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Parallel Vectors Criteria for Unsteady Flow Vortices

Raphael Fuchs, Ronald Peikert, Helwig Hauser, Filip Sadlo, and Philipp Muigg

Abstract —Feature-based o w visualization is naturally dependent on feature extraction. To extract o w features, often higher-order
properties of the ow data are used such as the Jacobian or curvature properties, implicitly describing the o w features in terms of
their inherent o w characteristics (e.g., collinear ow and vorticity vectors). In this paper we present recent research which leads
to the conclusion that feature extraction algorithms need to be extended to a time-dependent analysis framework (in terms of time
derivatives) when dealing with unsteady o w data. Accordingly, we present extensions of the parallel vectors vortex criteria to the time-
dependent domain and show the improvements of the feature-based o w visualization results in comparison to the steady versions
of this extraction algorithm both in the context of a high-resolution dataset, i.e. a simulation speci cally designed to evaluate our new
approach, as well as for a real-world dataset from a concrete application.

Index Terms —Vortex Feature Detection, Time-Varying Data Visualization
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1 INTRODUCTION

In this paperwe presenta solutionto the challengeof featue extrac-
tion whendealingwith time-dependergimulationdatafrom computa-
tional uid dynamics.We aim atfeature-base w visualizationwith
focuson vorticesand their centrallocations. In an extensionof the
stateof the art we presentwo new methodsfor the extractionof vor-
tex core lines(aka.vortex axeg) in unsteadyow whicharetruthful to
thetime-dependentatureof the extractedfeatures.

A lot of work hasbeendonein the eld of featureextractionfrom
steadytime-independenb w data,especiallywith focuson vortices.
In the context of time-dependenb w previous work focussedn ex-
tracting featuresfrom individual time stepsby interpretingthe ow
dataasa “stack” of steady ow elds (onepertime step)andby ap-
plying extractionmethodgfor steady o w dataaccordingly Thetime-
dependennatureof thesefeaturesvastakeninto accountoy connect-
ing themafterwardsover time, e.g.,by tracking. In Section2 we go
into moredetailwith respecto relatedprevious work.

It is favorableto inherently considertime alreadyduring feature
extractionandnot separatelyn a secondstep.Doing so,we nd our
selesalignedwith others(suchasHussairalreadyin 1983[10]), who
demancdthe joint consideratiorof spaceandtime wheninvestigating
featuresn time-dependenb w data.Accordingly we proposeo for-
mulatethe extractioncriterion in a way thattemporalderivativesare
usedfor thelocal characterizationf vorticesandnotonly theJacobian
of the ow. Thisis synorymousto consideringpathlinesfor feature
extraction from unsteady o w insteadof streamlines. Even though
we experiencedin exchangewith colleaguesfeviewers, and others
thatthis extensionis easilyand quickly consideredo be logical and
straightforward, theresultsimprove morethanexpected.

Very often, o w phenomenauchasgas o w during comhustion
or air ow arounda vehicle are time-dependenin their natureand
steadyrepresentationarejust an approximation.Datasetswith time-
independento w areusefulfor domainexpertsasthey provide infor-
mation, aboutgeneralor large-scalecharacteristicof the ow, ata
relatively low costin termsof datasesize,simulationtime, aswell as
analysistime. However, we still obsere a cleartrendtowardsmore
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1 In other elds, e.g.,in uid mechanicsyortex coresareconsideredo be
of regionaltype (andnotof line type). In this papernwe usethetermvortex core
line for line-typecurve featuresvhich represententrallocationsin vortices.

unsteadyo w datain scienti ¢ aswell asin commercialapplications
mostly becausef betterresults,especiallywhendoing a more care-
ful or detailed o w analysis,and also becauseof the availability of

increasedomputingandstorageresources.

Accordingly we consideiit importantto explicitly demonstrat¢éhat
featureextractionbasedon time, is not only logical to do, but indeed
yieldsbetterresults.In certaincasesyve canevenobsere thatthetra-
ditional, streamline-orientedpproacheteadto displaced‘features”.
Furthermorewe can nd animprovedagreemensf thenew approach
with physicalextractionschemesuchasthelow-pressure@assumption
in the midstof vortices(no needfor a correctionstep). In Sections3
and5 we exemplify our point by meansof selecteccasedothin an-
alytic and computedform. The needfor a new approachs demon-
stratedas well asthe gain throughimproved results. The contriku-
tionsof this paperincludetwo mathematicatxampleshatmodelreal
world problems. Basedon the resultsof theseexampleswe derive
simplemodi cations of existing vortex coreline detectionalgorithms
to extendthemto the unsteadyo w domain. Realworld applications
wherethe original approache$ail are presentedandit is shavn that
the resultsimprove usingthe modi ed approach Finally a numerical
studyevaluategheimpactof time-derivative estimationon thefeature
extractionprocessin theappendixwe give detailsonimplementation
detailsfor unstructuredyrid data.

2 RELATED WORK

Feature-based w visualizationhasbeenan active eld of research
for mary yearsandit is beyond the scopeof this paperto provide
a comprehense discussiorof all of this work — we refer to Postet
al. [18], who publishedan extendedovervien recently In this section
wefocusonselectegiecesof previouswork, which aretightly related
to our new approach.

The algorithms,which we take asa basisfor developing our nev
approacharethe proven methodfor extractingvortex corelinesfrom
steady o w databy Sujudi and Haimes[24] aswell asthe related,
higherordermethodby RothandPeikert[21]. Both approachesvere
successfullyappliedin mary casesespeciallwhendealingwith time-
independendata.As such we considethemasa strongstartingpoint
for approachinghe caseof unsteadyo w data. To do so, we adopt
the principle of the parallel vectorsoperator[16] for extracting the
vortex corelinesin conjunctionwith modi ed extractioncriteriathat
arebasedn temporalderivatives.

