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Abstract. Lagrangian coherert structures play an important role in
the analysis of unsteady vector elds becausethey represert the time-
dependernt analog to vector eld topology. Nowadays, they are often
obtained as ridges in the nite-time Lyapunov exponent of the vector
eld. However, one drawback of this quantity is its very high computa-
tional cost becausea trajectory needsto be computed for every sample
in the space-time domain. One of the foci of this paper are Lagrangian
coherert structures that are related to prede ned regions such asbound-
aries, i.e. related to ow attachment and o w separation phenomena. It
preserts an e cien t method for computing the nite-time Lyapunov ex-
ponent and its height ridges only in theseregions, and in particular, grid
advection for the e cien t computation of time seriesof the nite-time
Lyapunov exponert, exploiting temporal coherence.

1 Intro duction

One of the major challengesin scierti ¢ visualization is the visualization of time-
dependen velocity elds represenied by hundreds of time steps,ead given asa
large numerical dataset. Velocity elds are amongthe most important results of
computational uid dynamics (CFD) simulations, and therefore visualization of
such data has been extensiwely studied. It is quite commonly agreedthat, due
to the complexity of the data, a single visualization technique is in general not
able to reveal all the relevant structures in the ow. Structures can not only
appear at many di erent spatial and temporal scales,but their recognition may
also depend on the correct frame of obsenation.

The higher resolution of today's simulation results leadsto more and more
intricate o w details which are to be captured by appropriate visualization tech-
niques. Methods for such structural visualization can be divided into feature-
basedand topological approaces. The latter have, until recertly, largely been
seenassynonymousto vector eld topology [8,1]. Becauseof its rigorous founda-
tion on the theory of dynamical systems,vector eld topology is very popular in
the visualization community. One of its most powerful conceptsis the segratrix
which separatestwo regions of qualitativ ely di erent o w behavior. Vector eld
topology can also be applied to the wall shearstress eld on no-slip boundaries
where the velocity vanishes.By combining it with the topology of the velocity



eld in the interior, Suranaet al. were able to give exact de nitions of separa-
tion and attachment surfaces,and they shaved that for Navier-Stokes o ws, the
separation slope and angle formulas depend on on-wall quantities only [19,20].

In a strict senseyector eld topology is only applicable to steady or instan-
taneous velocity elds. But the lack of alternatives, the simple concepts, and
the availability in visualization systemsled to the frequert use of vector eld
topology also for the visualization of unsteady elds. Even if most researters
were probably aware that suc a visualization basedonly on snapshotscannot be
correct, this was mostly seenas a theoretical blemish only. Shaddenet al. [17]
demonstrated with their simple two-dimensional \double gyre" example that
the separatrix can be clearly dislocated from the actual ow separation. As a
reaction, there is currently a growing interest in the seart for time-dependert
variants or extensionsof vector eld topology. Theisel et al. [21] and Shi et
al. [18] preserted sudch conceptsfor aperiodic and periodic velocity elds, respec-
tively. As a more radical approad, visualization researders started to look into
the theory of Lagrangian coherent structures (LCS) as a replacemen for vector
eld topology. In the original sense,an LCS was de ned as a region of coheren
ow behavior. In Hussain'sde nition [9] ow behavior is expressedby vorticit y
alone, while Robinson [14] de ned coherert motion as\a region over which at
least one fundamertal o w variable exhibits signi cant correlation with itself or
with another variable over a rangeof spaceand/or time that is signi cantly larger
than the smallestlocal scales".In a more modern sense L CS are understood as
the boundaries of suc regions. As Haller showed [7], they can be computed as
ridges of the (maximal) nite-time Lyapunov exmpnent (FTLE). Theseridges
are lower-dimensional structures, which can be classi ed into attracting and re-
pelling LCS, correspond to the unstable and stable manifolds (separatrices)in
vector eld topology.

