmeomaty °(s) is

s y°"(s) ns.
ks yort(s)k”

smooth_

n3 SEARC) (6.26)

Repulsion Potential. To achieve a locally uniform distribution, we de ne are-
pulsion potentialQ"P¢! similar to Pauly et al. [PGK02]. It is minimal whenthe
neighboringparticless; 2 Sf’“b of asurfels haveadistanceng to s§:

repel _ 1 g _ o2,

™"=5a hs s s " (6.27)

sj2SSub

Minimizing Forces.Thepotentialenepgy of the surfelss; is minimizedby apply-
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ing forcesthatarederivedfrom theenegy elds

fide = 1 sQ¢e=y(s) s; (6.28)

fgttract = r ngttraCt: é' Ws;:pipiis %r Ws;pjrgj;s ; (6.29)

oo = r sQ§m°°th=psj/;tlh(s) s; (6.30)

frsepel . SQrsepeI: é hsrﬂfs;sj; (6.31)
sj2S 8Ub S3Sj

wherery.x; = Xi  Xj andwsg;p, = wPol (s Pj;hp).

Similarto balloongCoh91]andlevel setOS88],thesurfaceis deformedonly
in normaldirection.We thusrestrictthe guiding, smoothingandattractingpoten-
tial to actonly in directionof a surfel's normal,whereagherepulsionforce only
actsin tangentialdirectionto achiere a locally uniform andhole free sampling.
First, anew surfelnormalng is computedasthe averageof theimplicit gradient

ng""%® andthe smoothechormalng™ooth

uide,guide | smooth,smooth
kguidendtice gsmootiys

N (6.32)

kguidengUide_l_ ksmootrhgmooth

: Thetangentialforceftsan is thende ned asthe projectionof the repulsionforce
P ontothe tangentplanede ned by the new surfelnormalng:

ftsanz frsepel (ns frsepebns: (6.33)

Theforcein normaldirectionfgorma' is computedasthe projectionof theimplicit,
attracting,smoothingandoptionalexternalforces

foormal= (ng f3'™ng; (6.34)
where
— id id tt ttract t th teext.
fgum_ kQUI engI e+ ka rac‘:g rac+ Wmoo rfgmoo 4+ k@( fgx : (635)

Theweightsareuserde ned parameterghatallow to tradesmoothnes$or close-
nessof the surfaceto the particles,seeFigure6.6. The externalforce fg’“ comes
from anexternalforce eld andcanbeused for instancefo attractthe surfaceto
amodelsurface(seeFigure6.12).
Integration. Finally, we getthe new surfel positionusingexplicit Eulerintegra-
tion as

s s+ a(flomaly flan), (6.36)

where0O< a 1istheintegrationtime step.Notethatapplyingtheforcesalong
the new surfel normal vector ng can be seenas a semi-eplicit Euler integra-
tion, yielding avery stableintegrationif all weightsaresmallerthanone,asnsg is
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smooth(assuminghattheisovaluel is chosersuchthattheisosuraceis smooth).
To avoid oscillations we dampthe systemby multiplying a ateachiterationwith

a dampingconstant.The integrationis repeatedintil the maximaldisplaceddis-

tanceof all surfelsof a surfacecomponents below athreshold.

Constraints

Constraintgestrictthe positionandmovementof the surface.We proposeto use
two constraintavhich areappliedin thefollowing order:

Guiding Constraint. Optionally, asurfelcanberestrictedo bewithin aminimal
isolevel (seetheguidingforcedescriptionn the previoussection) whichis useful
for splitting of solid objectsaswill be shovn in Section6.6.5. If the color eld

valuej (s) of asurfels is smallerthanauserde ned minimalisovaluel ™", then
s is projectedontol ™", This canalsobe seerasa maximumallowed distanceto
the particles.

External Constraints. Externalconstraintsare usedto restrictthe surfaceto a
certainarea,for example,whendoing collision detectionwith an obstaclesuch
asa glass. For collision detectionwith x ed boundariesonly the particlesare
consideredut not the surface. It canthushappenthat surfelsstill penetratehe
boundaryalthoughthe particlesdo not. Thesepenetratingsurfelsare projected
ontothe boundary The projectionis performed(if necessaryafter eachsurface
deformationiteration. Note that the surfaceremainssmoothat the borderof the
projectedsurfelsdueto the smoothingpotential.

Resampling

Resamplingis importantto adaptthe numberof surfels when the surface is
stretchedor compressedEachtime beforea surfaceforce is computedwe test
if the numberof neighborgS;j of a surfels is smalleror largerthana minimum
or maximumthreshold,respectrely. In the former casethe numberof missing
neighborsare randomlydistributed arounds;, wherethe new surfelsinherit the
neighborsof 5. A neighborupdateis then performedfor the new surfelsand
the neighborsof 5 asdescribedn Section6.6.1. If the numberof neighborsis
too large, the surfelis deletedandremoved from all its neighbors.We make the
neighborthresholdsdependenon the radiusof a surfel. Assumethatall surfels
have the sameradiusrs andthatthe surfelsaredistributeduniformly, i.e., they lie
onahexagonalgrid. Thena distancebetweertwo neighborson this grid equalor
smallerthanrs guaranteea holefreesurface.We choosehg=rs astheminimum
thresholdand9hg=rs asthe maximumthreshold.

This resamplingschemeis alsousedto createaninitial suriaceenclosingthe
particlese.g.,whenusingasource Initially, asurfelis createcateachparticlepo-
sition. Thesesurfelsareprojectedontotheimplicit surfaceby settingthe surface
constantgdUide = 1 gndkatract= ksmooth— g performinga few stepsof surface
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Figure 6.7: A melting modelof Igeathatsplits. The split partsare detectedand contact

6.6.4

6.6.5

handlingpreventsthemfrom memging again.So-calledzombiesurfelsareusedfor
interpolatingthe objecttexture.

deformationwith resamplingyields oneor more closedsurfacecomponentsFi-
nally, the surfaceconstantsareresetto the uservalues,andapplyingthe surface
deformationschemeonceagainyieldsthe nal surface.

Zombies

An adwantageof having a point-sampledsurfaceis that every surfel carriesits

own informationaboutboth geometryandtexture. During resampling however,

thisinformationis distorteddueto the movementsandgeneration/deletionf sur

fels. Applying the surfaceupdatedescribedn Section6.6.2 yields the correct
geometryinformation, however, the texture is distortedafter a resamplingstep.
To retainthe texture, theinitial surfelsarecopiedandusedfor interpolatingthe

colorvalue.Becausé¢hesecopiesarenot partof thecurrentgeometrydescription,
they arecalledzombiegseealso[PKKGO03]). Zombiesaredisplacedasdescribed
in Section6.6.2andprojectedontothe new surface. The color of a surfelis then
approximatedrom the neighboringzombiesaccordingto Equation(2.24). An

examplewherezombieshave beenusedis shovn in Figure6.7.

Topological Changes

By recomputinghe neighborhoodndusingtheforcesandconstraintslescribed
above, the surfaceimplicitly handlestopologicalchangesuchasdisjoint com-
ponentsandmeging (seeFigure6.8). Theimplicit constraintensureghata (lo-
cally) stretchedsurfaceis alwayssplit evenif the implicit force weightis chosen
to be small. Furthermoretwo intersectingsurface componentsare meiged au-
tomatically by recomputingthe surfel neighborhoodand the appliedforces. A
well known problemof handlingtopologicalchangesmplicitly is thattwo sur
facecomponentwill blendratherthancollide, i.e., they aremelgedbeforethey
intersectwhich resultsin considerablartifacts. We suggesta methodto detect
disjoint surfacecomponentsimilar to the blendinggraphdescribedoy Desbrun
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Figure 6.8: Top row: whenasurfelis outsidethe minimal isovalueit is projectedontoit.
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Flood lling over all the surfelsresultsin the constructionof separatedompo-
nents. Bottom row: meging is performedby detectingandremoving colliding
surfelsfrom differentcomponents.

andCani[DC95]. Thesecomponentarethenhandledasseparateabjects. We
shav how intersectingseparate@bjectsarememged.