Reinderset al. [19] usea graphview to shav the developmentof

o w featuresover time and to indicate events suchas birth, death,
and annihilationof features. Baueret al. [2] discussthe tracking of
vorticesin scalespacewhichimprovesthe consideratiorof important
features Garthetal. [6] shav themaovementof singularitieselative to
anaxis,whichis of speciaimportancecomparedo theothers.Theisel
and Seidel[25] introducethe conceptof the feature ow eld and
useit to improve featuretracking: the pathsof the critical pointsare
tracked asthe streamlinef a new vector eld, i.e., thefeature ow



eld constructedrom theoriginal vector eld.

The ideaof consideringpathlineswhenanalyzingtime-dependent

ow datais not new assuch. Theiselet al. [26] presenta pathline-

orientedapproachto extracting the topology of 2D time-dependent

vector elds — similar to a streamline-basedpproach,they distin-

guish featuresaccordingto attracting, repelling, or saddle-lile be-
havior. Haller [7] describesorticesthroughthe stability of manifold

structurewvhicharerelatedto uid trajectoriesj.e., pathlinesandex-

tractsvortex regionsin unsteadyo w databasedon this information.
Sadloand Peilert [22] extract ridgesfrom 3D nite-time Lyapuna

exponentgFTLE) for theextractionof Lagrangiarcoherenstructures
(LCS). And Garthet al. [5] presenta methodfor the directvisualiza-
tion of 2D FTLE informationwhich resultsin expressive imagesof

time-dependenb w.

In general,we obsere a nev motivationin the eld to approach
even very complex casesin 3D time-dependento w visualization.
Peilert and Sadlo[17] discussfeature-basedisualizationfor the in-
vestigatiorof vortex ringsandvortex breakdevn bubblesin recirculat-
ing ow, andTricocheet al. [27] describea slice-based/isualization
for understandingntricate o w structuresvherethesslicesareplaced
orthogonatlo trajectoriesof the o w.

Another interestingclassof approachesre physical criteria (in-
steadof geometricones)for featureextraction. BanksandSinger[1]
proposeamethodto nd vortex corelinesbasednapredictor/correc-
tor methodthat stepsthroughthe eld in the directionof the vorticity
vector At eachstepthe normalplaneis constructecandthe pointis
resetto the nearestocal pressuraminimum. Jankun-klly etal. [11]
presenanimprovemenf thisapproachusingafunction tting proce-
dureto locatethe extremevalues,steppingalongthereal eigervector
of thevelocity gradient.Stegmaieretal. [23] presenanalgorithmthat
combinesthe I , methodof Jeongand Hussain[12] with the predic-
tor/correctormethodof Banksand Singer For growing the skeleton
they stepin the direction of the vorticity vector In this context of
physicalapproachessereralmoremethodshave beenpresentede.g.,
the Q-criterionof Hunt et al. [9], alsoknown asthe elliptic version
of the Okubo—-\\isscriterion by Okubo[15] andWeiss[29], or the
extensionof consideringacceleratiortermsby Hua et al. [8], which
includestemporalderivativesandexpresseshefeatureextractionpro-
cesfromthelLagrangiarperspectie. In anupcomingpapeWeinkauf
et al. [28] approachthe questionof vortex coreline extractionin a
similar fashion.For nding "swirling particlecores”they analyzethe
real eigervector of the velocity gradientand the acceleration/ector
Eventhoughthey arrive at a similar extractionmethod they motivate
their approachdifferently. In the presenipaperthe underlyingtheory
is basedon physicalprinciplesresultingin a slight modi cation of
existing algorithms. The swirling particle coresmethodis basedon
the space-timdramevork andbuilds on a moregeometricapproach.
In future work we would like to evaluateand comparethe two ap-
proachesAnotherdifferencdiesin thevalidationof thepresente@p-
proach:it is demonstratetb work on realworld examples compared
to otherquantitiesrelatedto vorticesandit shavs goodnumericalbe-
havior regardingtime stepwith in thedataset.

3 ANALYTIC CONSIDERATIONS

In thefollowing, we discusswo analyticexampleswhich canbe con-
sideredasmodelsfor relatedphenomenén actual o w data. Thisway
we can concentrateon the demonstratiorof the needfor a new ap-
proach.Looking at analyticcasesve canavoid issuessuchasaspects
relatedto samplingandreconstructionfor example. This approachs
analogougo thework of otherswho useanalyticexamplesfor moti-
vationandfor demonstratiofi24, 21, 7].

3.1 ATilting Vortex

To construcour rst syntheticvortex example we aimedatanassim-

ple as possible o w modelthat still can demonstratehe difference
betweena streamline-and a pathline-base@pproach.To avoid a si-

multaneoudiscussiorof whetherour approachs Galileaninvariant
we decidedo go for onesimplevortex which tilts over time.

.
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Fig. 1. A synthetic example of a tilting vortex is shown before the tilt
(at the left) and a bit later (on the right). The top row shows the vortex
core line (grey tube) according to Sujudi and Haimes [24] and several
streamlines — the tilt into the x-direction is obvious. The bottom row
shows pathlines (in color) which exhibit an additional tilt towards the
viewer (yellow vortex core line).

Accordingly we specifyour o w modelas

0 1
y+ 1tz
uixyzt)= @ x tz A:
z

Thevortex in u is linearly strainedn the z-directionandcontainsatilt
which increase®ver time. Consideringu in just onetime stept = t,
andanalyzingits —in all locationsequal— Jacobian

0 1
0 1 t3
th:ta: @1 o0 ta A;
0 O 1

by consideringthe only onereal eigervector (ta;0; 1) of this matrix
we obsere avirtual? rotationof theinstantaneou® w eld aroundan
axiswhich is alignedwith this vectorandwhich tilts into the positive
x-direction. In thetop row of Fig. 1 this situationis illustratedfor two
time stepsa = 0 (left) andty = 0:3 (right).

We abandorherestrictionto only considetthe o w in justonetime
stepandseea differentpicture (bottomrow of Fig. 1). In additionto
the abore mentionedx-tilt, thereis anothertilt towardsthe viewer.
The correspondingortex coreline illustratedin yellow in Fig. 1 (d)
re ects this additionaly-tilt.