Since the Lyapunov exponert is constart along a trajectory, this holds ap-
proximately for its nite-time version if the integration time is chosento be
su cien tly long. Therefore, LCS computed numerically from this quartity are
closeto material surfaces,i.e. they are essetially advectedwith the o w. Ideal
LCS are material surfaceg[7]. For that reason,thesestructures are of interest for
the study of transport and mixing processesn uid dynamics. In visualization,
LCS have beenusedonly recertly. Garth et al. [6,5] visualized the underlying
FTLE (scalar) eld with slicing and direct volume rendering techniques, using
appropriate transfer functions to make LCS recognizableas the ridges of the
eld. Sadlo et al. [16] compared visualizations based on vector eld topology
and on LCS, and introduced visualization of the latter by explicit extraction
of height ridges of the FTLE eld [15]. Burger et al. [3] computed LCS for the
purposeof controlling the seedingin particle basedvisualizations.

In this paper, we presert an e cien t method for computing the nite-time
Lyapunov exponert and its height ridges astime series.The method maintains
a sampling grid that grows and shrinks with the ridges that it contains and
that is advected with the o w betweenthe steps of the time series.The grid is
initialized by the userin a region of interest which can be located anywhere in



the domain. By initializing the grid near a solid boundary, ow separation and
attachmernt surfacesare obtained. An advantage of this visualization method is
that it doesnot rely mainly on the data next to the boundary, and in particular
doesnot needthe computation of derivativesin cells adjacert to the boundary.

2 Background

In this sectionwe give a short introduction to the two conceptswhich are certral
for this paper, the nite-time Lyapunov exponert and the height ridge, and we
briey discusspractical aspects of their computation from discrete data.

2.1 Finite-Time Lyapunov Exp onents

Given a time dependert velocity eld v(x;t) onadomainD R", atrajectory
(or path line) x(t;to; Xg) starting at point xg at time tq is a solution of the initial
value problem

X(t;to;X0) = V(X(t;to;X0);t);  X(tosto;Xo) = Xo: (1)
For xed times ty andt, the trajectories give rise to the ow map
t, D! D; Xo7!X(t;to;Xo): (2)

The gradient r {O of the o w map describesthe deviation of in nitesimally close
trajectories started at the sametime tg, and the tensor

b= 1 Lxo) 1 {(xo) (3)
expresseghe deformation of the neighborhood of xo under the ow map. This
symmetric tensor has real eigervalues ; basedon which the i-th Lyapunov
exmpnent is de ned asfollows:

H 1 q tot+Ty.
1= lim o=in (g ) “4)
The spectrum of Lyapunov exponerts is a property of an ertire trajectory,
i.e. it doesnot depend on the choice of tg on that trajectory. By replacing the
limit with a xed integration time T, the nite-time Lyapunov exponert (FTLE)
is obtained. Usually, only the maximum FTLE is of interest, which is given by:

§3+T = ?In max ( ¥8+T): )

Unlike the Lyapunov exponert, the FTLE dependson both the starting time tq
and the integration time T.

For the numerical computation of either Lyapunov exponerts or FTLE, one
hasto estimate the ow map gradient by using tra jectories started very closeto
the referencetra jectory. However, trajectories may separateat an exponertial



rate from the referencetrajectory. In fact, detecting this behavior is the main
motivation behind theseconcepts.Therefore, tra jectories must undergofrequert
renormalization [2], which is equivalert to breaking up the integration in pieces
and computing the ow map gradient asthe product of the piece-wiseobtained
gradierts.

The FTLE, and even more the Lyapunov exponerts, can exhibit nely de-
tailed structures with a spatial variation that can far exceedthat of v(x;t).
Therefore, it is often not the goal to do an accurate computation of an FTLE
at a given point in the domain, but rather to compute a spatial averageat a
resolution de ned by a discretization grid. This leadsto a discrete version of the
FTLE [7] wherethe ow map is sampled on the nodes of a grid and gradients
are then estimated by nite di erences (rather than using trajectories in close
vicinity and applying renormalization).

2.2 Height Ridges

The notion of a local maximum of a scalar eld s: R" ! R is unambiguously
de ned by a vanishing gradiernt and negative secondderivativesin all possible
directions. In cortrast to this, there are seweral ways of relaxing this de nition
in order to obtain k-dimensional maxima or minima. The height ridge [4] is the
most straightforward and the most widely used such de nition. For a point on
a k-dimensionalridge it requiresvanishing rst derivativesand negative second
derivatives only in a n  k-dimensional subspace.Formally, if H denotesthe
Hessianofs,H = @s @ @ i ;andys;; y, arethe unit eigervectorsof H
ordered by the assaiated eigenvalues ;1 6 6 ., then the two conditions
for a point on a k-dimensional height ridge are @/ @1 = @/ @, k= 0and

n k < 0. Valleys of s are obtained by applying the height ridge de nition to
the negative eld s.

