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D
iscretization
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epresentation of forces 
betw

een m
ass points w

ith 
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3.
C
om
putation of the dynam
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able 

m
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1.
D
iscretization

of an object into 
elem

ents (tetrahedra)
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iscretization
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om
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ros:
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N
o individual spring constants needed
(only 2 know

n m
aterial param

eters E
,ν)

ï
N
o inversion problem

s
(inverted tetrahedra

produce forces)
ï
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tress and strain tensors allow
ï

fracture and
ï
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ulations

C
ons:
ï

(P
re-)com

pute stiffness m
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S
tore stiffness m
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S
tore original and

actual positions of vertices
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Three-dim

ensional O
bject

Finite E
lem

ent M
esh

ï
903 tetrahedra

ï
393 vertices

ï
3 x 393 = 1179 dof.

∆x
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1y
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nx
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nz
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=
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f1z
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fny
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Three-dim

ensional O
bject

f

∆x

fel =
K
·∆x (S

tiffness M
atix K

∈
R
3nx3n)

fel =
F(∆x) (Function F

:R
3n→

R
3n)
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ation

f

∆x
fext =

fel =
K
·∆x

∆x
=
K
-1
·fext

fext =
fel =

F(∆x)
∆x
=
F
-1(fext )

S
olve linear system
(C
onjugate G

radients)

S
olve non-linear system
(N
ew
ton-R

aphson -generalized N
ew
ton-M

ethod)
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D
ynam
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eform

ation

M
x¥¥+

C
x¥+

K
∆x = fext

ï
C
oupled system

 of 3n linear O
D
E
s

ï
E
xplicit integration: N

o solver needed
ï
Im
plicit integration: Linear solver per tim

e step

M
x¥¥+

C
x¥+

F(∆x)= fext
ï
C
oupled system

 of 3n non-linear O
D
E
s

ï
E
xplicit integration: N

o solver needed
ï
Im
plicit integration: Linearize

at every tim
e step: K

 = dF/dx
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C
ontinuous E

lasticity 1-d

fn /A =
E

∆l/l

fn
A

∆l
l

strain ε
[1]

(D
ehnung)

E
lasticity (Y

oungës) M
odulus

[N
/m

2]
M
etal: ~10

11N
/m

2

S
oft m

aterial: ~10
6N
/m

2

stress σ
[N
/m

2]
(N
orm

al-S
pannung)
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C
ontinuous E

lasticity 3-d

D
eform

ation:x

y

z

ï
C
ontinuous 3-d vector field u: R

3
→
R
3

ï
D
efined w

ithin undeform
ed object

u(x)
u(x,y,z)
v(x,y,z)
w
(x,y,z)

x+u(x)
x
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Linear 3-d S

train

norm
al strain in x -direction:

x
x+dx

u(x)
u(x+dx)

dx

dx
u(x+dx)-u(x)

εx =
u(x+dx)ñu(x)
dx

=  ∂/∂x u = u
x

shear strain:

x
x+dx

v(x)
v(x+dx)

dx

v(x+dx)-v(x)
γxy =

v(x+dx)ñv(x)
dx

=  ∂/∂x v = v
x
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train

Linear strain tensor:
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S
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m
etric, 3x3 m

atrix →
 6 vector:
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N
on-Linear 3-d S

train

G
reen-S

aint-V
enant strain tensor:
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/
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w
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y
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x
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x
J

J
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J

ï
Transform

ation w
e use: x

→
 x
+ u(x):

ï
U
se Jacobian of transform

ation:

I
J

J
ε

−
=

T
G
reen

ï
Interpretation:

x
y

z
x

x + u(x)

J
x

J
y

J
z
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3-d S

tress

A
n f

A f
σ

⋅
=

=
dA d

d d

S
tress is force per (oriented) area:

A

z
yz

xz

yz
y

xy

xz
xy

x

A
dA d

n
n

σ
f

⋅   

   
=

⋅
=

σ
τ

τ
τ

σ
τ

τ
τ

σ

   

   

xz xy x

τ τ σ
   

   

yz y yx

τ σ τ

   

