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Abstract verse [14]. The use of the linear contact model, together
with implicit integration of the dynamics of the tool, enabl
Transparent haptic rendering of the contact between a highly transparent (while stable) rendering of contact dur
tool and its environment requires very frequent update of ing interaction with complex deformable objects, as shown
the contact forces acting on the tool. Given a rigid tool and in several examples.
a deformable environment, we de ne contact constraints  In the next section, we discuss previous approaches for
by solving a constrained dynamic simulation problem, typ- haptic rendering of object-object contact, focusing orrthe
ically at a low update rate. A generalized contact Jaco- methods for facilitating multirate algorithms. In Sectign
bian de nes velocities at the constraints given the velocit we overview our multirate rendering algorithm. Section 4
of the rigid tool. We de ne an inverse of the contact Jaco- describes the collision-free dynamics of a rigid tool and
bian that is dynamically consistent with the constraintdan deformable objects, the addition of a virtual coupling for
once we know other forces acting on the rigid tool, it allows stable haptic manipulation, and implicit integration oéth
afast update of the accumulated contact forces, and therebyequations of motion. Section 5 presents our contact han-
highly transparent rendering. dling approach, with a constraint-based solution for the
slow thread, and our novel contact model for the fast thread.
We describe experiments and results in Section 6, and dis-
1 Introduction cuss future work in Section 7.

Haptic rendering of the manipulation of a tool and its 2 Related Work
interaction with the environment provides tactile presenc
in applications such as surgical training [8] or mainterganc Haptic rendering of the interaction between a tool and a
planning [16]. While the objects in the environment may deformable environment has been extensively investigated
present diverse mechanical behavior, in many applicationsin the last decade, leading to a variety of approaches that
the tool can be considered to be rigid. Therefore, it is of differ from each other in the methods employed for model-
special relevance to design effective haptic rendering-alg ing elastic deformations, detecting collisions, or conmmt
rithms for the interaction between a rigid tool and a compli- contact forces. But the goal of all rendering techniques is
ant environment. to transparently convey contact forces during manipufatio

Similar to many existing approaches, we adopt a multi- while guaranteeing stable interaction. The range of con-
rate architecture for enhancing rendering transparencya O tact impedances that can be rendered in a stable manner de-
slow thread, we execute a constrained dynamic simulationpends, however, on the force update rate [5], and this sets a
of the interaction between the rigid tool and a deformable major challenge when simulating compliant environments.
environment. At the same time, we identify the parameters By using a virtual coupling [6] to connect the haptic de-
of a simpli ed contact model which will be used for a fast vice to a simulation of the tool, stable rendering can be ob-
update of the dynamics of the tool, and thus for synthesizingtained by designing a passive simulation of the virtual en-
the forces to be rendered by the haptic device. vironment and appropriately tuning the coupling parame-

The major contribution of our paper lies on the design ters. Though stable, the transparency of the rendering may
of a contact model that, knowing other forces acting on be highly compromised at low update rates, since the maxi-
the rigid tool, permits an extremely fast linear approxima- mum coupling stiffness may be rather low. Independently of
tion of the accumulated effect of contact constraint forces the simulation and collision detection methods employed,
Our contact model is based on an extension of the con-and the mechanical characteristics of the tool or the enviro
cept of contact Jacobian and its dynamically consistent in-ment, a common solution for enhancing the transparency of
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Some multirate rendering approaches de ne active con- ' — - ) Linear Contact | ! Haptic
tact constraints in the slow thread and use them to com-i (vt coupng }-{ Hapc ool | Model ’ ) Thread
pute contact forces in the fast thread through Signorini's ~—=--------=--==-=--=--=-=----~-
contact model [9], penalty-based methods [19], projection
of unconstrained accelerations [18], or a least-squatas so
tion to Poisson's restitution hypothesis for rigid bodi&g [
Others perform approximate local updates of the contactl kHz in our system, performs the simulation of thaptic
constraints in the fast loop and then apply penalty-basedtool and computes force values to be rendered by the haptic
forces [13]. It is also worth noting existing work on sta- device. Collision detection and full constraint-basedicol
bility analysis of multirate rendering algorithms [2]. sion response are only computed in the visual thread. At

We adopt continuum mechanics methods to simulate de-the same time, we update the parameters of the linear con-
formable objects, as they allow physically-based modeling tact model de ned by the dynamically consistent inverse of
of mechanical properties. Some of the methods that havethe contact Jacobian. This linear model (described in detai
been used for haptic rendering or other interactive appli- in Section 5.3) can be evaluated with a xed, low number
cations include linear FEM with matrix condensation [3], of operations, and ensures extremely fast update of contact
corotational linear FEM for stable large deformations [17] forces in the haptic thread.
the boundary element method and use of capacitance matri- Every frame of the visual thread, we:
ces [12], or quasi non-linear elasticity with precomputati
of response functions [8].

