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Lagrange vs. Euler

•
displacem

ent field u(x)
•

follow
s

particle
•

w
e know

 w
here original particle 

is at any tim
e

u(x)

•
velocity field v(x)

•
is fixed

in space
•

w
e don’t know

 w
here original 

particle is v(x)

E
ulerian

(velocity)approach
Lagrangian

(displacem
ent)approach
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typically
•

com
puted on a m

esh
•

Finite E
lem

ent M
ethod

•
elastic objects

u(x)

typically
•

com
puted on a (regular) grid

•
Finite D

ifferences M
ethod

•
fluids

v(x)

E
ulerian

(velocity)approach
Lagrangian

(displacem
ent)approach
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ontinuous Q

uantities

S
calar field ρ(x,t)

[kg/m
3]

ρ(x,t)

V
ector field v(x,t)

[m
/s]

v(x,t)

For incom
pressible fluids: ρ(x,t) ≡
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ρ(x,t) v(x,t)
0

)
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ρt

C
onservation of m

ass

local increase
flow

 out

v
g

v
2

∇
+

+
−∇

=
µ

ρ
ρ

p
D
t

D

C
onservation of m

om
entum

“m
⋅a

/ volum
e”

“force / volum
e”

A
t every

point x:
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 R

atedx
dy

dz
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D

ensity Flow
 R

ate

w
(x,y,z+dz)⋅dx⋅dy

⋅ρ( x,y,z+dz)
m

ass flow
 rate out

-w
(x,y,z)⋅dx⋅dy

⋅ρ(x,y,z)
m

ass flow
 rate out

w
(

w
(x,y,z
x,y,z) )

dx
dy

dz w
(

w
(x,y,z+dz
x,y,z+dz) )
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D

ensity Flow
 R

ate

= [w
(x,y,z+dz)⋅dx⋅dy⋅ρ(x,y,z+dz)

-w
( x,y,z)⋅dx⋅dy⋅ρ(x,y,z)] /(dx⋅dy⋅dz)

= [w
( x,y,z+dz)⋅ρ(x,y,z+dz) -w

(x,y,z)⋅ρ(x,y,z)] /dz

= ∂/∂z (w
⋅ρ)

w
(x,y,z+dz)⋅dx⋅dy

⋅ρ( x,y,z+dz)
m

ass flow
 rate out

-w
(x,y,z)⋅dx⋅dy

⋅ρ( x,y,z)
m

ass flow
 rate out

w
(

w
(x,y,z
x,y,z) )

dx
dy

dz w
(

w
(x,y,z+dz
x,y,z+dz) )

net density flow
 rate out
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Total D

ensity Flow
 R

ate

= ∇
⋅(ρv)

= div (ρv)

w
(

w
(x,y,z
x,y,z) )

dx
dy

dz w
(

w
(x,y,z+dz
x,y,z+dz) )

total net density flow
 rate out

= ∂/∂x (u⋅ρ) + ∂/∂y (v⋅ρ) + ∂/∂z (w
⋅ρ)

density increase rate inside

= ∂ρ/∂t

0
)

(
=

⋅
∇

+
∂ ∂

vρ
ρt

m
ass conservation:

0
=

⋅
∇
v

incom
pressible:
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onservation

N
ew

ton’s second law
 per unit volum

e (N
avier-S

tokes, sim
ple version):

“m
⋅a

per volum
e” = “force per volum

e”

M
aterial derivative of velocity (follow

ing the fluid):

v
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E

xternal Forces

N
ew

ton’s second law
 per unit volum

e:

“m
⋅a

per volum
e” = “force per volum

e”

E
xternal forces:

v
g

v
2

∇
+

+
−∇

=
µ

ρ
ρ

p
D
t

D

•gravity force = m
ass ⋅acceleration per volum

e
•other user applied forces (force per volum

e!)
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N
ew

ton’s second law
 per unit volum

e:

“m
⋅a

per volum
e” = “force per volum

e”

v
g

v
2

∇
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+
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=
µ

ρ
ρ

p
D
t

D
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N
ew

ton’s second law
 per unit volum

e:

“m
⋅a

per volum
e” = “force per volum

e”

v
g

v
2

∇
+

+
−∇

=
µ

ρ
ρ

p
D
t

D

W
hat is p?

•
for isoterm

alfluids:
•

pV
= const

•
p = k/V

 = kρ
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Viscosity

N
ew

ton’s second law
 per unit volum

e:

“m
⋅a

per volum
e” = “force per volum

e”

v
g

v
2

∇
+

+
−∇

=
µ

ρ
ρ

p
D
t

D
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,

,

,
,
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2

µ
µ

v

S
im

plified viscosity force for incom
pressible fluids:

S
calar µ

is the fluid’s viscosity
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v
g

v
v

v
2

∇
+
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∇⋅
+
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t
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vρ
ρt

R
earrange to get rates of change:

v
g

v
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∇
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ρ k

t
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(
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t

S
o far w

e have:
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O
n a uniform

 grid using finite differences w
e get:

v
g

v
v

v
2

∇
+

+
∇

−
∇⋅

−
=

∂ ∂
ρ µ

ρ
ρ k

t

)
(
vρ

ρ
⋅

−∇
=

∂ ∂
t

h
v

w
h

v
v

h
u

u
t

k
j

i
k

j
i

k
j

i
k

j
i

k
j

i
k

j
i

k
j

i
k
j

i

k
j

i
k
j

i
k

j
i

k
j

i
k

j
i

1
,

,
1

,
,

,
,

,
,

,1
,

,1
,

,
,

,
,

,
,1

,
,1

,
,

,
,

,
,

−
−

−
−

−
−

−
−

−
−

−
−

=
∂

∂

ρ
ρ

ρ
ρ

ρ
ρ

ρ

S
im

ilar for change of velocity
(see “A

 Fluid-B
ased S

oft-O
bject M

odel”, IE
E

E
 C

om
puter G

raphics and A
pplications July 2002)
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e Integration

Tim
e step using E

uler Integration:

t
t

t
t

k
j

i
k

j
i

k
j

i

k
j

i
k

j
i

k
j

i

∂
∂

∆
+

=

∂
∂

∆
+

=

,
,

,
,

,
,

,
,

,
,

,
,

v
v

v

ρ
ρ

ρ

D
one! ☺

H
ow

 to get a surface?
•

let particles flow
 w

ith velocity field
•

particles define potential
•

use levelsetm
ethod