Splitting

To detectwo disjointcomponentsf asurfaceafterhaving deformedhesurface a

ood- Il is performedover all surfelsin therestrictedsurfelneighborhood$/®st
A neighbors;j 2 S5 is addedto S/®stif the anglebetweenits normal and the
normalof s is smallerthanathresholdwe choosg=4). Startingwith anarbitrary
surfel s, we add s andthe surfelsin S™stto a setSS®P. The neighborsof the
restrictedneighborhoof the surfelsin S/®starethenaddedrecursiely to SSeF,
until no neighborsareleft. This procedurds repeateqwith new sets)aslong as
therearesurfelsthatdo not belongto a setyet. By taggingsurfelsthatbelongto
a setalready the detectioncanbe donein linear time to the numberof surfels,
assuminga constantmaximumnumberof neighbors.

After separatinghe surfels,the particlesareassignedo the appropriatesetby
performinganinside/outsideest,seeEquation(5.35). A particleis addedo aset
if it isinsidethesurfacerepresentetly thesurfels.Eachsetthenbuildsaseparated
surfacecomponent. The surfel neighborsS; andthe particle neighborsP; of a
surfel 5 are always computedfrom the surfel and particle set of its separated
component.

Merging

Whentwo disjoint componentsntersecthey eitherneedto be memgedor contact
handlinghasto separatéhemasdescribedn Section5.8. For merging we require
thatnot only the surfacesintersectbut alsothatat leastoneparticleis insidethe
othersurface.This guaranteethatthe surfacesaremergedsmoothly

We rst computea boundingbox for eachobjectsurfacepart(seeFigure6.8).



6.6 Surface Animation

Figure 6.9: An elasticsolid is droppedonto a heatedbox and slowly meltsto a viscous

6.6.6

uid. 3:9k particles 56k surfels,25sframe

From two intersectingboundingboxes, the colliding particlescanbe ef ciently
computedseeSection5.8.2).1f asetof colliding particlesis found,the penetrat-
ing surfelsarecomputedanddeletedbeforethe two objectsarememged. The sur
fel neighborhoodarethenrecompute@ndthe separatedbjectsmeige smoothly
throughtheactingsurfaceforces.Notethatthis way we avoid theunnaturablend-
ing typically arisingwhenusingthe implicit functionfor meming, i.e., blending
of two separatedurfacepartsbeforethey intersecis avoided.

Blending Between Solids and Fluids

Whereasolidsoftenhave avery detailedsurface, uid surfacesareusuallyrather
smooth. The particlesaccountfor this by surfacetension(cohesion,seeSec-
tion 4.4.2). However, to smooththe surfacethis is not sufcient. Assumewe
startwith a highly detailedsolid that melts. In this casewe expectthe detail to
disappear On the otherhandif we freezea uid, the existing detail shouldbe
presered.

If we only applythesurfeldisplacemenaccordingo the particles all thedetalil
is presered, but if we additionallyupdatethe surfaceusingthe potential elds,
the detail vanishesandthe surfaceapproachegheimplicit surfacede ned by the
particles. To geta smoothtransitionbetweensolidsand uids, we performboth
approacheandblendbetweerthem.

Assumethat after particle animation,a surfel s; is displacedto the position
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Figure 6.10: Pouringapure uid into aglass.3k particles 3:4k surfels,1:4s=frame.
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S. Let s,o be the positionsafter applyingthe surfacedeformationforcesandcon-
straints.We getthe blendedpositions?®"@andnormaln2'e" by simpleinterpola-
tion

lend= (1 by)xg + bis’ (6.37)
(1 bj)ns + bin2

blend - - (6.38)
(1 bi)ng + bing

For melting andfreezing,we usethe temperaturds asa blendingfactor(see
Section6.2.1). Thetemperaturef a surfelis approximatedrom the neighboring
particles

1 0
. wPY(s  pihp)Ty:: (6.39)
a Pj2P; Wp0|y(si p] ; hP) pgpi AR

Ts =
The normalizedtemperatures thenusedas a transitionfactor i.e., bj = (Ts
TMM(TMaX TN - where T and T™" are the temperaturehresholdsde-
scribedin Section6.2.1.

Results

We have testedour physicsframenvork andthe surfacegeneratioron a variety of
examplesthat demonstratenelting, freezingandthe differentelasto-plastiand
viscoelastidbehaiors dependingn theparameters.

In the rst examplewe have a pure uid (no elasticforces)to testour surface
reconstruction.Our surfaceis ableto handleall topologicalchangedike split-
ting, meging, and self-intersection®f the surface. Merging of disjoint surface
componentgpreventsfrom blendingtwo componentdeforethey intersect(see
Section6.6.5),resultingin lessartifactscomparedo implicit meging.

Two examplesof solidi cation areshavnin Figures6.1and6.11.1n theformer
example,we shav the uid particlescreatedby a source. Whenthe particles
getin contactwith the ground,their temperaturecools dovn andthey solidify.
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Figure 6.11: Freezinga quicksilver uid thatis pouredinto a glass. After removing the
glasstheelasticsolid bouncentothegroundandfractures.2:4k particles,3:4k
surfels,2s=frame

Thegroundhasatemperaturef 0 C andtheinitial particletemperaturés 20 C.
Heatdiffusion betweerparticlesis k"®'= 0:5 andbetweengroundandparticles
kheat="1. Theparticletemperaturéocally affectsthestiffness plasticity, viscosity
and surfacetensionof the objectas describedn Section6.5. Particleswith a
temperaturef 0 C, shavn in blue, arecompletelysolid, whereagarticleswith
20 C, showvnin red,arecompletely uid (E = 0).

Figure6.11shows a quicksilverlike uid (u= 10kNs=m?) thatis pouredinto
aglass.While it is o wing thetemperatures decreasedf all particleswithin 10
iterationsfrom TM® to T™N, Thereforethe uid freezesto anelasticsolid with
stiffnessE = 500KN=m?. At the sametime we remove the glass. The solidi ed

uid elasticallypouncentothe groundwhereit splits.

Threeexamplesdemonstrateéhe versatility of our framework for melting. In
Figure 6.3, a solid deformablecubewith 142 particlesis droppedinto a heated
funnelwhereit melts. Whenit hits the cool groundit solidi es again.Two simu-
lationswith differentplasticity are shovn, wherethe plasticstraine® in the sim-
ulation shavn on the left is twice asbig asin the one shaovn on the right hand
side. Theimagesaretakenat correspondingime steps.Naturally, the objectwith
higherplasticity o ws fasterthroughthe funnel,whereaghe cubeontherightis
morerigid andthereforeakeslongeruntil it melts. Thedifferentbehaior canalso
beseermncethemeltedobjectsolidi es againontheground.Theonewith higher
plasticity distributesmore,whereaghe oneon theright staysmorecompact.

In theexampleshown in Figure6.9,we startwith anelasticbustof theNefertitis
(57k surfels)which is droppedonto a heatedoox. Whena particlecollideswith
thebox, its temperaturéncreasesinddiffusesto the otherparticles(k"¢a= 0:04,
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Figure 6.12: A meltingmodelof Max Planck o ws througha funnelinto the lgeacasting
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mold. The melting surfaceis attractedby the mold by an externalsurfaceforce
eld.

kheat= 1). Themodel rst bounceslasticallyandthenslowly meltsto aviscous
uid (U= 10kNs=m?). Notethatthe surfacedetailis still presered eventhough
large partsof the model are alreadyliquid. The phasestateof the Nefertitis is
color codedfrom bluefor solidto redfor uid.