While the height ridge de nition is elegan, practice has showvn that the
generatedfeaturesneedto be ltered. The purposeof ltering is to remove false
positivesaswell as\w eak" features. For the caseof 1-dimensionalridges, seweral
sudh lters are known which can be usedalone or in combination [13].

One natural criterion for the ltering of raw ridge featuresis to prescribe a
minimum height of the ridge:

S  Smin : (6)

In the caseof FTLE ridges, the e ect of this lter is to suppressridges with
low separation property. The readeris referred to [16] for further details on the
in uence of this ltering criterion.

A related ltering criterion would be to prescribe a maximum for the second
derivative | acrossthe ridge, which results in suppressingregions with too
\at" ridge property:

n max - (7)

In the caseof FTLE ridges this lter is relevant, sincethe \sharpness" of an
FTLE ridge wasshowvn [17]to be a measurefor the ux acrossan LCS, i.e. the
quality of an LCS asa o w barrier.



For a reliable and temporally coherent visualization, it is important that
criteria such as (6) or (7) are not implemerted as binary \pass/fail" lters. By
allowing for a certain ratio of exceptionsper neighborhood, holes and popping
artifacts can be avoided to a large extent. But there is alsothe problem of noisy
ridge extraction results containing many small ridges. Theseare not necessarily
removed by (6) or (7) becausethe ridge might be sharp and at a high eld
value. Furthermore, the application of lters cangenerateadditional small ridges.
Thereforeit is important to Iter the ridges also by their size,which requiresa
connectedcomponert labeling of the set of ridges.

3 Motiv ation

This paper builds on the work by Sadlo et al. [15]. The goal is to further op-
timize the computation of FTLE ridges to make the method more applicable
in every-day applications in resear® and engineering.The increasein e ciency
is achieved by restricting the computation to regionsthat contain the LCS of
interest, and, in particular, by exploiting the temporal coherenceof unsteady
vector elds for the computation of time seriesof FTLE by advection of the
sampling grid.

One of the application goalsof this paper is to o er a method for the analy-
sis of unsteady ow separation and attachmert. Separation phenomenaare the
causeof many undesirede ects in engineering,suc asdevelopmernt of recircula-
tion zones,reducedthroughput, reducedlift, vortex generation, lowered mixing,
and reduced ow cortrol in general. Flow separation exhibits diverging trajec-
tories in badkward time and ow attachment exhibits diverging trajectories in
forward time (seeFigure la). This fact is the reasonwhy separation and at-
tachmert lines (or points) are usually accompaniedby corresponding LCS and
why these processesare amenableto an analysis by FTLE ridges. Shaddenet
al. [17] have already demonstrated the utilit y of those ridges for the analysis of
unsteady o w separationin their example of ow separation over an airfoil. We
also believe that an analysis basedon LCS provides a deeper and more precise
insight into these unsteady phenomenacomparedto standard techniques such
as stream surfaceintegration or particle tracing.

4 Metho d

The proposedmethod can be subdivided into two parts: onethat constrainsthe
sampling grid to Itered ridges of interest at a given time step (or the only time
step in caseof steady vector elds), described in Sections4.1 and 4.2, and one
that exploits temporal coherenceto speedup the computation of time seriesof
quarntities computed from trajectories, such asthe FTLE, in the caseof unsteady
vector elds (Section 4.3). The time seriesare obtained by variation of the tg
parameter of the FTLE (compare Section 2.1).
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Fig. 1. (a) Flow separation and o w attachment. The unstable manifold (blue) attracts
the uid along the boundary and guides it into the interior of the domain whereas
the stable manifold (red) guides the uid in opposite direction. (b) Intake dataset.
Comparison of ridge from advected grid (red) and uniform grid (blue) together with
ridge from advected grid color-coded by distance to ridge from uniform grid (colored).

Algorithm 1 describesthe methods preseried in Sections4.1 to 4.3 for the
caseof FTLE ridge extraction. However, it also holds for ridges of other quan-
tities basedon trajectories and could be easily modi ed for the scalar quartit y
itself instead of its ridges. If the quantity is not computed using local opera-
tors such as gradierts, larger distortions may be acceptable and hencelonger
advection times could be used, leading to a further increasein speedup.