The designof this o w modelallows to analytically nd explicit
solutionsfor stream-andpathlines.If we rst considefjust onetime
stept = t5, we derive the streamlinefor seedlocation(xo;Yo;Z0) " in
parameterizeform as

X(t)= (%o tazo)cogt) Yosin(t)+ tazo€';
y(t) = (X0 taZo)sin(t) + yocogt);
Z(t) = zg€':
2 We considetthis rotationas"virtual” asit only existsfor anin nitesimal

shortmomentof time — the vortex axis which is detectedocally in time does
notyield ary tightly related nite-time rotationof particlesaroundthis axis.
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Thetazge! termin the x-componenbf streamlinese ects the above
discussed-tilt. In they-componentbf streamlinesve do not seeary
correspondingilt term.
Consideringpathlinesnext, we derive the following solution(now
parameterizedith timet):
X(t) = (xo+ %Zo) codt) (Yot flz()) sint) + (t  3)z€;
Y(t) = (Xo+ 520)Sin(t) + (Yo + 320) cost)  520€;
2(t) = o€

Now we see correspondingtilt terms in both the x- and the y-
component®f the pathlinesandthe vortex axisis foundto be along
thevector(t; t;1).

3.2 A Rotating Vortex Rope

As a secondexample,we constructa simple syntheticmodelof aro-
tating vortex ropethathascharacteristicsvhich arerelatedto anim-
portant o w phenomenoiin the draft tubeof large waterturbines.To
start,we considerthe ow eld

1
(y vi) s
u= @ (x xjs A
1

For thedegeneratedtaseof x; = y; = 0, this simplyis arigid rotation
aboutthez-axis. Assumingthatthe points(x1;yi1;2) lie onahelix with

radiusR and pitch %{l which rotatesaroundthe z-axis with angular
frequeng w andphase0, i.e., with

x1 = R cogkz+ wt) and
y1 = R sin(kz+ wt);

we getarotatingvortex, i.e., atime-dependenb w eld asdesired-
seeFig. 2 for selectegtream-andpathlines Note, thatwe assumgk +
wj < sto ensurethatthe structureof the helix dominateghe rotation
aboutit.

Basedon this model,we cananalyticallyderive several variantsof
vortex corelines (accordingto differentextraction schemes).In all
casesve obtaina helix with the samepitch, frequeng, andphaseput
with differentradii. Seetablel for anoverview of theresults.

The emplgyed methodsare three state of the art approachedor
steady o w data: the methodproposedby Levy et al. (curl parallel
to velocity [13]), the oneby SujudiandHaimes(parallel rst andsec-
ond deriativesof streamlineq§24]), andthe higherorder methodby
RothandPeilert(parallel rst andthird derivativesof streamling21]).
We applythemto the o w dataof individual time stepsasdiscussed
above.

We contrasttheseresultswith those of our new approachii.e.,
the unsteadyextensionof SujudiandHaimess (asdescribedn Sec-
tion 4.1) and the unsteadyversionof the higherorder approach(as
describedn Section4.2). We seethatthe traditionalapproachemiss
therotationof thevortex rope(missing' + w' termsin all cases)since
it obviously cannotbe detectedrom consideringan individual time
steponly.

We alsocomputea correctvortex coreline for this unsteadyo w
by usinga symmetryargument.On eachslice orthogonato the z-axis
(z= Zcons), thereis justonepoint (X; ; Zcons) | , With

R cogk2?)

) R sink)
T 1 (k+w)ss andy

1 (k+ w)ss’

suchthata particlewhich is releasedrom this point at time 0 moves
along a pathline of exact helical shape. Particlesthat are released
from ary otherlocationyield pathlinesof morecomplicatecyeometry
(Fig. 2). In this case we seethatthe materialline (time line), which
consistof all of thesespecialparticles coincideswith thecorrectvor-
tex coreline. This curve hasthe sameradiusasthe helical pathlines,
but exhibits a differentpitch of 42 vs. (22, We note, however, that
thefactthatthevortex coreline alsois a materialline is speci c to this
exampleanddoesnot generallyhold for arbitrarycases.

I Wl e

Fig. 2. Streamlines and pathlines in a model of a rotating vortex rope.
(a) The vortex core line based on streamlines (according to Sujudi and
Haimes [24]) is shown as a grey tube (it is the only grey line which also
is a helix). (b) The vortex core line based on pathlines (shown in yellow
on the right) has the same pitch but a larger radius (it is the only helical
pathline, shown in magenta).

streamline-based pathline-based

Levy etal. (1+ XR

Sujudi& Haimes 1+ HR (1+ MR

- Ky (k X k
higherorder || (1+ £+ (2R | (1+ ¥+ (MW)2)R

k+wy 1
correct 1 59 R

Table 1. Different extraction schemes all result in helical vortex core
lines, but with different radii. We compare the results for the algorithms
of Levy et al. [13], Sujudi and Haimes [24], the higher-order method by
Roth and Peikert [21], and an analytically determined correct variant.

By comparingthe differentradii from table 1 with the correctso-
lution andby consideringthe geometricseries(1 p) 1= (1+ p+
p?+ :::), herewith p= (k+ w)=s, we canseea nicealignmentof our
new approachwith the correctsolution. The modi ed variantof the
approachby SujudiandHaimesis the rst-order approximatiorof the
correctsolutionandthemodi ed variantof the higherorderapproach
is its second-ordeapproximation.

The deviation of the Sujudi-Haimedines from the correctvortex
corelinesisthephenomenonrst obseredin the”benthelix” example
[20], andit is dueto the combinationof a weakly rotatingvortex and
a strongly curved vortex coreline. The error becomesagligible if
jk+ wj jg,i.e.if thesumof thespatialandthetemporalfrequeng
is muchsmallerthanthe parametes controllingthe swirl aroundthe
vortex coreline. Thehigherordermethodyieldsanadditionaltermof
the Taylor seriesin this example.