In Figure6.4we shav anexamplewith anini-
tial surfacewith sharpedges.Theleft sideof the
cubeis heatedmmediately with low heatdiffu-
sion. As expected,the edgesof the heatedpart
smoothout during melting, whereasthe edges
on the right handside are presered. The cube
is sampledwith 15° particlesandtheinitial sur
facewith 3:9k surfels. Note thatthe rippling ar
tifactsin the cubecomefrom the coarseparticle
resolutionandthe regular particle sampling(see
Figure6.4 upperrow).

Three viscoelastic uids with different stiff-
nessk arecomparedn Figure6.13. 2.5k par

ticles are sprayedon a glasswall with a rate of 3:5k particlesss and an initial
velocity of 2:5mes. The viscosityof the uids is setto p= 4kNs=m?2. The uid
on the left hasno restoringelasticforces,i.e., E = 0. The uid splashesnto
mary dropsanddropletsdueto the collision with thewall. Thelarge numberof
dropletscausea high increasan surfacearea,resultingin up to 45k surfelsused
during the simulation. Neverthelessjt demonstratethe stability of our surface
extractionmethod. For the uid in the middle we choseYoung's modulusto be
E = 400lN=m?. The uid doesnot splasharymorebut staysvery compactand
sticky. Finally, for the simulationshavn on theright we setE = 900kN=m?2. The
restoringelasticforcesarestrongenoughto make the uid stiff. The uid there-
fore folds therewhereit hits the boundary After all uid is out of the source,it
elasticallydropsontotheground.

Our last examplesdemonstratehe versatility of our surface animationap-
proach. In the exampleshown in Figure 6.7 the shockof hair of the Igeamodel
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Figure 6.13: Comparisonof viscoelasticuids. Left: purely viscous uid (no restoring
elasticforces).Middle: uid with medianstiffness.Right: stiff elastic uid.
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Animation | Particles/Surfels | Physics | Surface | fps
Fluid 3k/3.4k 0.13s 1.3s 0.7
Freezing 2.4k/3.4k 0.4s 1.2s 0.5
Melting 3.9k/56k 3.1s 20s 0.03

Table 6.1: Averagdimingsfor thesequenceshown in Figures6.10,6.11and6.9,running
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on a 3 GHz Pentium4 with a GeForce FX GPU. Timings are shavn for one
physicsanimationstepand one surface deformationiteration step, followed by
theresultingframerate.

is x edinitially. Dueto gravitation, partof the modelsplits off anddropsto the
plane.Theguidingconstrain{Section6.6.2)restrictsthedistanceof thesurfelsto
the particles thereforethe surfacealsosplits naturally Thesplit surfacepartsare
detectechutomatically(Section6.6.5). Afterwards,the shockof hair is released.
Thetwo split surfacepartsaretreatedasseparat®bjects.Thus,contacthandling
(Section5.8) preventsthe two partsfrom meiging again. Note that the texture
of the modelis presered dueto the interpolationof zombies(Section6.6.4).
Initially, the Igeamodelhas134k surfels. This numberincreaseso 340k surfels
during the animationdue to topologicalchanges. At the end of the animation
sequencethe numberof surfelsis 165k.

Thesecondexampleshavn in Figure6.12exploits anexternalsurfaceforce. A

highly plasticmodelof Max Planckwith 53k surfelsandsamplediy 600 particles
o ws througha funnelinto the Igeamodel (134k surfels). The Igeamodelde-
nes anexternalsurfaceforce eld thatattractsthe surfels(Section6.6.2). Thus,
the meltedMax Planck lls the ne surfacedetail of the Igeamold. At theend
the modelis solidi ed andexhibits realisticelasticbehaior whenit is dropped
ontothe ground.Dueto theresampling Section6.6.3),the nal solidi ed model
consistf 115ksurfels.

The physicsanimationrunsin interactve time for up to 3900 particles,see
Table6.1. The performanceof the surfacegeneratioralgorithmdependsn the
surfaceresolutionandthe surfel neighborhoodadiushs. For the uid example
shown in Figure 6.10 (averagenumberof 3.4k surfels)our algorithm needson
averagel:3 secondgperframe. For the sameexamplewith smallerneighborhood
(averagenumberof 1.2k surfels)the animationrunswith 1:5 framesper second.
We usea low resolutionsurfacefor interactve animationsand prototyping,and
increasethe resolutionfor making productionanimations. The picturesin this
chapterwere createdwith the open-sourceendererPOV-Ray (http://www.
povray.org ), whichwe modi ed for raytracingpoint-sampleabbjects.
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6.8 Limitations & Future Work

Both your meshlesgphysicsframenvork andthe point-basednethodfor surface
extractionshovedto be versatileandenablethe simulationof viscoelastianate-
rial aswell asmelting and solidifying of objects. Neverthelessthereare mary
possiblemprovementsandopenproblemsfor futureresearch.

Using a meshlessolumerepresentatiorthe restshapecaneasilyadaptto the
deformedshapeasdiscussedn Section6.4.1,which highlightsoneof the advan-
tagesf usingarepresentatiowith noexplicit connectvity. However, adisadwan-
tageof this updateis that the original shapeinformationis lost, yielding plastic
deformations.Therefore for strongemon-plasticdeformationghis approachis
not suitable. Although it is possibleto changeat run time from a rigidly trans-
formedrestshapeto arestshapehatis deformedevery time stepandvice versa,
sofarwe canonly useoneapproachor thewhole object. It is thereforedif cult
to modelan objectthatis elasticallydeformedat one placeand meltsat another
An approactcouldbeto computetheforcesfor boththerigid andthedeformable
restshapeandcomputea weightedaveragebetweenthemaccordingto particle
temperaturéseeSection6.5). More advancedmethodsor computinga suitable
restshapeneedto be explored.

The heattransfermodeland especiallythe changeof physicalparametersle-
pendingonthetemperaturés ratheradhocandnotaccordingo aphysicalmodel.
In thefuture,amoreaccuratenodelshouldbederivedfrom thephysicdliterature.
However, oncea suitablemodelhasbeenidenti ed, it will be easyto incorporate
it into this framework.

Although the point-basedsurface modelis very e xible, thereare also sev-
eral disadwantagef this representationTo represensmall dropsin a strongly
splashinguid a prohibitive high numberof surfelswith smallradii are needed.
Insteadof usingthe samesurfel sizeseverywhere the densityof the surfelscould
be chosendependingon whetherthey lie ona at or on ahighly curved surface.
A point-basedepresentations mostsuitablewherethe topology of the object
changedrequently otherwiseusinga meshrepresentatiocan be advantageous.
An interestingdirectionfor future researchs thereforeto usea combinationof
both. Also therepresentationf sharpcreasess moredif cult with a point-based
representationin Section5.5 creasesndcornersarehandledoy therenderetus-
ing CSGbetweensurfels. Thisis moredif cult to applyin this dynamicsurface
modelbecausesurfelschangeheir positionafterresampling.Surfelson anedge
would thereforenot be allowedto move, while new surfelsthatoverlapthe edge
alsohave to be clipped. Dependingon the melting stateand the anglebetween
two correspondingurfels,theedgewould nally disappear

Becausedhe surfaceupdateis basedon animplicit model (Section6.6.2),the
surfaceis alwaysconsistenandintersectiornfree. However, the surfacedisplace-
mentapproachmight yield self-intersections.In this case,the blendedsurface
might have self-intersectionsas well. Generally this hybrid implicit-explicit
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model might causeproblemsduring blendingif the topology of the implicit and
explicit surfacearenot similar. A modelthatavoids blendingall togethemwould
bedesirable.