4.1 Grid Initialization

In the Itered AMR ridge extraction method [15]the completedomain (or region
of interest) is sampledat low resolution and the sampling is adaptively re ned in
regionscortaining ltered ridges.Although this resultsin a speedupcomparedto
auniform sampling at the nest subdivision level, the method su ers from se\eral
drawbadks when applied to quartities that can not be evaluated in a point-wise
manner but that are computedusinglocal operators, suc asgradierts in the case
of FTLE ridges. The main problem hereis that the value is inherently sampling
dependent becausethe gradient can be underestimated if the sampling is too
coarse.Togetherwith arestrictiv e threshold for the ridge ltering this sometimes
results in missedridges, becausethey are not detected in the coarsesampling
and hencethe corresponding regions are not re ned which would capture the
ridges later on. The remedy is either to use a ner initial sampling, a lower
threshold for Itering, or to increasethe look-aheadcourt (Section 3.1 of [15]),



all leading to an increasednumber of samplesand hencelowered speedup. See
also Section 3.2 of [15] for further information on the implications for quartities
basedon local operators.

In the present approach one typically avoids sampling the whole domain
(or region of interest). Instead, we require initial sampling regionsthat already
capture part of the ridges (cf. Figures 2a and 3a) and adapt the sampling regions
to the presen ridges (Figures 2b and 3b). This allows to useinitial samplings
of su cien t resolution and avoids the need for lowered Itering thresholds. In
the caseof FTLE analysisof ow separation and attachment, possibleways for
choosing the initial regionsinclude:

{ De nition from special regions of the simulation mesh, e.g. the complete
boundary of the domain, or a subsetthereof such asthe bladesof a turbine.
These regions are often explicitly available from the native simulation le
formats.

{ Automatic de nition by quartities such as\surface divergence”or its local
maxima as preseried by Tricoche et al. [22].

{ Automatic de nition by features. A possibility is to extract separation and
attachmert lines according to Kenwright [11] or Tricoche et al. [22] and to
placeinitial sampling regionsaround (part of) those.

{ Manual identi cation and de nition by precedinginteractive exploration us-
ing standard techniques such as path line integration or (AMR) ridge ex-
traction [15] of the FTLE in regionsof interest. It might seemcumbersome
to extract FTLE ridgesin a rst step with a standard technique, but this
can be a orded if the goalis to compute time seriesof FTLE (Section 4.3).

We require the initial sampling regions and resampledregions (Section 4.3) to
be parts of a virtual uniform grid that coversthe complete domain. This makes
sure that separatedgrids are consisterlly sampled and hence can merge (even
after advection) when cells are added by the proceduredescribed in Section4.2.

4.2 Grid Adaptation

This section describeshow the initial sampling grid from Section4.1 is adapted
to the Itered ridges(cf. Figures 2b, 2d, 3b, and 3d). To prevert long extraction
times in caseswhere the ridges extend into regionsthat are of no interest to the
user, a region of interest can be de ned which restricts the adaptation, possibly
leading to truncated ridges.

Grid Growing The rst adaptation stepis to add new cellsto the boundary of
the sampling grid where necessaryWe de ne a ridge cell to be a cell that has
an edgeintersectedby a ltered ridge accordingto (6) or (7). Becausewe aim at
results that areidentical to thosefrom a uniform sampling, the support range of
the Hessian,which is neededfor the height ridge extraction, hasto be takeninto
accoun. If the underlying scalar quartit y is computed using a local operator (as
in the caseof FTLE), its support radius hasto be addedto that of the Hessian



Fig. 2. Grid advection for o w separation. (a) Initial sampling grid. Ridge cells (dark
gray) and their neighboring cells (light gray). Cell edge intersected by negative-time
FTLE ridge (blue point). Neighborhood range is 1 for illustration purposes.(b) After
grid adaptation. (c) After one step of grid advection. (d) After grid adaptation of
advected grid.

as well. Having the total support range, one needsto add all cells to the grid
that are within that topological neighborhood of any ridge cell.