For contact handling, penalty methods are easy to im- -
plement but rely on existence of interpenetration and suffe ~ tion 4.1).
from loss of passivity, although recent local models alle- 3. Solve a collision-free update of the deformable body
viate the latter problem [15]. Constraint-based methods, (See Section 4.2).
which have a higher computational cost but handle non- 4. Execute collision detection and identify contact con-
penetration accurately, have been applied in a variety of  straints (See Section 5.1).

avours. Cotin et al. [8] applied equality position con- 5 solve for contact forces and post-collision state (See
straints at contacts, and solved for contact forces using  gection 5.2).

!_agrange multipliers. purie; et a}l.'[lo] eliminated stick- . Compute the parameters of the linear contact model

ing problems by adopting Signorini's contact model, and (See Section 5.3).

formulating a linear complementarity problem (LCP) that

extensively exploited precomputation of linear contaet re

sponses. In order to support both deformable and rigid en-

vironment objects, we compute collision response through Every frame of the haptic thread, we:

velocity constraints [11]. Our current formulation is liexdl . .

to equglity constrain[ts \}vithout friction, but we expectttiia 1. Apply the Cc_)'“_'plmg force to the haptic togl.

can be extended to inequality constraints. 2. Solve a collision-free update of the haptic tool.

3. Compute collision response using the linear contact
model (See Section 5.3).

4. Compute the post-collision state.
5. Compute coupling force to be output to the device.

Figure 1. Multirate Rendering Architecture.

1. Apply the coupling force to the visual tool.
2. Solve a collision-free update of the visual tool (See Sec-

7. Perform sanity-check collision detection and correct
penetrating points of the deformable body.

3 Overview of the Rendering Algorithm

We adopt a multirate rendering algorithm, and we create
two instances of the rigid tool manipulated by the user, as
depicted in Figure 1. Theisual threadtypically runningat 4 Contact-Free Dynamics
a low update rate (as low as tens of Hz), performs a full sim-
ulation of thevisual tool coupled to the haptic device and In this section we describe the formulation of equations
interacting with a deformable environment. For simplic- of motion for the rigid tool and deformable objects. We
ity, from now on we will assume that the environment con- also show their time-discretization, and how to decoupde th
sists of one deformable body. Thaptic thread running at collision-free update from collision response.



4.1 Simulation of the Tool applied at the center of mass, and the external torques
are limited to the virtual coupling torque. If all forces are
We de ne the state of the tool by the position of its cen- applied at the center of mass, the equations for translation
ter of mass, the velocity of the center of mass a quater-  and rotation update are decoupled, as shown above. With
nion g that describes the orientation, and the angular mo- arbitrary forces the equations would be coupled, and we
mentumL . Given the mass of the tool, mass matrii , would need to solve one linear system with six equations,
angular velocity = M 1L, forcesF + J] andtorque instead of two systems with three equations each. The rest
T +J , the dynamics of the tool are governed by the fol- of the formulation in the paper would have to be accord-
lowing ODEs: ingly adapted. For the de nition of the coupling force and
torque and their Jacobians, please refer to [16, 19].

1
X = V; (_:L:E!qq: q= QY4
mv=F+J]; L=T+J : 1)

4.2 Simulation of Deformable Objects

We have opted for corotational FEM methods with lin-
The expressionsq = Q! represent quaternion products egr elasticity for modeling deformable objects [17], be-
as matrix-vector multiplications. We separate contaader g, se they offer a good trade-off between computational ef-
Jy  from other force (and similarly for the torque). The  cjency, robustness, and the richness of effects that can be
formulation of contact forces is described in detail in Sec- modeled. We would like to note, however, that our formu-
tion 5.1. Given this separation of forces, and as done by ation accepts any other model that supports local linaariz
others before [11, 10], at every time step we can separatgjon, as we do not rely on precomputations of capacitance
a collision-free update of velocitias and a collision im-  yatrices, condensation, etc. After FEM discretization, we
pulse v (and similarly for the other state variables). Then, gptain lumped diagonal mass mathk, and damping ma-
and accounting for time-discretization of the motion equa- tix D and a warped stiffness matti for each time step.
tions, the velocity and momentum update can be solved bygijyen external force§,, contact forces)T , and node
the following linear systems: displacementsi, the dynamic motion equations of the de-
formable body are:

Ay v + v = tF+ tJ];

AL + L= tT+ t: @) Myw=F, K u) Du+Jj: (5
v = tA'F v= tA, 1], Similarly to the rigid tool, we separate the collision-fige
L = tA, 1. L= tA, A 3) date of velocitieas from the collision impulse u. After

time-discretization of the motion equations, we have:
We have used implicit backward Euler with a rst order ap-

— T .
proximation of forces, as this allows stable simulationfwit Avu + u =« Futdy
very low mass, and thus highly transparent rendering [19]. u = tA, Ry u= tA, W] : (6)
In that case, the discrete-time matrides andA_ , and the B B
discrete-time force vectofs andT, can be written as: With backward Euler implicit integration, the discretezé
mass matrixA, and discrete-time force vectér, can be
= @ 2@ written as:
A, = ml t t2=:
@ @ @ @
m = u 2 u
F:F+—Igv; A“Mu+tD@+tK@.
t @ =
1
Fu=Fu+ —My, @. u K@u ug: (7
@ @ t @
AL =1 t—  t?’—QM 1 _
@ ) @ 5 Contact Handling
Q=(l t) "Q;
1 @ar As outlined in Section 3, we begin every time step of the
T=TH+ *tl @ L: (4) visual thread by performing a collision-free dynamic up-

date, followed by collision detection and identi cation of
We would like to note that, in the computation of Jacobians constraints. In this section, we describe the formulatibn o
for implicit integration, we do not account for changes of constraints, the computation of constraint forces and-coll
the inertia matrix between time steps. Also, the external sion response in the visual thread, and the formulation of
forcesF are limited to gravity and a virtual coupling force the linear model to be used in the haptic thread.



5.1 Formulation of Constraints 5.3 Linear Contact Model

Given the state of the tool and the deformable body at  In the haptic thread, we can evaluate at a high update
the end of the previous time step and the state after thefate the discrete-time forc€ and torqueT’, which com-
collision-free update, we perform a continuous collisiend ~ Prise external forces on the tool, the dynamics of the tool
tection test [20] and we identify colliding primitives. For itself, and the motion of the user through virtual coupling.
each colliding node of the deformable body, we de ne a GivenF and T, plus a set of contact constraints updated
constraint based on the earliest contact. Collisions oegdg at a lower rate on the visual thread, we can compaite
or faces can be transmitted to nodes based on barycentri®igh update ratethe contact force and torque that satisfy

coordinates [10]. the constraints, by using the dynamically consistent swer
Given a contact for node; at positionp; and with nor-  ©f the contact Jacobian [14]. Extending the concept of con-
maln;, we de ne a velocity constraint as follows: tact Jacobian for articulated bodies, in our case the contac
Jacobian relates the generalized velocities of the rigidl to
nf(v+! (pi x) u)=0; (8) and velocities at the constraints.

. . 1 . Here we show how to formulate the dynamically con-
JviVv+ju M "L+ jyuiu =0; . . . ;
' " ' ' sistent inverse of the contact Jacobian, in other words, a
jvi=nls juo= onl (e X)) jui= N linear contact model that relates contact forces to diseret
_ _ time forcesF andT. Recall that the method of Lagrange

Here,(pi x) represents a cross product in matrix-vector multipliers determines contact forée, = J] and torque
product form. Currently, we employ frictionless equality T.= JT . Substituting from (11) andb from (9),
constraints, which are known to produce sticking effects

at receding contacts, but in the future we plan to model F.= JJTA Lgv +3 M 1L+ J,u
inequality constraints and friction. Assembling all con- t Y ' -
straints, and substituting the output of the collisioreftg- T. 1JITA Lgv +3 M WL o+J3u (12