Implicit blendingartifactsbetweenwo objectsthatcomecloseareavoidedby
separatingdisjoint surface componentsand meging them explicitly whentwo
componentsntersect(Section6.6.5). However, theseartifactsstill occurwhen
surfacepartscomeclosethat have not beensplit. Similar to the surfaceconsis-
tengy problemdescribedbove, detectiorof self-intersectiongvould benecessary
whichis averydif cult problem.

A well-known problemin SPHbasedanimationds volumepreseration. Fur-
thermore,also our surfacegenerationapproachis not volume preserving. This
could be improved by addingan additionalforce that lets the volume shrink or
grow, similar to the volume preseration constraintsuggestedy Desbrunand
Cani[DC98].

Sofar we usea globalterminationcriterion for the iterative integrationof the
surfaceforcesfor surfacedeformation(seeSection6.6.2).Becausdheforcesare
de nedlocally, ef ciency couldbeimprovedsigni cantly by computingandinte-
gratingtheforcesonly for surfelss; whosepositionchangedndfor theneighbors
of s.

Summary

In this chaptera methodfor simulatingviscoelasticmaterialshasbeenderived
which provedto be versatileandstable.It enablesnodelinga variety of materi-
alsthat could not be simulatedbefore,like elastic uids, uids thatsolidify, and
solidsthat melt to splashinguids. Melting andfreezingaremodeledby locally
changinghe materialparameteraccordingto the particles'temperature.

The presentedhybrid implicit-explicit point-basedurfacemodel ts the needs
to represenboth highly detailedsolidsand smooth uids with rapidly changing
topology Surfelsshovedto be suitableasan explicit representatiobecausao
meshneeddo bemaintained.

Exciting researchdirectionsare the derivation of a more accuratephysical
modelfor meltingandfreezing,andexploring a newv surfacemodel. The surface
representatiomeedsto guarantegemporalandtopologicalconsistenyg, while it
is alsosuitablefor modelingsharpfeaturesanddetailedgeometry Furthermore,
both real-time and high quality surface animationshould be possiblewith the
samesurfacemodel,for instancejn aprogressie mannemusinga multiresolution
approach.



Chapter 7

Implementation

7.1

In this chaptera discussiorandimplementatiordetailsareprovided of the search
datastructuresve useto speedumeighborqueries(Section7.1), andof thetime
integrationschemesppliedto solve the equationf motion (Section7.2).

Search Data Structures

The SmoothedParticle Hydrodynamicsmethod(Section2.3) aswell asopera-
tions de ned on a point-basedsurfacerepresentatioriSection2.5) are meshless
methods. Both rely on local operatorsbasedon the spatial proximity between
points (particlesor surfels)insteadof the geodesigroximity given by the mesh
(e.g.tetrahedraor triangles). Thus, performingrange queries(also called dis-
tancequeriey, i.e., nding all pointswithin adistanceh to apointx 2 R, is very
importantandin factmostoftenthe performanceottleneckof a simulation(see
Section4.7.1for a discussionand timings). Searchingfor neighborswithin a
certaindistanceh sequentiallyneedstime O(n), wheren is the numberof data
points. Several datastructureshave beenproposedo reducethis time. Examples
are (with increasingcomplexity) uniformgrids, hashgrids, octrees kd-treesand
bsp-tiees andcombinatiorof differentdatastructuregseeSame{Sam895am05]
for athoroughdiscussion) Thesedatastructuregliffer in the computationatom-
plexity for building or updatingit and performingrangequeries,aswell asin
memoryconsumptionNon-hierarchicatlatastructuresuchasgridscanbe build
andupdatedvery ef ciently , whereashierarchicaldatastructuresuchasoctrees,
kd-treesandbd-treesareusuallymoreexpensve to build or changeput oftenal-
low fasterqueriesthangrids. However, the performancelependdargely on the
numberanddistribution of thedatapoints,aswell asthe queries.

We will next discussthe two searchdatastructureshat are usedin this dis-
sertationhamelyhashgrids (Section7.1.1)andkd-trees(Section7.1.2).\\& then
comparethemandtry to give a statemenin what situationwhich searchdata
structures preferablgSection7.1.3).
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A hashgrid canbe seenasa uniform grid, whereeachgrid cell (an axis-aligned
box) is mappedonto a 1D hashtableindex. Givena 3D grid cell with sizel, a
pointx = [x;y;Z]" is mappedntoanindex j asfollows

j = f(bac;by=lc; bzlo); (7.1)

wheref is a hashfunctionandbcroundsthe coordinateslown to integervalues.
Datapointsarestoredin the hashgrid by mappingthemonto j andstoringthem
in a hashtablein the bucket at index j. Note thatbuilding a hashtableis very
ef cient: datapointscanbeinsertedn constantime O(1), resultingin a building
compleity of O(n) for n datapoints.

The mappinghasthe advantagecomparedo a uniform grid [Hec97]that the
hashgrid is de ned overthewhole space The mappingis non-injectve, meaning
that differentgrid cells canbe mappedto the sameindex. Thus,the biggerthe
tablesize (the morebuckets)the lesslikely it is thattwo or morecells maponto
the sameindex (this is calleda collision). Becausecollisionsdecreas¢he com-
putationalperformanceatrade-of betweerthe numberof collisionsandmemory
managemengespeciallymemorycaching)dueto the size of the table hasto be
made. Sinceonly cells containingat leastone datapoint are mapped the table
sizeis independenof the spatialsize of the domainspannedy the datapoints
but dependonly on the numberof datapointsandthe sizel of a grid cell. Best
performancesreachieedif the hashtablesizeis a prime number[CLR90] and
signi cantly largerthanthe numberof datapoints[THM * 03].

The numberof collisions dependdesideshe numberof bucketsalsoon the
sizeof a cell andthedistribution of thedatapoints. With biggercell size,i.e.,less
cells,thechanceof acollisiondecreasedut atthesametime a cell containanore
datapointsthataremappedo the samebucket andneedto be processed.

A perfecthashtable thatguaranteeghatthereareno collisionshasbeenpre-
sentedrecentlyby Lefebvre andHoppe[LHO6]. However, dueto thelong com-
putationaltime neededor building the hashtableit is not suitablefor dynamic
data.

In ourimplementatiorthe hashfunctionof Teschneetal. [THM * 03] is used:

f(i;];K) = (i pLxor j pz2xor k p3) modm; (7.2)

wherep; = 73856093 p, = 19349663ndp3 = 83492791arelarge primenum-
bersand m is the hashtable size. Given a maximumquery distancehpayx, We
choosehecell sizel to beatleasthmax. This hastheadwantagehatfor any query
we needto searchonly the cell that containsthe query point andits 27 neigh-
boring cells. This canbe implementedvery ef ciently. First, the querypointis
mappedonto a bucket. For the datapointsin this bucket andin the neighboring
cellsthatintersecthe queryball, the squarediistanceto the querypointis tested
to Iter outdatapointsthatarefurtheraway thanthe querydistanceh. Notethat
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this hasto bedoneevenfor cellsthatarecompletelyinsidethequeryball because
of possiblemappingcollisions.