In casesf steadyvector elds, wherethe grid advection from Section4.3 does
not apply, the sampling grid is uniform and adding cells is a trivial procedure.
However, if the grid is advected, adding cells is a challenging problem due to
the distortion of the grid. Nevertheless,the initial grid is uniform and the grid
gets uniformly resampled from time to time. If we needto add a cell to the
distorted grid, we simply go bad to the last time step where the grid was
uniform, add the nodes of the corresponding cell there and advect the added
nodesto the actual time step. This makesthe cell t to the desired position.
Additionally , the computed trajectories for the advection of the nodes can be
reusedfor computing the quartity (FTLE), resulting in little overhead.

Howevwer, if a node of the cell in the uniform grid is located outside of the
domain, there is no vector eld that could be usedto advect it to the desired
timestep and position. In this casethe cell can be constructed by extrapolation
of the grid or any standard meshing technique. The grid growing procedureis
iterated until convergence,meaningthat ead1 added cell and its neighbors are
tested for being a ridge cell and if this is the case,it is attempted to add the
cells inside the neighborhood range. This way, the sampling grid grows to the
necessaryextert.
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Fig. 3. Grid advection for o w attachment. (a) Initial sampling grid. Ridge cells (dark
gray) and their neighboring cells (light gray). Cell edge intersected by positive-time
FTLE ridge (red point). Neighborhood range is 1 for illustration purposes.(b) After
grid adaptation. (c) After one step of grid advection. (d) After grid adaptation of
advected grid.

Grid Shrinking The next stepis to remove unnecessarycellsfrom the grid. These
are cellsthat are neither ridge cellsnor in the relevant neighborhood of any ridge
cell, or cellswhere one or more nodesare outside of the domain.

4.3 Grid Adv ection

Lagrangian coherent structures are material lines or material surfaces[7], in
other words, they get advected with the ow, suc asstreak lines (surfaces)and
time lines (surfaces). This would allow to exploit temporal coherencefor the
generation of time seriesof FTLE ridges by advection of the extracted ridges.
One could compute the ridgesonly after every n time stepsand advect them with
the ow in between.Howeer, this would not accourt for changesof the FTLE
during advection. New ridges can originate and existing onescan grow, shrink,
or disappear, especially if the ridges are ltered by the FTLE value asin our
case.Therefore we proposea di erent approac: the advection of the sampling
grid itself during the advection intervals. This results in a generic method for
quarntities basedon tra jectories, not only FTLE.

During advection, a short trajectory hasto be computed for each node of
the sampling grid to advanceit to the next position. The striking advantage is
that theseshort trajectories can be appendedto the existing tra jectories needed
for the computation of the FTLE, making it possibleto reuselarge parts of the
tra jectories and henceimproving e ciency , seeFigures 2c and 3c.

As already mertioned, advection of the sampling grid tendsto distort its cells
and this in turn tendsto a ect the computation of derivatives,which are needed
for FTLE computation and ridge extraction. Additionally , the FTLE tendsto be
sampling dependent. All in all this generally leadsto artifacts in the extracted
FTLE ridges such as deformation, false negatives, and even false positives.

To restrict the artifacts to an acceptable level, the FTLE is periodically
resampledon a subsetof the virtual uniform grid spanning the whole domain:
only those cells of the grid are generated(and the corresponding tra jectories are



computed) which overlap with the advected grid or which are contained in the
regionof the initial sampling. An additional strategy is to placethe sampling grid
outside regions producing high distortion such as wakesand vortices. Although
this lookslikea compromise,it is often a natural choiceto analyzeLCS away from
disturbing phenomenasincethey would also distort them, even when uniformly
sampled, and hencecomplicate their interpretation.

Becausethe ow map is computed by integrating trajectories in numerical
vector elds and becauseof the intricacy of gradient computation on unstruc-
tured grids, aside from the dicult y to provide an error measurebetween the
ridges extracted from the distorted grid and those extracted from a correspond-
ing uniform grid, it is generally not possibleto provide error bounds regarding
the distortion of the grid. Garth et al. [5] measurethe error for their subdivision
schemein the ow map. Similarly, we proposeto measurethe error basedon the
FTLE, not its ridges, and to useit for triggering the resampling procedure.