   

z zy zx

σ τ τ

n
A

fA
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C
onstitutive R

elation (isotropic)

The stress tensor is sym
m
etric, 3x3 m

atrix →
 6 vector:

O
nly tw

o scalar param
eters:

E
: Y
oungís m

odulus, ν: P
oisson ratio

        

        ⋅        

        

−
−

−

=        

        

zx yz xy z y x

zx yz xy z y x

G
G

G
c

c
c

c
c

c
c

c
c

γ γ γ ε ε ε

ν
ν

ν
ν

ν
ν

ν
ν

ν

τ τ τ σ σ σ

0

)
1(

0
)

1(
)

1(

)
1(
2

,)
2

1)(
1(

ν
ν

ν
+

=
−

+
=

E
G

E
c

E
ε

σ
=

H
ookeës law

:
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P
utting it all together

G
iven u(x) w

e can com
pute

ï
strain ε(x) and

ï
stress σ(x) = E

 ε(x) 
at every point x

w
ithin the object.

→
Find u(x) such that corresponding stresses σ(x) 
are in balance w

ith external forces f(x) 
everyw

here w
ithin object:

0 0 0

,
,

,

,
,

,

,
,

,

=
+

+
+

=
+

+
+

=
+

+
+

z
z

z
y

zy
x

zx

y
z

yz
y

y
x

yx

x
z

xz
y

xy
x

x

f
σ

τ
τ

f
τ

σ
τ

f
τ

τ
σ

ï
S
trong form

ulation
ï
C
oupled system

 of partial 
differential equations!
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Energy Form

ulation

ï
E
nergy U

 is a scalar
ï
U
 at point x

is given by Ñdisplacem
ent ×

forceì:

E
ε

ε
σ

ε
T

T
elastic

2 1
2 1

=
=

U

ï
The total E

nergy of the deform
ed body:

∫
 

 
⋅

−
=

body

T
body

f
u

2 1
dV

U
E
ε

ε

ï
G
iven f, E

w
e can com

pute U
body for any u(x)

ï
Find u(x) such that U

body is a m
inim

um
 (δU

= 0)
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Finite Elem

ent Form
ulation

ï
S
o far w

e looked for a continuous field u(x)

u

x

ï
N
ow

 w
e look for u

1 , u
2 , .. u

n at fixed locations:  x
1 , x

2 , .. x
n

ï
and interpolate u(x)w

ith fixed basis functions:
u(x) ≈Σ

i u
i φ
i (x)

u

x
x
i

u
i

φ
i (x)

u(x)

23
M
 M
¸llerñ

E
lasto-P

lastic FE
M

E
TH

 Zurich
Linear D

isplacem
ent Tetrahedron

ï
12 unknow

ns (a
1 ,..a

12 ), 12 equations
ï
u
i , v

i , w
i are variables, x

i , y
i , z

i are given num
bers
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u
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(
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(
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D
isplacem

ents

The displacem
ent function u(x) can be expressed as

ï
a m

atrix of basis functions H
(x) tim

es
ï
a vector of displacem

ents:

                 

                 ⋅   

   
=   

   

4 4 4 3 3 3 2 2 2 1 1 1

4
3

2
1

4
3

2
1

4
3

2
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0
0
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0
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N
N

N
N

N
N

N
N

N
N

N
N

z
y

x
w

z
y

x
v

z
y

x
u

u
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H
x

u
à

)
(

)
(

⋅
=
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S
train

Linear displacem
ents yield constant strain:

u
B

u
x

H
ε

à
à

)
(

/
0

/
/

/
0

0
/

/
/

0
0

0
/

0
0

0
/

⋅
=

⋅

        

        

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

=        

        

=

x
z

y
z x

y
z

y
x

zx yz xy z y x

γ γ γ ε ε ε

ï
M
atrix B

 ∈
R
6x12is constant (independent of x,y,z)

ï
B
 depends on the original geom

etry of the tetrahedron only
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S
tress and E

nergy

S
tress as a function of the displacem

ents:

u
E
B

E
ε

σ
à⋅

=
=

E
nergy as a function of the displacem

ents:

∫
 

 
=
elem

ent

T
elem

ent
2 1

dV
U

E
ε

ε

∫
=
elem

ent

T
T

à
à

2 1
dV
u

EB
B

u

[
]u

EB
B

u
u

EB
B

u
à

à
2 1

à
à

2 1
T

elem
ent

T

elem
ent

T
T

V
dV

=
 

 
=

∫u
K

u
à

à
2 1

T
=
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Stiffness M

atrix

Forces are the derivatives of the energy
w
ith respect to the degrees of freedom

:

u
K

u
à

à
2 1

T
body

=
U

f
u

K
u

=
=

∂
∂

à
à body

U

The m
atrix K

 ∈
R
12x12is the stiffness m

atrix of the elem
ent!

EB
B

EB
B

K
T

elem
ent

elem
ent

T
V

dV
=

=
∫
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A
ssem

bly of elem
ents

S
ingle elem

ent:

f1xf1yf1zÖf4xf4yf4z

∆x
1x

∆x
1y

∆x
1z

Ö∆x
4x

∆x
4y

∆x
4z

=
3x3
3x3 K

e

=

f1..fn

∆x
1

..∆x
n

E
ntire body:
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Im
plem

entation

ï
K
 is sparse

ï
3x3 block at (3i,3j) describes how

 ∆x
j influences fi

ï
every vertex stores adjacency list of 
(3x3-m

atrix, vertex-reference) pairs

=

f1..fn

∆x
1

..∆x
n

K
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O
utline

FEM
 vs. M

ass-Spring
StiffnessThe S

tiffness M
atrix

S
tatic/D

ynam
ic D

eform
ation

C
ontinuum

 M
echanics and FEM

S
train and S

tress Tensors
C
ontinuous P

D
E
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FE
M
 D
iscretization

PlasticityP
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U
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P
lastic S

train

→
N
o internal forces are present w

hen ε˚
= εplastic

M
ight be for ˚

≠
0!

A
n elem

ent is under strain  ε˚
due to displacem

ents ˚:

ε˚
= [εx , εy , εz , γxy , γyz , γzx ] T

= B
⋅˚

A
 plastic elem

ent Ñstoresì strain in a state variable:

εplastic

The elastic strain (that causes internal forces) is now
:

εelastic = ε˚
-εplastic
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P
lastic U

pdate R
ules

Initialization
:

U
pdate rule (every tim

e step):

ï
C
om
pute ε˚

= B⋅˚
from

 actual displacem
ents

ï
C
om
pute ε

elastic = ε˚
-ε

plastic

ï
if ||ε

elastic || > yield
then ε

plastic = ε
plastic + creep ⋅ε

elastic

ï
if ||ε

plastic || > m
ax
then ε

plastic = ε
plastic ⋅m

ax
/ ||ε

plastic ||

ε
plastic = 0

ε (6 dim
ensional)

0
ε
plastic

ε
elastic

ε˚
before

after
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33
M
 M
¸llerñ

E
lasto-P

lastic FE
M

E
TH

 Zurich
Im
plem

entation

ε = B
⋅˚

S
ince

the displacem
ents that correpsond

to the plastic strain are:

˚
plastic = B

-1⋅εplastic

and the correpsonding
forces are:

fplastic
= K

B
-1⋅εplastic = [vB

TE
B
] B

-1⋅εplastic = vB
TE

⋅εplastic

→
add plastic forces to external forces

34
M
 M
¸llerñ

E
lasto-P

lastic FE
M

E
TH

 Zurich
O
utline

FEM
 vs. M

ass-Spring
StiffnessThe S

tiffness M
atrix

S
tatic/D

ynam
ic D

eform
ation

C
ontinuum

 M
echanics and FEM

S
train and S

tress Tensors
C
ontinuous P

D
E
ís

FE
M
 D
iscretization

PlasticityP
lastic S

train
U
pdate R

ules
FractureP

rincipal S
tresses

C
rack C

om
putation

35
M
 M
¸llerñ

E
lasto-P

lastic FE
M

E
TH

 Zurich
Fracture criterion

ï
B
reak if internal elastic force exeeds threshold

ï
stress is a tensor

ï
the force w

.r.t. norm
al n

A
is:

A

z
yz

xz

yz
y

xy

xz
xy

x

A
dA d

n
n

σ
f

⋅   

   

=
⋅

=
σ

τ
τ

τ
σ

τ
τ

τ
σ

ï
Find n

m
ax such that df/dA

 is m
axim

al!
ï
n
m
ax is direction of m

axim
al tensile stress

36
M
 M
¸llerñ

E
lasto-P

lastic FE
M

E
TH

 Zurich
Principal S

tresses

ï
The stress tensor σ

is sym
m
etric

ï
→
 there is a rotation m

atrix R
 such that

R
R

   

   

=   

   

pz

py

px

z
yz

xz

yz
y

xy

xz
xy

x

σ
σ

σ

σ
τ

τ
τ

σ
τ

τ
τ

σ

0
0

0
0

0
0

T

ï
the diagonal entries are the eigenvalues

of σ
ï
the colum

ns of R
 are the corresponing

eigenvectors
ï
there is alw

ays a rotated coordinate system
 

w
here σ

is diagonal!
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37
M
 M
¸llerñ

E
lasto-P

lastic FE
M

E
TH

 Zurich
Principal S

tresses

ï
the σ

pare the principal (extrem
al) stresses

ï
→
 find m

axim
al eigenvalue

of σ
ï
corresponding eigenvector is the direction of 
m
axim

al stress

x

y

z

σ
px

σ
py

σ
pz

38
M
 M
¸llerñ

E
lasto-P

lastic FE
M

E
TH

 Zurich
C
rack com

putation

ï
for all elem

ents: com
pute m

axim
al tensile stress σ

pm
ax

39
M
 M
¸llerñ

E
lasto-P

lastic FE
M

E
TH

 Zurich
C
rack com

putation

ï
for all elem

ents: com
pute m

axim
al tensile stress σ

pm
ax

ï
if σ

pm
ax exceeds yield stress

σ
pm
ax

40
M
 M
¸llerñ

E
lasto-P

lastic FE
M

E
TH

 Zurich
C
rack com

putation

ï
for all elem

ents: com
pute m

axim
al tensile stress σ

pm
ax

ï
if σ

pm
ax exceeds yield stress

ï
select a vertex v (crack tip / random

)

σ
pm
ax

v
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41
M
 M
¸llerñ

E
lasto-P

lastic FE
M

E
TH

 Zurich
C
rack com

putation

ï
for all elem

ents: com
pute m

axim
al tensile stress σ

pm
ax

ï
if σ

pm
ax exceeds yield stress

ï
select a vertex v (crack tip / random

)
ï
set plane  α

norm
al σ

pm
ax to through v

σ
pm
ax

α

v

42
M
 M
¸llerñ

E
lasto-P

lastic FE
M

E
TH

 Zurich
C
rack com

putation

ï
for all elem

ents: com
pute m

axim
al tensile stress σ

pm
ax

ï
if σ

pm
ax exceeds yield stress

ï
select a vertex v (crack tip / random

)
ï
set plane  α

norm
al σ

pm
ax to through v

ï
m
ark tetras w

.r.t. α
σ
pm
ax

+

++

-

- α

v

43
M
 M
¸llerñ

E
lasto-P

lastic FE
M

E
TH

 Zurich
C
rack com

putation

ï
for all elem

ents: com
pute m

axim
al tensile stress σ

pm
ax

ï
if σ

pm
ax exceeds yield stress

ï
select a vertex v (crack tip / random

)
ï
set plane  α

norm
al σ

pm
ax to through v

ï
m
ark tetras w

.r.t. α
ï
split vertex

σ
pm
ax

+

++

-

- α

v

44
M
 M
¸llerñ

E
lasto-P

lastic FE
M

E
TH

 Zurich
The E

ndThank you for your attention!