Assumingthat thereare no collisions, the expectedtime compleity for such
a queryis Q(q), whereq is the averagenumberof datapointsin a cell. If the
distribution of the datapointsis aboutuniform, thenthe time compleity is even
constant.

kd-Tree

A kd-tree(shortfor k-dimensionakree)is a specialcaseof a binary spaceparti-
tioning tree(BSP-tree)priginally developedfor indexing multi-dimensionabata
point setsin higherdimensiongBen75,FBF77,AM93]. Theroot cell (an axis-
alignedbox) containsthe whole spaceR®. In every level of the hierarchy an
axis-alignedplanesplits a cell into two sub-cellswherethe split axesarecycled
whenmoving down thetree. Theleafnodesarecalledbucketsandcontainatleast
onedatapoint. Thus,theunionof all bucketsrepresentthewhole space.

Becausehe position of the splitting plane can be chosenarbitrarily within a
cell, thekd-treecanpartitionthe spacebetterthana (hash)grid or anoctree.This
is especiallyymportantif thedistribution of the datapointsis very uneven. If the
split planeis chosensuchthatit goesthroughthe medianof the datapointsof a
node,i.e., cutstheminto equalhalves, the treeis balancedand thus hasheight
O(logn) with n thetotal numberof datapoints. Thetime compleity for building
thekd-treeis O(nlogn) andtakesO(kn) spacewith k the numberof dimensions.
A point canbeinsertedinto or deletedfrom a balancedd-treein time O(logn),
however, ef cient rebalancinghekd-treeafterwardsis anotoriouslydif cult task.

For rangequeriesof a pointx 2 R3, thetreeis traversedrom theroot until the
bucket containingx is found,wherecellscanbediscardedf they do notintersect
thequeryball. Thedistanceof acell to thequerypointcanbeef ciently computed
using an incrementalupdatewhile traversingdown the tree as shovn by Arya
andMount[AM93]. Froma leaf node,the datapointswithin the queryball are
determineddy backtrackingowardstheroot. Findingthe leaf nodecanbe done
in O(logn), whereaghetime for backtrackings on averageroughly proportional
to the number | of found datapoints, yielding an averagetime compleity of
Q(j+ logn) (seeChangy etal. [CDZCO01]for a carefulanalysis).Theworsttime
querycompleity is O(n! 17+ ), seee.g.LeeandWong[LW77].

We usea kd-treesimilar to [Mou05], wherewe build the kd-treewith a top-
down approaclusingthe Sliding-Midpointrule [AFOQ] andstorethe datapoints
only in the leaf nodes. Details and an analysisof your implementationcan be
foundin [Kei03].
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As alreadydiscusse@bove, the choiceof the bestsearchdatastructuredepends
on the queryandthe size, distribution and dynamicsof the data. A hashgrid is
build in lineartime, andthereforefasterthanbuilding a kd-treewhich takestime
O(nlogn). Furthermoreupdating(inserting,deletingor moving a datapoint) of
hashgridsis usuallyfast,whereaseluilding a kd-treefrom scratchis oftenfaster
thanupdatingit [Rob81]. Thus,it is often proposedo usea kd-treefor static
dataand a hashgrid if the datachangesdynamically However, a kd-tree has
mary advantagesvenin the dynamiccase.Generally a queryis fasterusinga
kd-tree. In our experimentsa kd-treequeryin 3D clearly outperformsthe hash
grid with large numberof datapoints. We assumehat this is becausd¢he hash
grid cannotpro t asmuchfrom cachememoryanymoreaswith fewer datapoints.
Furthermorewith largerdatasetsandmary queriesthetimefor queryingis much
higherthanbuilding the kd-tree thusrenderingthe building time insigni cant as
shown in our experimentsiescribedn Sectiord.7. Anotheradvantageof kd-trees
is thatwe do nothaveto know thequerydistancevhenbuilding thedatastructure.
Evenmoreimportantarbitraryquerydistancesanbeusedas,for instancejn our
multiresolutionframenork (Chapterd). Remembethatfor the hashgrid the cell
sizeis setequalto thelargestquerydistancethusdecreasinghe performancdor
guerieswith amuchsmallerdistance Finally, a kd-treecanbe usedfor j nearest
neighborguerieswith the sametime complity asfor rangequeries.Especially
akd-treeis veryefcient in nding theclosesteighborto a point.

Thus,we canstatethata hashgrid shouldbe usedfor interactve applications,
wherethe numberof datapointsandqueriess small(afew thousandsandthere-
fore thecostsfor building the datastructurematters.Furthermorehashgridshave
theadwantagethatthey canbe implementedexploiting hardware (see[Sig06] for
adescriptionof atwo-layeredhashgrid implementedn the GPU).However, the
sizeof thehashgrid is restrictedto t into memory For largerdatasetsandmary
guerieswe recommendo usea kd-treebecauséhe building time is insigni cant
comparedo thetime neededor queries.Sofar, we do notknow ary implemen-
tation of kd-treesexploiting hardware.

Time Integration

To computethe position,velocity andotherpropertieof the particlesandsurface
atacertainpointin time, we needto integratethe equationof motionin time. As
alreadydiscussedn Section2.1.1,this equationcanberewritten asa coupledset
of two rst orderequations

[
=

(7.3)
f(v;p;t); (7.4)

Y
Vv
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wherep is thepositionof aparticle,v its velocity, and f () agenerafunctiongiven
by the physicalmodel.

Variousmethodsexists for numericaltime integration,see[HESO3] for a nice
overview in thecontext of deformablemodelingin computemgraphics.Generally
the techniquesare classi ed eitheras explicit or implicit integration depending
on whetherthe unknovn quantitiesare computedconsideringthe currentstate
only, or whetherthey areimplicitly givenasthe solutionof a systemof equations
involving boththe currentstateandthe unknavn stateof the systemyespectiely.
While explicit methodsareeasyto implementandfastto compute they areonly
conditionallystabledependingon the chosentime stepDt. Furthermoregxplicit
integrationis only corvergentif thetime stepful lls theCourant-Fiedrichs-Lavy
(CFL) condition[CFL28]. Onthe otherhand,implicit time integrationis stable
for arbitrarytime steps,but it requiressolving an algebraicsystemthat is often
non-linear Furthermore time stepsthat are too big yield overdampingof the
system.

Leapfr og Integration

We foundthe leapfrogschemdFLS63] to be the mostattractie explicit integra-
tion schemeadueto its simplicity andsecond-ordeaccurag. In this schemethe
velocitiesare evaluatedat the midpoint of the time intervals, thusthey are stag-
geredwith respecto the positions

vi(t+ %Dt) vi(t %Dt)+ thirg]—t); (7.5)
P+ DY) pi()+ Dvi(t+ SO0 76)

wherev;(t) is the velocity of a particle p; attime t, pj(t) its position,fi(t) the

total force actingon p;, andm; its mass. This integration schemes as simple
asthe rst-order accurateexplicit Eulerintegration,but is second-ordeaccurate.
Furthermorejt hasthe very nice propertythatit is symmetricandthustimere-

versible[McMO06], i.e., we canfollow the trajectoryof a particlebackin time as
follows

vi(t %Dt) vi(t+%Dt) Dt%; (7.7)
Pt D) P Dt SO 78)

This backtrackingis precise,i.e., if a particle startsat a point andis integrated
n time stepsforward andthenn time stepsbackwardin time, the particlearrives
exactly at the startingpoint. Note that this is not the casefor otherintegration
schemesuchasexplicit Euler, midpointor fourth-orderRunge-Kittaintegration.
Time reversibility is importantin physicsbecausenly thenconseration of en-
ergy and momentumis guaranteed.But alsoin computergraphicsthis is very
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usefulasit allows to startat anarbitrarypointin time andthencomputethe sim-

ulation forward and backward. For instance,a designercan rst manually set
up the desiredstateof a systemsuchasa breakingwave, or usea time reversed
uid animationthat o ws up a stairto controlanotheruid simulationasshowvn

in [TKPRO6]. A dravbackof the leapfrogtechniques thatthe velocity attime t

is notgivenexplicitly. Whereneededve computet astheaverageof the previous
andfollowing velocity

v(t) = % vi(t %Dt)+ vi(t+ %Dt) : (7.9)

Furthermorean additionalcomputationstepis neededo computetheinitial ve-
locity vi(%Dt), for instancepsingexplicit Eulerintegration.