We have seenthatthe extensionto unsteadyo w for bothmethods
resultsin improved resultsin comparisorwith the time frozenanal-
ysis of vortex o w features. To understandvhat is happeningwith
unsteadyvorticesit is necessaryo extendthe steadyversionsof the
vortex extractioncriteria.

4 PATHLINE GEOMETRY BASED FEATURE DETECTORS

We cangeneralizeexisting featureextractionalgorithmsto unsteady
ow databy replacingstreamlineswith pathlinesin the underlying
model. This way they remainunchangedor steady o ws.
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Fig. 3. For the vortex rope in the depicted dataset iso-values of pres-
sure give good insight on where the vortex core line is located. We
can clearly see how the yellow core line extracted using the classical
approach of Sujudi and Haimes deviates from the center of pressure
isosurface. The modi cation to time derivative aware extraction of the
vortex coreline improves the results visibly.

4.1 Sujudi-Haimes

In this sectionwe modify the approachby SujudiandHaimes[24] to
includetime derivatives.

4.1.1 Original De nition

In theoriginal de nition the rst stepis to computethe eigevaluesof
Nu pertetrahedratell. Only cellswhereapairof comple eigervalues
existsarefurtherprocessedT heexistenceof two complex eigervalues
is determinedy thediscriminantof the characteristipolynomial[4].

The next stepis to computethe singlereal eigevector g for the
candidatecells to extract the local direction of the vortex coreline.
In the nal stepthe algorithmsearchegor locationswhereg is par
allel to u. Linear interpolationis usedbetweenthe nodesof a grid
cell whensearchingor parallellocations.A modi cation in orderto
getconnectedinesinsteadof disjoint straightline segmentsis to es-
timate velocity gradientsper nodeand computeparallel positionson
cell faces.

4.1.2 Equivalent De nition

The eigevectorcomputatiorrequiredby the original methodis quite
expensve. A more efcient method[16] is to computethe matrix-
vector productas = (Nu)u instead. Given that g is the only real
eigervectorof Nu, it is parallelto u exactly if as is. Hence,Sujudi-
Haimesvortex corelines canbe equivalently de ned asthe locus of
pointswhereu andag are parallel, restrictedto pointswherethe ve-
locity gradienthasa pair of comple eigervalues.In this contet, two
vectorsaresaidto beparallelalsoif oneor bothof themarezero.

4.1.3 Modi cation for Unsteady Flow

The original formulation of the Sujudi-Haime<riterion is expressed
in termsof the velocity eld andits gradienttensor eld. Using this

formulationwe cannotinclude the time deriative information since
thesequantitiesarethe samefor steadyandunsteadyo w. In contrast,

4

the parallelvectorsformulationallows for a differentextensionto un-
steady o w. Thevectoras = (Nu) u canbeviewed asthe steadycase
of theacceleratiorvector

a;= Du Dt= (Nu)u+ Ju Tt

of aparticle. An obviousmodi cation is now to usethetrueaccelera-
tion vectorinsteadof thevectoras, i.e. to look for pointswherea; and
u areparallel. Besideghe justi cation asbeingthe naturalextension
to unsteadyo w, this modi cation is alsobacled up by thefollowing
obsenation.

Sujudi-Haimesvortex corelines canbe de ned in athird equiva-
lentway, namelyasthelocusof zerostreamlinecurvature,againcon-
strainedto pointswherethe velocity gradienthasa pair of comple
eigevalues.Theequivalenceis shavn asfollows. The cunatureof a
cune with (time) parameteis k = kx xk=kxk® wherethe dotsde-
notetemporalderiatives. For a streamlinex = u andX = as, sothe
streamlinecunatureis zero exactly wherethe Sujudi-Haimescrite-
rion is met. For a pathline,X is Du=Dt so the pathlinecunatureis
zeroexactly wherethemodi ed Sujudi-Haimegriterionis met.

In principle, the zero cunvature points of streamlinesor pathlines
couldbe computedo yield vortex corelinesaccordingto the original
or modi ed Sujudi-Haimescriterion. However, numericalintegration
andcurvaturecomputatioraretoo expensve operationgo make thisa
practicalalternatve to the parallelvectorsmethod.

It wasa long standingopenquestionfrom our applicationpartners
why the vortex corelinesresultingfrom the original algorithmof Su-
judi and Haimesvery often exhibit a small phase-shifin relationto
regionsof low pressure.Thereforeit is acommonapproacho do a
correctionsteptowardspressuraminimawhenextractingvortex core
lines[1, 11]. In Figure3 we canseethattheyellow vortex corelines
extractedusingthe eigetvectormethodareshiftedaway from the cen-
ter of the pressurasosurfice. Using the pathlinebasedextractionap-
proachwe arrive at a solutionlocatedat the pressureminima without
a correctionstep. Thereforewe canassumehatthe deviation in the
unmodi ed approachesesultsfrom nottakingthetemporalderivative
into account.

4.2 Higher Order Vortex Core Lines

In this sectionwe modify the higherorderapproacho work on path-
lines.

4.2.1 Original De nition

Roth and Peilert [21] presentan extensionof the vortex extraction
approachby SujudiandHaimesto bentvortices. The eigervectoris
basedon a straightline modelfor the vortex coreline. In realworld
datasetswe can nd mary typesof bentvorticesthough. Common
typesarehairpin,horseshoeandring shapedrortices.RothandPeik-
ert shaved [20] that the eigervector methodintroducesan error as
soonasthevortex is bent.

To overcomethesedravbackswe canwealen the conditionson a
vortex coreline suchthatwe candetectbentvorticesaswell, but the
amountof falsepositiveswill increasesigni cantly. It is not possi-
ble to modela curved vortex basedon linear elds, thereforeonehas
to take into accounthigherorderderivativeswhensearchingor vor-
tex corelines. The secondderiative following a particlein a steady
velocity eld isbs= (Na)u.