The grid is uniformly resampled(recomputing the trajectoriesand the FTLE)
after every r advection steps with an initial value of r = 2. After the FTLE
has been computed on the resampled grid, the FTLE of the advected grid is
interpolated at the node positions of the new grid and the root mean square
(RMS) of the di erence over all nodesis computed. The RMS is then compared
to a user-de ned toleranceand a newr is estimated from the RMS and from the
tolerance by linearization of the RMS over the advection steps (line 44 of the
algorithm). The algorithm then proceedsto the next advection phase.Howewer,
the linearization of the error can fail in the sensethat r is chosentoo large such
that after the next r advection stepsthe RMS exceedshe prescribed tolerance.
One solution to this problem is to enforce the tolerance by reducing r (and
hencetaking bad advection steps)until the RMS toleranceis ful lled. Howewer,
experiments have shawn that it is usually su cien t not to enforcethe tolerance
and instead to prescribe a reduced tolerance, e.g. by 15 percent, to satisfy the
intended precision.

To support the userin an appropriate choice of the RMS tolerance and the
sampling region, we allow visualization of both sets of ridges, those before and
after resampling, or color-cading the former onesby their distanceto the latter
onesasin Figure 1b, serving asuncertainty information. Another approad is to
judge the popping artifacts visually when moving from a time step basedon an
advectedgrid to a subsequehtime step wherethe grid wasuniformly resampled.

Note that for the analysis of separation, time seriesof FTLE ridges have to
get generatedby advecting the grid in positive time direction (Figure 2), whereas
for attachmert the grid hasto get advectedin negative-time direction (Figure 3).
This is necessarysincethe ridges are captured at the regions of interest (at the
boundaries)and FTLE ridgesfor attachment approac the boundary in positive
time. Henceit is necessaryto start with the last time step and to compute them
in negative time direction in order to capture all of them at the boundary, even
thosethat separatefrom the boundary. So nally , all ridges (LCS) that comein
contact with the boundary (or region of interest) at any time will get captured.



5 Results

In this sectionthe preseried method is applied to two unsteady CFD simulations.
The rst oneexaminesthe ow around a cuboid, exhibiting o w similar to a von
Karman vortex street, but in this casethe vortices becometilted soon after they
detach from the cube. This leadsto ow separation behavior that di ers from
the standard von Karman vortex street. Secondly the method is applied to a
simulation of an intake of a river power plant. The scope there is a construct
that prevents salmon from getting into the runner of the turbine.

5.1 Flow around a Cub oid

This exampleproducesa kind of a von Karman vortex street. The unsteady ow
comesfrom the right bad and follows to the left front (Figure 4a). The main
di erence to a commonvon Karman vortex street is that there is also ow over
the \top" face of the cuboid.

@) (b) (©

Fig. 4. Flow around a cuboid. (a) Geometry. (b) Sampling grid adapted to ridge region
and advected. (c) Resulting FTLE ridge with someupstream tra jectories (colored) from
uniform grid, and their seeds(white spheres).

The ow separation at the cuboid is the subject of analysis in this case.
The resulting FTLE ridge (Figure 4c) shows that ow separationis in progress
on both sidesand on the top of the cuboid. It can be seenthat the FTLE
ridge separatesthe vortex street region from the outer ow. However, further
downstream the FTLE ridge doesnot exhibit this property anymore: it crosses
the vortices. Time seriesof FTLE ridges reveal that the separation zonesare
oscillating consisterily with the von Karman vortex street.

Table 1 shows some performance details for this example. The achieved
speedupin this caseis only about 2:3. This is dueto the relatively short tra jecto-
ries. The prescribed RMS tolerancewas 15.0 and at step 33 this was exceedecby
0:88 percert. There have been12 advection phases,eat performed 5 advection
stepsin average.Becauseof the shape of the FTLE ridge and becausethe initial



uniform grid uniform direct on grid advection

adv ection adapted grid
grid [nodes] 16399 14220 grid [nodes] 8800 5007 3913
(at step 33) (at step 39)
ow map [s] |13704.87 2944.88 ow map [s] [15369.17  9062.73 355.62
total [s] 13707.92  5800.31 total [s] 15374.22  9489.96 1026.81
speedup factor 1 2.36 speedup factor 1 1.62 14.97
Figure 4b Figure 5a 5b

Table 1. Performance analysis Table 2. Performance analysis for the turbine
for the cuboid dataset. 60 stepsof intake dataset. 100 steps of grid advection com-
grid advection comparedto 61 di- pared to 101 direct evaluations (on uniform grid
rect evaluations on uniform grid. and adapted grid). Seealso Figures 5a and 5b.
Seealso Figure 4b.

sampling grid is already well adapted to the FTLE ridge, the expected speedup
from the grid adaptation is small and was therefore not measured.