Discussion

For simulatingdeformablebodieswe implementedothanexplicit (leapfrog, see
above) andimplicit (implicit Euler, see[MKN * 04]) time steppingscheme.Al-
thoughlarger time stepscan be usedfor implicit time integration, solving the
linearizedequationsystemshovedto be moreexpensve thenperformingseveral
iterationsof explicit integrationwith a smallertime step. Furthermore smaller
time stepsareadvantageous$or contacthandlingdueto smallerpenetrationsBe-
causeof the big time stepswe use,implicit integrationtendsto smoothout ne
scalewobblingof soft material which, however, is advantageousrhensimulating
stiff objects.In oursystemwherewe combine uids andelasticsolids,theexplicit
leapfrogschemagivesa goodtrade-of betweerstability, ef ciency anddamping.
However, choosingthe right integrationschemeandtime stepsis extremelyim-
portantfor the stability andaccurag of a simulationasdemonstratetdy Hauthet
al. [HESO3]. They presenta simplevariantof Newton's methodcoinedinexact
Newton's methodRhe98]for ef ciently solvingnon-linearequatiorsystemsand
usethe numberof Newton iterationsto adaptthetime step.Recently Kharevych
etal.[KYT * 06] proposedjeometricyvariationalintegratorsof arbitraryaccurag-
orderthatareef cient andpresere momentumandenegy. In future work, we
wantto experimentwith differentexplicit andimplicit time integrationschemes
and comparetheir accurag to a referencesolution. Furthermoreadaptve time
steppingcould yield signi cant speedups.Additionally, time stepscanalso be
adaptedo theresolutionto evenfurtherimprove the performancef multiresolu-
tion simulationsasshovn by DesbrunandCani[DC99].



Chapter 8

Conclusion

8.1

This chapterconcludeghedissertatiorwith a summaryof the maincontributions
and achieved results,a discussionof the advantagesand dravbacksof the pre-
sentedapproachesandpossibledirectionsfor futureresearch.

Summary

The objectie of this dissertations to explore meshlesd agrangianmethodsor
physics-basednimationof uids andsolidsandsimulatingtheirinteractionsand
theuseof point-basedurfacerepresentations this context.

SmoothedParticle Hydrodynamic$iasbeenusedasa numericalapproximation
methodfor solvingthe Newtonianequationsof motionfor uids anddeformable
solids.New contributionsto the computergraphicscommunityin this context are:

a particle-basednultiphaseapproachfor two-way coupling of immiscible
uids of arbitrarydensity Fluidsareseparatedby modeling cohesionasa
pressue jump attheinterface. We exploit this approacho simulatecou-
pling betweenwaterandair, including the animationof bubblesastrapped
air.

aderivation of elasticforcesfrom amodelbasedn continuummechanics.
A rst orderapproximatiorof thedisplacementeld is computedusingthe
moving least-squareapproachThisresultsn stableanimationsof deform-
ing elasto-plastiobjectsthatareinvariantunderrigid bodymotionandrun
atinteractve ratesfor modelswith moderatecomplexity.

Application of the transparenc methodto model discontinuities in the
smooth shapefunctions. This enablesthe simulationof discontinuities
in the phyiscaldomainintroducedby fracturesurfaces.Fracturingof both
brittle andductile materialhasbeenachiezed,aswell ascontrolledfracture.

a multir esolution method basedon the conceptof virtual particlesto
achieve consistentoupling betweendifferentresolutionlevels andto dy-
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namically adaptthe resolutionto the simulationcharacteristics.This ap-
proachproved to be stableand hasvery little computationand memory
overheadForour uid simulationsaperformanceainupto afactorof six
hasbeenachieved. Similarly, the discretizationof the physicaldomainis
adaptedo handlefracturingandlarge deformationof deformableobjects.

enhancing uids with elasticforcesto simulateviscoelastianaterials.By
introducingan adaptve restshapethatis usedto computerestoringelastic
forces,materialsin the rangeof stiff elasticto elasto-plasti@andviscoelas-
tic canbe simulated. Furthermoremelting andfreezingeffectshave been
achiezedby locally adaptingthe materialproperties.

solid- uid interaction basedon a uni ed particle metaphor. Solidsare
treatedas(rigid) uids, i.e.,thesameforcesasfor multiphaseuids areap-
plied to solid particles.Additionally, collision handlingbetweerrigid bod-
iesis basednforcesderivedfrom moleculardynamicswhich actbetween
particlesof differentobjects.Thus,interactionhandlingbetweersolidsand
uids is purelyparticle-basedavithout consideringhe surface,yielding sta-
ble andfastsimulations.

A surfacesampledwith orientedpoint sampleqsurfels)hasbeenusedto ani-
mateanddeformtheboundaryof deformingobjectsand uids. New contritutions
in the context of surfacemodelingfor animationsare:

afree-brm deformation approachor adwectinganembeddedurfacewith
theparticles.A rst orderapproximatiorof thedisplacementld from the
neighboringparticlesis computedat the surfel positionsto determinetheir
displacementrom the restshape.This approachs suitablefor fastdefor
mationsof geometricallydetailedsurfacesthatdo not undego topological
changes.

surfel splitting for ef ciently adaptinghesurfacesamplingto avoid surface
distortionsfor large deformations.

a contact handling schemdor deformingobjectsthatdecouplesollision

detectionanddeformation.A non-penetratingontactsurfaceis computed
from thedetectectolliding surfelsandsampledvith contactnodes.Penalty
forcesarethencomputedior eachcontactnodeanddistributedto the par

ticles. This decouplingof surfacecollision detectionandvolumetricdefor

mationsresultsin ef cient andstablecontacthandling.

acrack modelfor generatingracturesuriacesandhandlingof topological
events.Propagatingracksaredynamicallysampledoy addingsurfels.Ter
mination, splitting and meiging of cracksare detectedand handled. With
our simple scheme complex crack patternsand detailedfracturesurfaces
canbeachieved.

the derivation of potential elds to dynamicallyadaptthe surfaceto the
physicscharacteristicsForcesactingon the surfelsarecomputedrom the
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potential elds that guide the surfacedeformationand enablethe implicit

handlingof topologicalchanges.Smoothnessnd distanceof the surface
to the particlescanbe controlledby the user This approactyields stable
surfaceanimationgor both deformableobjectswith geometricallydetailed
surfacesandobjectanimationsvith smoothsurfacesandrapidtopological
changesuchassplashinguids. Furthermorejt enableghe (local) transi-
tion from detailedsolid surfacesto smooth uid surfaceswhile melting.

surfacetexture presewation for extremedeformationsandmelting by ad-
vecting the texture information. Copiesof the original surfels, so-called
zombies,are animatedbut not resampled. Texture and other appearance
informationof the new surfaceareapproximatedrom the zombies.

Discussion

During ourresearchwith SmoothedParticle Hydrodynamicsandpoint-basedep-
resentationsve have becomeacquaintedvith theadvantagesgdravbacksandlim-
itationsof thesemeshlesspproaches the context of physics-basednimations.
Generallywe canstatethatmeshlessnethodsarevery versatileandmostsuitable
for animationswith strongdeformationsor topologicalchanges.By combining
particle-basedanethodsfor volume simulationanda point-sampledsurface,nev
effectscanbe achieved suchasthe melting of solid objectswith texturedandge-
ometricallydetailedsurfacesto uids. We will next discussour ndings for SPH
andpoint-basedepresentations moredetail.