Basedon the torsionof a parametriccurve in R® we canrelaxthe
conditionon vortex corelines suchthattorsionis zeroandthat zero
torsionis preseredaswell aspossiblevhenfollowing thestreamline.
The extractionalgorithmis basedon the factthat for the bentvortex
modelthevectorbs atthevortex coreline is notonly restrictedto the
< u;as> planebut thatthe bestchoiceis to requirethatbs is parallel
to u. Thus,we canstatethefollowing de nition for avortex coreline:
thevortex coreline is the locationof all pointswherebs is parallelto
u.
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Fig. 4. Interactive visual analysis incorporating vortex core line. After

the vortex core lines are computed we use interaction to remove false
positive line segments. (1) The user can interactively specify the vol-
ume of interest in attribute views to select attribute ranges of interest
and another set of attribute selections that control the vortex region. (2)
The selected region of interest is visualized by volume rendering (in this
example the volume selection is dened by / 2< 100 and the vor-
tex region controls which line segments are visible (we have selected
regions that have both complex velocity gradient eigenvalues and neg-
ative | , values). (3) From the vortex core lines we can derive additional
attributes such as an attribute measuring the distance from the core line
for further analysis.

4.2.2 Modi cation for Unsteady Flow

The problemsobsened for curved vorticesin steady o w data[21]
obviously extendto curvedvorticeson unsteadyo w data.ln Section
3.2we have seenthatthe modi ed versionof the higherordermodel
will reproducehe correctvortex coreline of the benttime dependent
modelif we ignorethetermsof higherorderin the Taylor expansion.
Thereforewe canusetheparallelvectorsoperatotto applythehigher
orderapproacho unsteadyo ws.

A criterionbasedn zerocunaturein principlesearchefor straight
vortex corelines. Theline thatis classi ed asthe vortex coreline by
the parallel vectorsapproachof the previous sectioncan deviate to
someextend from this restriction. But for strongly bentvorticesthe
resultwill shav the sameinconsistenciesisobsered for streamline
basedyeometriesFor thehigherordervortex coreline detectioralgo-
rithm therequiredmodi cation is thereforeto replacethevectorbs by
the actualjerk vector (rateof changeof accelerationp; = D?u DtZ2.
SeeFigure? for anexample.

4.3 Interactive Vortex Core Line Extraction and Filtering

Both the eigevector methodand the higher order methodproduce
mary line sggmentghatcannotbe considereasvortex corelines. For

thisreasorwe usetheinteractve visualanalysisfeatureof theSimVis

framework to extractthe meaningfulvortex corelines. This way we

getcon dencein theextractedvortex corelinesandcanimprove their

quality Herewe rely on smoothexpressionsof vortex detectorsto

selecthevortex corelinesof interes{3]. Theotherway roundwe use
the extractedcorelinesto derive otherattributesin the data. Figure4

illustratesthis approach.

Fig. 5. Multiple views and brushing allow the user to apply vortex core
line lter rules interactively. Starting with a large number of spurious
solutions we can select the main part of the largest vortex core line
applying two brushes.

To our knowledgethereis no fully satisfyingapproacho extract
only the relevant vortex corelines automaticallyfrom the data. The
interactve multi- eld approachof SimVis handleshis problemusing
visual analysis. To be ableto do this we modify the parallelvectors
algorithmslightly:

1. Generatadditional eld a; orb; (seeSectiord.1.3,Sectiord.2.2
andAppendixA).

2. Computeclosedparallelvectorslineswithout additionalcriteria
(seeSectionA.3).

3. Useinteractie region of interestspeci cationto extractcorrect
subsectionsf thelines(seeFigure4).

The deltadiscriminantusedas an additionalcriterion both by the
methodof SujudiandHaimesandthehigherordermethodwasintro-
ducedby Chongetal. [4]. This physics-basedriteriondoesnot take
into accountthe time-dependentomponentof the ow. Neverthe-
lessphysics-basedriteriasuchasdelta,Q, and/ , areoftendirectly
applicableto unsteadyo w, whenit is possibleto derive themfrom
instantaneougpropertiesof the ow. The deltacriterion is proneto
nding falsepositivesin large regionsof the ow (e.g. in theturbine
datasett is truealmosteverywhere) In our experiencet hasshawvn to
reducethe numberof spurioussolutionsto useadditionalvortex core
region detectorsn combinationwith thedeltacriterion. Anothertype
of additionalcriteriaincludesinformationderivedfrom thevortex core
line [16]. Examplesarethe anglebetweeno w andvortex coreline,
numberof coreline segmentsor vortex strength.Thesearedif cult to
tuneoptimally. By combiningmultiple vortex region criteriaassug-
gestedn [3] we canavoid criteriainvolving the extractedvortex core
line.

Building on theinformationwe getfrom the extractedvortex core
lines, we getaccesdo a whole new type of informationthatwe can
usein furtheranalysissteps.To includeinformationonthevortex core
line wederive for eachcell anattributethatmeasurethedistancdrom
the nal vortex coreline in asimplebreadth- rsttraversalstartingwith
cellsthatcontainavortex coreline sggment.

5 APPLICATION STUDY - ENGINE DATASETS

We have implementedhe presented/ortex coreline detectionalgo-
rithms in the SimVis framework [31] and appliedit to two engine
datasetdo verify the approaclon realworld data. For thesedatasets
we have found that using the Green-Gausapproachfor computing
gradientsgives betterresultsthan a least-squareapproach(seeAp-
pendixA).

The rst datasetesultsfrom a simulationof the compressiorand
comtustion phasein the comhustion chamberof a standardengine
model. In Figure 6 we can seethe vortex core lines basedon the
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Fig. 6. We compare the vortex core lines found by the original method
of Sujudi and Haimes and the modi ed version. Two views of the same
timestep show the bene ts of the modi cation. Both views show the
same vortex core line and isosurface. (1) In one case the original
method does not detect a vortex core at all. (2) The time-aware modi -
cation traverses the full length of the vortex core and continues into the
region of strong turbulence at the top of the cylinder. (3) The original
vortex core line leaves the core region of the vortex and vanishes in a
substantial portion of the vortex region.