5.2 Intake of a Power Plant

The underlying data of this sectionis an existing run-of-river plant in the US. All
devicesshown are installed in the intake of the plant in order to protect juvenile
salmon from passingthrough the runner. The water ow of the unsteady CFD
simulation comesfrom the right badk and follows to the left front whereit enters
the turbine (Figure 5).

@) (b) ()

Fig. 5. Intake of a water turbine. (a) Uniform grid with some of the upstream tra-
jectories (colored) used for FTLE computation, and their seeds(white spheres). (b)
Sampling grid adapted to ridge region and advected. (¢c) Resulting FTLE ridge.

The horizontal rods at the right hand side of the image lead the salmon
into the vertical channels at the top in the installation. However, these rods
produce a noticeable wake in the upper part of the main channel (seepath lines
in Figure 5a). Additionally , the badk o w from the salmon channel (the opening
at the top downstream from the rods) alsois involved in a recirculation zoneat



the top wall, located above the sampling grid of Figure 5a. On the one hand,
a FTLE ridge was extracted using a regular grid at the con uence of the three
main channels (Figure 5a), on the other it was extracted using the presened
grid advection method (Figures 5b and 5c¢). The obtained FTLE ridge separates
well the fast o w at the bottom of the channel from the slover ow in the upper
half of the channel.

Table 2 showvs some performance measuremets of the preseried case.The
speedup from the grid adaptation is quite low (1.62) becauseof the relatively
low resolution of the sampling grid and becausethe sampling region was already
quite well adapted to the ridge. The speedup from including grid advection is
signi cantly higher (about 15) and would further increasewith increasing the
integration time for the trajectories. The RMS tolerancewas setto 0:012 and at
step 39 this was exceededby 14.2 percert, which was the maximum during the
13 advection phases.Figure 1b shaws the corresponding distance error of the
ridge. In average,7:7 advection stepswere performed per advection phase.

6 Conclusion

We presenied a genericmethod for acceleratingthe computation (of time series)
of quartities basedon trajectories, such asFTLE. On the onehand the e ciency
is improved by restricting the sampling grid to the phenomenaof interest, on the
other hand and more important, the computation is acceleratedby reusing part
of the trajectories, which is made possible by advection of the sampling grid.
Future work could include local strategiesfor reducing the distortion of the grid
and thus lowering the frequency at which resamplingis needed.

We would like to thank Sulzer Innotec for the cuboid dataset and VATECH
Hydro for the intake dataset. This work was funded by Swiss Commission for
Tednology and Innovation grant 7338.2ESPP-ES.
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Algorithm 1 Grid Advection for FTLE Ridges

: steps. number of stepsfor the FTLE ridge time series
: range: topological neighborhood range around ridges
. tolerance: tolerance for RMS of FTLE

. place initial sampling grid

: compute all tra jectories and compute FTLE

R detect ridge cells from FTLE

: N cellsin range around R // N may contain existing cells and cells to add

1 I/ compute frames of FTLE time series
:r 2 /I number of advection steps

: lastResampleStep 0

: for step=1 to stepsdo

15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:
42:
43:
44:
45:
46:
47:
48:
49:
50:
51:

/I grid growing
while rst iteration at step or grid changed do
/I add cells in neighborhood range around R
for all cellsc2 N and not yet in sampling grid do
add c directly if grid regular, or by advection or meshing
end for

compute (or reuse) tra jectories and compute FTLE
R detect ridge cells from FTLE
N cellsin range around R

end while

/I grid shrinking
for all cells ¢ of sampling grid do
if ¢ outside domainorc2 (R [ N ) then
remove c
end if
end for

/I grid advection
if step < stepsthen
advect grid nodesto next time step
compute (or reuse) tra jectories and compute FTLE

/I resampling

if step lastResampleStep> r then
resample uniformly , recompute all tra jectories and compute new FTLE
RMS measure RMS betweenold FTLE and FTLE on resampled grid
r max(1, br tolerance = RMSc)
lastResampleStep step

end if

R detect ridge cells from FTLE
N cellsin range around R
end if
end for