Smoothed Particle Hydrodynamics

The strengthof meshlessnethodq4MMSs) is their adaptivity Theappliednumer
ical methodgo solve the PDEsdo not dependon the distribution of interpolation
nodesandtheir connectity. This makesMMs especiallysuitablefor strongde-
formationsandtopologicalchanges.Furthermorethe volumeis discretizedby
simple samplingthe domain,whereasmeshgeneratiorfor the domainis prob-
lematicfor both Eulerianandmesh-basetlagrangiarmethods.n theformerthe
meshhasto align with complex deformableboundariesywhereasn mesh-based
Lagrangianmethodssuchas FEM the treatmentof large deformationsrequires
speciaremeshindechniqueshataretediousandtime consuming.Theadaptvity
of theshapdunctionsof MMs to thedistribution of theinterpolationpointscomes
at the price of highercomputationatostsfor computingthem. MMs that solve
thePDEsin thestrongform (suchascollocationmethodshave theadvantagehat
they aresimpleto implementandef cient. However, they are often lessstable
andlessaccuratghanweakform methodgsuchasthe GalerkinmethodLM54]),
especiallywhendealingwith Neumanrboundaryconditions.
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SPHis asimpleandef cient meshlesgollocationmethod.Unlike otherMMs,
the particlesarenot just usedasinterpolationpointsbut carry materialproperties,
thusSPHcombineghe adwvantage®f meshlesandLagrangianmethods.There-
fore, materialquantitiessuchasmassareguaranteedo be presered,in contrast
to Eulerianmethodswvheremassdissipationis a commonproblem. Furthermore,
material propertiescan changeas a function of time, position and neighboring
particles,which canbe used,for instanceto visualizethe mixture of two differ-
ently colored uids, or to simulatelocal melting andfreezingas shown in this
dissertationInteractingwith particlesis very simplebecausexternalforcescan
be applieddirectly ontothe particles.Furthermoreparticlesaresuitablefor con-
trolling simulationsaswe have shavn in [TKPRO06], andhardconstraintscanbe
easilyenforcedby simply displacingparticles,which is often usefulin computer
graphicsapplications.

We foundthat particle-basednethodsarevery suitablefor dynamicallyadapt-
ing the particleresolution. Generatingnew particlesor memging particlesis sim-
ple, andshapefunctionsautomaticallyadaptto the changedsampling.Similarly,
discontinuitiesin the physicaldomaincanbe easilyintroducedwith no needto
alignthediscontinuitiego a meshor to remeshthe domain.

A major adwvantageof SPHis thatdifferentiatingthe eld functionsis simply
doneby differentiatingthe smoothingkernel,thus, no equationsystemneedsto
be solved. Hence the gradienttermsof PDEscanbewrittenin termsof the prop-
ertiesof the particles. However, the simplicity of SPHcomesat the price that
the approximatiordoesnot ful Il the partition of unity property This makesnu-
mericalanalysisof themethodverychallenging.Sofar, accurag andcorvergence
propertieof the SPHmethodare,to thebestof ourknowledge,only donefor uni-
formly distributed particlesor for certainidealizedscenariosand often only for
one-dimensionatasegMon82,SHA95MV96]. GingoldandMonagharfGM78]
statethattheaccurag of SPHis in practicemuchbetterthanpredictedrom inter-
polationerrorsdueto the enegy preservingoropertiesof the equationof motion.
However, it seemdhardto aguewhy SPHactuallyworksthatwell. Othermeth-
odsthat are at leastzerothorder consistentsuchas the Moving Least-Squares
Particle Hydrodynamicsmethod,have the disadwantagehat conseration of mo-
mentumis not preseredandthey areconsiderablyslower thanthe standardSPH
method[Mon05].

Theparticlede ciency andtensileinstability problemdiscussetdh Section2.3.1
is adirectconsequencef not having a partition of unity. We couldimprove this
by mirroring particlesatthe boundarythatarethenusedasghostparticlesfor the
eld function computations.However, this is only applicableif the boundaryis
simple,andis especiallydif cult to applyattheinterface.

Oneof the major dif culties we facedwith the SPHmethodis dueto the ap-
proximationof incompressibility Pressurdorcesare appliedthatrepelparticles
to achieve a desiredrestdensity(seeSection4.3). Theseforcescanbe seenas
springswith differentrestlengths.Thus,we getthe well known oscillationprob-
lemsaroundthe restposition. By makingthe springstiffer (higherk9?9 the uid
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is lesscompressibléut requiressmallertime steps. This is a problemin com-
puter graphicswhere often big time stepsare usedand stability is a major re-
guirement. If we reducethe spring stiffness,the oscillationsare visually very
disturbing.However, makingthe velocity eld divergencefreerequiressolvinga
globallinearsystemwhich s quite expensve andwe loosethe nice propertythat
all computationsreperformedocally.

A relatedproblemis thatthe simulated uids appeaiquiteviscous.Thisis due
to the slow propagatiorof a local changein the particle positionsto the restof
the uid. We believe that enforcingincompressibilityyields lessviscous uids
becausea local changewould resultin animmediateglobaladaptionof the parti-
cles.

Eulerian uid simulationin combinationwith (particle)level setsare capable
to simulatesmooth,thin watersheetsdueto the smoothinginherentin the level
setmethod.Particlesalign naturallyin a hexagonalgrid to minimize theinternal
enegy. To counteracthis at the interface,surfacetensionforcesare appliedfor
particlescloseto the interface. However, thesesurfacetensionforcestend to
clustersmallgroupsof particlesratherthanaligningthemin a sheet.This makes
it very hardto modelthin watersheets.

To conclude SPHis dueto its adaptve natureespeciallysuitedfor strongde-
formationsandtopologicalchangesvherethe spatialdiscretizationneedsto be
adaptedor whendiscontinuitiesare introducedinto the domain. Furthermore,
we believe thatdueto its versatility the SPHmethodis suitablefor combining
solid and uid animationsfor simulatingtheir interactionincluding melting and
freezing.As discusse@bove, therearesereralproblemshathave to be solvedso
thatSPH uid simulationcancompetewith stateof theart uid solver. However,
SPHis a comparablynew techniquethatgainedincreasingattentionrecently es-
peciallyalsoin the CFD community Thus,we arecon dentthatthe SPHmethod
will emegeasaninterestingparticle-basedlternatveto standardechniquesuch
astheFinite DifferenceandFinite Elementmethoddor solidand uid simulation.

Point-based Representation

In this dissertatiora point-basedepresentatiohasbeenusedfor animatinga sur
facethatis embeddednto the particles. This yields similar advantagesas with
particle-basedolumetricrepresentationsiamelythatthe surfacepoints(surfels)
canbemovedor resampledvithoutremeshingHowever, onehasto beawarethat
volumetricremeshinge.g.,of tetrahedrais muchmoreinvolvedthanremeshing
of asurface.Especiallydistortedvolumetricmesheganresultin drasticdegrada-
tion of accurag or evenendthe computatioraltogetherwhereasadaspectatio
surfacetrianglesarenot very problematicfor rendering.However, in casewhere
the surfacechangests topologyfrequently maintainingthe meshconnecwity is
a computationaburdenthat can be avoided by using a point-basedepresenta-
tion. Anotheradwantageof our point-basedepresentatiois the underlyingim-
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plicit surfacede nition thatgivesaccesgo ef cient inside/outsideests,distance
to surfacecomputationsandprojectionof points. A major disadwantageof point-

sampledsurfacesis that sharpfeatureshave to be modeledexplicitly. However,

thiscanbedoneef ciently atrendertime asdiscussedn Section5.6.3.