Fig. 7. In this early timestep of the combustion chamber dataset we
can see that the extracted vortex core lines for the modi ed version of
the eigenvector method and the modi ed higher order method differ at
the weakest part of the vortex. The cutting plane with color mapped to
pressure shows that the modi ed method of Sujudi and Haimes fails to
detect the exact core line of the vortex in this case.

original andthemodi ed versionsof the parallelvectorscriteria. Ob-
viously theresultsdiffer signi cantly andoneof the vortex corelines
is notextractedat all usingtheoriginal algorithm.

The second datasetis a high-performancetwo-strole engine
datasetwhich containsthe completesimulationresultsfrom the in-
jection andthe comtustion of fuel during onecrankrevolution. The
enginegeometnyis shavn in Figure8. Table2 shavs a comparisorof

intake

crank

shat —

combustion
x~ chamber

exhaust

/

Fig. 8. Overview of the geometry of the two-stroke engine dataset.

Cell Type || Comh Chamber| Two-strole Eng. | T-Junction
Tetrahedral 40 1156 46792
Hexahedra| 8493-23877 | 129658148247 0

Prisms 483-2188 11849-13241 125960

Pyramids 214-428 6505 0

Timesteps 48 91 1570

Table 2. Comparison of the datasets evaluated in the application study
and for the numerical evaluation. Since the grids of the engine datasets
vary over time the number of cells changes accordingly.

thedatasetsliscussedhn thefollowing sections.

5.1 Impact of Time-deriv atives

The questionremainswhetherandwherethetime derivative informa-
tion hassigni cant impactonthevortex coreline extractionresults.In
theenginedatasetsve have foundthevortex corelinesextractedoy the
modi ed andtheunmodi ed methodgo besimilarbut shiftedfor most
timesteps.But in Figure 6 we canobsenre thatin a timestepshortly
afterignition the vortex coreline basedn as andthe vortex coreline
basedn a; candiffer signi cantly. Thisis dueto the strongimpactof
thetime derivative in thesetime steps.To illustratethe closecorrela-
tion betweerthesetwo vectorsin earlytimestepsandthelargeimpact
of the time derivative after ignition we shav the magnitudesof the
vectorsnormalizedwith meanand standarddeviation in scatterplots
(seeFigure9). Very often the timestepsthat include large changes
over time arecritical for the application. They have vital impacton
mixing, materialwearandengineperformancendthereforeheanal-
ysis bene tsfrom improving vortex coreline extractionin thesetime
steps.

5.2 Equiv alence Ratio

Onekey attribute thatis relatedboth to emissionand engineperfor
manceis equialenceratio (ER), which is the relation betweenfuel
and air within a volumecell. It is crucial that ER lies in the opti-
mal interval between0:7 and 1:4 for most uid cells at the moment
of ignition. The mixing processhappensat earliertime stepsduring
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Fig. 10. We compare the of computed corelines with respect to I ; and equivalence ratio. (a) The modi ed algorithm detects two vortex core lines
(red) whereas the original version only detects the main vortex core line (white) (b) An isosurface of equivalence ratio at 0.7 containing the region

of optimal mixing. (c) The surface containing the region of equivalence ratio of 0.5 and / »
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Fig. 9. Comparison of acceleration vector magnitudes: The scatterplots
show that the magnitudes of the two variants of the acceleration vectors
can differ signi cantly in the crucial timesteps after ignition (we have
normalized the magnitudes such that the center of gravity corresponds
to the origin).

compressiomvhenthein uence of thetime derivative is lessthanafter
ignition. Eventhoughthe differencebetweerthe corelinesgenerated
by the modi ed versionis smallerit is still not negligible. In Figure
10 (a) we shaw iso valuesof the I , vortex detectorand concentrate
on the vortex corelines detectedor this vortex. In the centerof the
comhustion chamberof the two-strole enginewe can seethe large
vortex regionthatplaysacentralrole in themixing processTheques-
tion in this exampleis, why the vortex coreregion is not of tubular
shape.Thesecondvortex coreline (3) is not detectedy the original
approach. Combining (1) and(3) we cangain insight into the con-
trolling skeletonof the maintumblevortex. In Figure 10 (b) we can
distinguishthe regionsof sub-optimaland optimal to very high con-
centrationof fuel atiso valuesurfaceof 0:7. The bendpartof vortex
coreline (3) closelyfollows the boundaryof this region. In Figure10
(c) thesurfacedescribesheboundaryof theregionde ned by slightly
sub-optimalto high mixing andhigh I , values. The coreline genef
atedfor this vortex with the original vortex coreextractionmethod(1)
andthe modi ed approach(2) are similar and both traversethe full
region detectedy the | » vortex region detector Anothercoreline is
not detectedhough. Obviously we missan importantaspectwithout
the secondvortex coreline sincewe canseein Figure10 (c) thatit
in uencestheregion of the vortex wherenon optimal mixing occurs.

6 ASSESSMENT OF NUMERICAL BEHAVIOR

In engineeringapplicationsit is not commonto storeall the infor-
mation computedin the courseof the CFD simulationpermanently
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Especiallytime derivative informationis not generallystoredin the
data. Furthermorethe solver doesnot includeall the timestepsom-
putedin the solution le. In generalwe can expectthe simulation
designregardingcell typesandcell sizesto be adequatelychosenby
the simulationdesigner The simulationdesignerconsidershe nec-
essaryresolutionfor postprocessinguchthatreliablestreamlinesand
pathlinescan be constructed. From experiencewe know theseset-
tingsto work well for computingvortex corelinesin the steadycase.
Sincetime-dervative informationis not storedandnot all time steps
arewritten outinto the nal datasetve needto evaluatetheimpactof
larger stepwidths on the featureextraction process.Our application
partnersirom ArsenalResearc30] have computedan unsteadyso-
lution to a pulsating o w in a tubet-junction (seeFigure11). Time
dependenboundaryconditionsare usedto produce o w separation
insidethetube. Thetotal meshsizeis about170000cells.