date and collision response, we get the condition for the Tt

collision impulses:
P Substituting the collision-free update (3) in termsFoand

JyV+IM YL+J,u=b: T, we o_btain the expres_sion for our linear contact model,
o . which will allow us to estimate contact forces from external
b= Jv JIM L Jyu: ) forces in the haptic thread:
5.2 Constrained Collision Response Fe= Feo+ @Cp+ @:CT; (13)
ar
By the method of Lagrange multipliers, we de ne con- Te=Teo+ @Cp + @C"r;
tact forces normal to the constraints, and we can arrange the @ar
constraint equation (9) and the collision updates (3) ahd (6 = JJJA Juu ;Teo= iJ!TA Juu
in one large linear system: t t
0 ;10 1 0 1 @ _ JTA lJVAvl;@°: JJA M ALY
Ay 0 0 tJ, v 0 @
T
%0 AL 0 U#;%.\L§=%O§ a._ JTA 13,A l;@TC: J'A aym At
0 0 Ay (N u 0 @ : Voar :
oM 1 g, 0 b
(10)  The matricesZe, &=, &= and T conform, precisely,
Substituting (3) and (6) into (9), we obtain: the dynamicaﬁ;/—consistent inverse of the contact Jacobia
in our case. The force offsets..o andT o account for
A = ib : (11) moving constraints. The linear contact model can be re-
t garded as a rst order approximation of contact forces in
A =J3,AN+a M AT+ I,A 0] terms of external forces, where the constraints and the mass

matrix do not change between time steps. Obtaining the lin-
And we can solve for by Gaussian elimination. Prior ear model requires solving six linear systemsintJ, =
to this, we anticipate the effect of constraints on the de- Y, andA 3, =Y, by Gaussian elimination. On the other
formable bodyA,*J] = Y,, by solving each column of  hand, the evaluation of contact forces in the haptic thread r
Y, separately. Knowing, we compute the post-collision  quires only four matrix-vector multiplications and fourcve
state for both the deformable body and the visual tool. tor additions.



Figure 2. Test Scenarios. From left to right: Liver model showing the tetrahedral decomposition; Liveydel
being deformed; Large deformation of a polyp in a hysterpgcmulation; Deformable block witB560tetrahedra
and up ta25 contacts used for benchmarking.
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Figure 3. Forces and Timings on the Deformable Block. Left and center:Normal and tangential forces

rendered to the user, showing enhanced transparency witthear model, compared to a standard seRight: Cost
per simulation frame of the visual thread, dominated by tvaputation of constraint-based collision response.

6 Results simulations for medical applications, such as contact with
deformable liver, and exploration of polyps in virtual hys-
teroscopy (See Figure 2). For testing the performance and
transparency of the algorithm, we have designed a bench-
mark consisting of a cylindrical tool with60triangles in-

We have tested our algorithms on a dual Pentium-4
3:0 GHz processor PC witR:0 GB of memory, and us-
; M ) .
ing a PHA.NTOM Omni™ haptic device from SensAble teracting with a deformable block wib60tetrahedra (See
Technologies.

. . Figure 2). This benchmark is simpler from the geometric
We have evaluated several approaches for solving the lin-

‘ ; i involved in th traint-b dzoint of view, but rather challenging in terms of the num-
ear systems of equations InVoved In e constraint-baseq, . ¢ degrees of freedom of the deformable body and the
simulation. The large linear system (10) can be solved us-

. : . X : X number of contact points. As shown in the rightmost plot
ing a sparse iterative solver for inde nite matrices such as

GMRES. M - ¢ | h > of Figure 3, the visual thread may run as slowl#sfps,
- Vioreover, Itis easy to reformu atgt e SYSte”_‘ N Wwith up to 80 ms for computing constraint-based collision
a symmetric manner, and then MINRES is also applica-

ble. We found. h hat th . h response. Note that computing the linear contact model is
e. We found, however, that the convergence Is worse thang, - ¢, being the bottleneck. In this scenario, the number

ar_1ttr|]C|pa'|[;_n? t?e constrzt:lmts as 'T '(11)t.h Then, wg;lge left of contacts is as high &5, but the multiple Gaussian elim-
with multiple finear Systems involving the sparse M3 inations needed for computing the linear contact model take

trllx AL; 't,ChOLESky fﬁcbtonliatlobn tof\? followed 33; ”l‘)u'tg i a maximum o400 s. From this, we can conclude that us-
pie solutions through back-substitution seemed 1o be & vall ing our linear contact model has a marginal cost compared

option, and we tested its performance using the TAUCS Ii- to standard constraint-based simulation. The evaluation o

brary. However, we fo_und_ that a conjugqte gradient SOlverthe model in the haptic thread has a negligible cost, and the
provided a faster solution in all the experiments. All the re full haptic thread take50 s in average per frame
ported timings were thus obtained using conjugate gradient '

for the solution of sparse SPD systems. Figure 3 also shows the vertical and horizontal forces
We have applied our rendering algorithm to soft-tissue output to the user when pressing the deformable block on its
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