A problemof our resamplingalgorithmis that thereis no guaranteghat the
whole surfaceis coveredwith surfels. Thus,the numberof iterationswherethe
surfaceforcesareappliedhasto bechoserconseratively. Furthermorefor highly
splashinguids thenumberof surfelsincreasesirastically which slows down the
surfaceanimation.

We shavedthatpoint-sampledurfacesaresuitablefor combiningthemodeling
of surfaceswith geometricdetailsandimplicit handlingof topologicalchanges.
This is achiezed by blendingbetweerthe detailedexplicit representatioandthe
implicit representationle ned by the particlesaccordingto a scalarvalue. This
works well becausehis value alsoindicatesif topologicalchangesarelikely to
occut However, aslong asthe surfacedoesnot fully correspondo the implicit
representatioa consistensurfacewithout self-intersectionss notguaranteed.

To conclude surfelsare a versatilesurfaceprimitive suitablefor embeddinga
surfaceinto thevolumetricparticles.Thismeshlessepresentatiors very ef cient
for stronglydeformingsurfacesor surfacesthatchangeheir topologyfrequently
during a simulationbecausano meshneedsto be maintained. The combination
of explicit andimplicit representationf the surfacede ned by the surfelsis very
powerful, and canbe further extendedto adaptto the isosuraicede ned by the
underlyingparticles.

Future Work

Researchof physics-basetheshless agrangiananimation,whereboth the vol-
umeandthesurfacearepoint-basedhasonly just started.Thus,mary openprob-
lemsremainin this interestingarea.

As discussedabove, one of the major shortcomingsof SPH s its approxi-
mation of incompressibility For strictly enforcingincompressibility and thus
guaranteeing divergencefree velocity eld, a Poissonequationfor the pressure
hasto be solved. Approachesxist to solve this equationdirectly on the parti-
cles[KTO96,CELO6]. Thisyieldsan n sparsdinear equationsystemwith n
the numberof particles. Thus,with hundredsof thousandof particles,solving
this systembecomesntractable.Anotherpossibility is to usea similar approach
to the Fluid-Implicit-Particle (FLIP) method[BR86,ZB05], wherea staggered
(MAC) mesh(or grid) is usedfor pressureprojection. The facevelocitiesare
approximatedrom the particlevelocities,for instanceusingMLS. The new ve-
locity is thencomputed andthe differencebetweenthe newv andold velocity is
interpolatedoackontothe particles.Usingameshhasthe advantagehatthegrid
resolutionis independenof theparticleresolution.Becaus¢he meshis only used
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to computea divergencefreevelocity eld, adifferentmeshcanbeusedin every
time step. Similar to Klingner et al. [KFCOO06], an unstructuredneshcould be
usedthat alignsto the boundary wherethe resolutionof the meshcould adapt
to the particles. Furthermoregachseparateduid partcanbe handledindepen-
dently, thuskeepingthe advantagehatthe simulationis notrestrictecto a certain
areain space.

For computingaccuratesolutionswith SPH,sufcient overlapof thesmoothed
particlesmustbe guaranteed Furthermorethe approximationof eld functions
is sensitve to particledisorder especiallyfor higherderivatives.To remedythese
problems,Chaniotiset al. [CPK02] suggesto reinitialize the particle locations
periodicallyontoauniform grid by interpolatingthe particlepropertiesusinghigh
orderinterpolationkernelsthat consere the total momentum.However, the re-
samplingntroduceswumericalerrorsandextra diffusionthatcanbe quitelargeas
pointedout by the authors. Neverthelessthis approachcould be interesting for
instancejn connectiorwith solvingfor incompressibilityasdescribedefore.

We useatwo-passalgorithmfor computingthe SPHforces.First,thedensityis
computed Equation(4.5)), whichis thenusedto approximatehe eld variables.
This requiresstoringthe neighborsof a particles,which canbecomea bottleneck
with large numberof particles. SPHforcescanbe computedtogetherwith the
densityif the continuity equation(Equation(4.2)) is solved directly, however, in
our experimentghis yieldedinstabilitiesdueto thelarge time stepsthatareused
for ouranimationsThus,wewantto look for differentapproacheto computethe
density

Besideghesurface,thebottleneckof our physicssimulationfor large numbers
of particlesis the neighborhoodomputations Therefore hew searchdatastruc-
turesandneighborcachingschemeseedo bedevelopedhatexploit thetemporal
coherencef neighborhoods.

Becausall computationsn the SPHmethodarelocal, they canbe easilypar
allelizedon a cluster[GJO1] or the GPU [HCMO06], including the neighborhood
gueries.For parallelcomputationsa one-passSPHalgorithmwould yield even
strongeperformanceainsthanfor the CPU.

Thetwo-way couplingbetweerair andwaterparticlesdescribedn Sectiord.4
requiresabandof air particlessampledaroundthewaterinterface.Thisdrastically
increaseghe numberof particlesthat have to be animated,especiallybecause
theseparticlesareall on the highestresolution. Insteadof a full simulation,the
air particlescould be simply adwected. However, ensuringa sufcient sampling
aroundthe interfacewithout introducinga discontinuityin the surfacecomputa-
tion dueto changesn the color eld is challenging. Furthermorea consistent
transitionfrom adwectedair to simulatedoubblesis needed.

Thebottleneckin thesurfaceanimationis therepulsionandresamplingscheme,
whichis appliedto ensurea hole free surfaceanda locally uniform distribution.
An improved samplingschemewould changethe patrticle position only where
necessargndcanguarantea holefree suriacesampling.

A problemof theimplicit surfacede nition from the particles(Section2.5.1)is
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thatthe appliedEuclidiandistanceunctionis notadaptedo topology which can
resultin abadapproximatiorof thepoint-sampledurfacewith evenwrongtopol-
ogy. To preventthis, the geodesiaistanceof the neighborshasto be considered
insteadof the Euclidiandistance Klein andZachmanriKZ04] build a proximity
neighborgrapheitherfrom a Delaunayor sphere-of-in uencegraph. Ef ciently
maintainingthis graphduringa simulationis aninterestingaskfor futurework.

Detectionof self-intersectiongor deforming objectsis a hard problem, es-
pecially for point-sampledsurfacesbecausethe surfels overlap by de nition.
Image-basedechniqueshave been usedto detect self-collisions of triangle
meshedBWO02,HTGO04]. Similarly, image-baseanethodsin combinationwith
splattingon the GPU might be exploitedfor our purposes.

As alreadydiscussedn theintroduction,in computergraphicsit is oftenmore
importantthatananimationlooksrealisticthanthatit is physicallyaccurateThus,
we believethatuserstudiesareneededo nd outwhenananimationlooksrealis-
tic andwherethede cienciesare.Furthermoreanimationareoftenonly usefulif
they canbecontrolledby thedesignerFor instancean uid animationsshemight
want to controlthe uid o w, positionand strengthof vortices,the amountof
splashestheinteractionwith objectsthe"” uid shape"bubbles,hardconstraints
for wherethe uid (including splashesjs allowedto enter andsoon. The con-
trol cantake placeon differentscales. For instance,the usermight only want
to controlthe uid ow on alow scaleandpresere the ne scaledetail, or she
might wantto changethe high frequeny behaior of the uid to generatemore
splashes.In [TKPRO6] we have shavn that particlesare suitablefor thesekind
of controls,in the future we wantto explore additionalcontrol possibilities. To
make control moreintuitive, sketch-basedechniquesould be applied. Sketch-
basednterfaceshave alreadybeenappliedsuccessfullyfor free-formshapemnod-
eling [IMT99, KHO2,DEO3,NSACO05 KHO06]. Similarly, a simulationcould be
designedandcontrolledwith simpleandintuitive draving operations.
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