During simulation1570timestepshave beengeneratedesultingin
26 GB of compressethformation. Thisis 10timesthetemporaleso-
lution our applicationpartnersvould have storedusuallyfor this sim-
ulationsetting.To excludepossibleinterferencdrom numericalprob-
lemsintroducedby the plane tting techniquewe useto estimatethe
materialderivativesalsothe Jacobiarcomputedduringthe simulation
have beenincludedin thedatasetThiswaywe cananalyzehow strong
theimpactof largertimestepss whencomputingvortex corelines. We
canusethetime derivative computedor stepwidth 1 asreferenceor
the otherstepwidths andmeasurehein uence of larger stepwidths
by computingthe differencebetweerthe referencederivative andthe
respectie derivative for the given stepwidth. In Figure11 the mag-
nitude of this differenceis mappedto color. To analyzethe impact
on vortex extraction,we focuson a horseshoe&ortex directly behind
the top inlet. We seethe differencebetweenthe acceleratiorvector
from stepwidth of 1 andstepwidths 10 and20. Thevortex corelines
resultingfrom smallerstepwidths than 10 do not differ signi cantly
from eachother This is exactly the default stepwidth resultingfrom
thestandardimulationprocedure For largerstepwidthstheresulting
vortex coreline beginsto deterioratalueto thenoiseintroducedoy the
time derivative componenbf theacceleratiorvector At stepwidth of
20 we still geta similar but jaggedresult. At larger stepwidths the
extractedine nolongerresembleshe horsesho®ortex in thedataset.
At stepwidth 100theline breaksinto 3 unconnectedomponentshat
follow thevortex coreline for somelengthandthentrail off in random
directions.

We concludethat for standardstepwidths in well preparedsim-
ulationsthe time-awvare vortex coreline extraction methodproduces
reliableresults. Both for the especiallydesigneddatasetindthe real
world examples(wherethe Jacobiarhadto be estimatedve did not

nd the estimationof thetime derivativesto introducesigni cant ad-
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Fig. 11. Impact of time derivative estimation. The different step widths are measured in 1000 ! sec. The vortex core lines for stepwidths 1 to 10 do
not differ visibly. Color is mapped to the difference between the time derivative for step width 1, and the respective step width (for step width 20 we

have changed the color mapping by one order of magnitude).

ditional noise.

7 CONCLUSION

Thispapermproposesneny methodto nd vortex corelinesin unsteady
o ws. Localizationof vorticeshasbeenshavn to bedependenbnthe
temporaldevelopmentsof the ow. We have given exampleswhere
vortex coreextractionon time-frozen elds fails andhave shavn how
to solve this problem. This resultis not only relevantto vortex core
extractionalgorithmshbut to unsteadyo w featureextractionmethods
in general. Sincewe could demonstratehat vortex core extraction
algorithmshave to includethe temporaldevelopmentsof the ow, it
can be expectedthat similar resultscan be achieed for other ow
featuresaswell. Thereforewe expectto seesigni cant similar results
in thisdirectionin thefuture.

Basedon the insight that it is necessaryto include the time-
derivative informationinto thefeatureextractionprocesswe proposed
a naturalextensionof the featureextractionprocesgo unsteadyo w
data. By changingthe underlyinggeometryfrom a streamlineto a
pathlinebasedapproachwe cangeneralizeexisting featureextraction
algorithmsto unsteadyo w datain a way that doesnot changetheir
behaior on steadyo ws. We presenteénalgorithmthatfollows this
approachextendingparallelvectorsoperatorcriteria. Dueto the con-
sistentextensionof the approachthe algorithmschangein a natural
way and (given an implementationof the parallel vectorsoperator)
the extensioncanbe implementedquickly. The additionalcomputa-
tion costamountsto computing nite differencedo estimatethetime
derivatives,thereforethe differenceto theoriginal parallelvectorsim-
plementations small.

We couldcon rm onrealworld datathatthe extractedvorticescan
differ signi cantly in positionfrom the methodof SujudiandHaimes
andin the large majority of the caseshe extractedcorelinesarethe
sameor betterthanthosewe gotwith the standardnethods.

We concludethat for unsteadydatathe modi ed versionof the al-
gorithmof SujudiandHaimesis the default choice. The higherorder
methodgenerallyperformsvery similar to the methodof Sujudiand
Haimesbut it intensi es numericalissues.Also it requiresadditional
computation.Thereforeonly if afterinspectionof the datatheresults
of theunsteadyversionof SujudiandHaimesdoesnot performasex-
pectedwe suggesto switchto themodi ed higherordermethod.
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APPENDIX

A ALGORITHM DETAILS
Thevortex coreline extractionprocessonsistf threestages:

1. estimatevelocitiesatverticesandfacegSubsectiorA.1)

2. reconstrucgradientsatverticesandfacesusingestimatedreloc-
ities (SubsectiorA.2)

3. for eachcell subdvide into tetrahedrandusereconstructedra-
dientsto nd vortex corepositions(SubsectiorA.3).

Dependingonthetypeof simulationdatastoragecanbeeitherver
tex or cell centeredseeFigurel2). In thethird vortex coreline extrac-
tion stepwe needgradientsat the nodesof the grid, andthe gradient
reconstructiorstepvariesslightly for thetwo storagetypes.

A.1 Velocity Estimation

To reconstructelocitieswe useastandardnversegeometrioveighted
interpolationscheme.

For estimatingfacevelocitiesfrom cell centerswe de ne thedis-
tancebetweerthe centerof a cell andoneof its facesasthe distance
betweerthe cell centerandthe centerof gravity of theface. The ve-
locity atfaceu; is computedas

us:= auc+ (1 a)uy

whereC and N are the two cells adjacentto the face f. Herethe

weightinggeometridactora canbecomputechsa := %,

whered( ; ) denoteghe Euclideandistance(seeFigure13 (a)). The
velocity at a facecanbe computedrom vertex centersby takingthe
averageof the surroundingyertices.

control volume
@ storage location

O interpolation
location

@

(b)

Fig. 12. Control volume variants used for numerical solution for CFD. (a)
Cell-centered volume representation. (b) Vertex-centered volume repre-
sentation. The segments surround the median dual control volume, i.e.,
the positions inside the cells are computed using the center of gravity
for each cell.
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Fig. 13. Velocity estimation (a) estimating face velocities from cell cen-
tered data can be done by inverse distance weighting of the adjacent
cell velocities. (b) estimating vertex velocities from cell centered data
can be done by inverse distance weighting of the surrounding cell ve-
locities

Thevelocity ata nodev canbe computedrom the surroundingcell
centersby usingthe cell valuesof the surroundingcells. Again the
weightis takenastheinverseof the distanceof the nodefrom the cell
center Let Nc be the numberof cells surroundingv, C; the center
of thei-th neighboringcell, andug, its velocity vector Thenwe can
computethevelocity uy atv as

1
a

wo= g i= 0\ea Ug aj
0

=
wherethe weight of the i-th cell is a; := d(v,C;) 1 (seeFigure13
(b)). The velocity at a cell centerfrom the surroundingverticesfor
vertex centeredgrids canbe computedby taking the inversedistance
weightedaverageof verticesof thecell.

A.2 Gradient Reconstruction
A.2.1 Green-Gauss Linear Reconstruction

Let Wbe a volume (a cell of the meshfor cell centerdrepresentation
or themediancontrolvolumefor vertex centeredepresentationsp=
TWtheboundingsurfaceof W, j somescalarfunctionde ned on W,
andNj thederiative of j . Thenthe Green-Gaustheorernstateshat
the surfaceintegral of the scalarfunctionj timesthe normalvector
of thesurfaceover the surfaceSis equalto the volumeintegral of the
gradientNj overthevolumeW

z z

Nj dw=  j ndS
W S

To computethe derivative at the centerof the control volume we
assumehatNj is constantover the control volume andthe volume
integral over Nj reducego thevolumeof WtimesNu:

z z

W Nj dw= jds
W S
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Fig. 14. Gradient estimation at a vertex (red) using the Green-Gauss
theorem requires to estimate cell center velocities and mid-point veloc-
ities. (a) The surrounding surface uses cell centers (green) and mid-
points (gray). (b) In this detail illustration of the lighter gray section from
(a) we see the full con gur ation for a single surrounding tetrahedron.

Finally, we can approximatethe integral over the boundingsurface
usingfacevalues.Thatis

1

Nj = — 3 j areafacg) n
j J\Mfa/ A ) N

aces

wherearedtriangle) is the surfaceareaof atriangle.

To computethederivative atavertex we canusethe controlvolume
depictedn Figure1l4 andget

(W) 3
a a areds;) Uy
t=0i=1

jVejNu

HereN:(v) is the numberof tetrahedraat vertex v. Herewe areusing
an interpolatedvelocity vector at the mid-pointsut“?i : %(u\, + Utj)
and the velocity at the cell centerto constructthe surface velocity
W= 3(Ul+ Ul )+ ue) (with U, = ull}). SeeFigure 14 for an
illustration.

A.2.2 Least-Squares Linear Reconstruction

Herethe gradientis estimateddy tting ahyperplaneo thecell such
thatthe differencebetweerthe extrapolatedvaluefor the surrounding
cellsandthe presentvaluesof the surroundingcellsareminimized.

For eachedgeof the resultingmeshincidentto the vertex vg, an
edgeprojectedgradientconstraintequationis constructedusing in-
versedistanceweightsa; for eachedge:

a(Nu) (% o) = ak(jk Jo):

The gradientconstructionis obtainedby solving a least-squaresp-
timization problemto minimize the sum of the distancesbetween
the estimatedvaluesand the vertex values. This approachimplic-
itly smootheshedataandcanimprove theresultswhenworking with
noisydata.

Which weighting schemeworks bestis still an open question.
Mavriplis [14] stresseghat the minimization problemwill be much
better conditionedwhen using inverse distanceweighting. On the
otherhandwhenthe meshis irregularly sampledandon onesideof a
cell we have a large numberof small trianglesand on the otherside
just a few larger trianglesthis canleadto a grossmisrepresentation
of smalltriangles. Thereforewe useunweighteddirect neighborsfor
estimatinghe gradientata cell by defaultandonly changethis proce-
durewhennecessary
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A.3 Pseudocode

INPUT: unstructured grid
OUTPUT: array of line segments
lines core = new lines();

/lpre processing
cells ¢ grid > getVertexCells ();

/1 check each cell

foreach cell 2 ¢ f
/1 quick: check for two face intersections
vector<tri> tris = cell.getTriFaces();
result = checkFaces(tris);

for vortex core

if(result.size() == 2)
core >add(result);

// fallback: check all tets

else f

/1 get tetrahedralization
tets t cell .getTets();
foreach tet 2 t

core >add( checkFaces(tet) );

g

9
return core;

Fig. 15. General algorithm outline. The method 'getTriFaces()' returns
a vector of triangulated faces for a cell. The method 'checkFaces()'
applies the parallel vectors operator to each face in a list and returns a
list of points where v and w are parallel. The method 'getTets()' returns
a tetrahedralization of a cell using face centers and the cell center as
additional points.

INPUT: triangle (t1,t2,t3), flow (vl,v2,v3),
OUTPUT: parallel position, null

accel (wl,w2,w3)

// compute increments

mat incrV (v2 v1, v3 vl, vl1);
mat incrw (w2 wl, w3 wl, wl);
/1 find parallel position

if (det(incrv) != 0) f

mat inv = incrV.inverse();

mat sol = inv incrw ;

vector eig = sol.realEigenV ();
vector pos;

foreach e 2 eig f
float s = e>x/e >z;
float t = e>yl/e >z;
if (s>=0&& t>=0&& s+t<=1)
pos.add(tl+s t2+t t3);

g
return pos;

Fig. 16. Pseudo code of the parallel vectors operator on a triangle. If the
determinant of incrV is zero, also incrW has to be checked. The method
'inverse()' returns the inverse matrix. The method 'realEigenV()' returns
a list of eigenvectors of a matrix having real eigenvalues.



