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Particle S

ystem
 vs. R

igid Body

•
springs w

ith infinite stiffness
•

m
odeled im

plicitly
•

6 rem
aining dof

•
position and orientation of 
entire body

R
igid B

ody (using m
esh)

•
3n degrees of freedom

(dof)
•

interaction m
odeled explicitly

•
system

 of 3n unknow
ns

P
article S

ystem
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R

epresentation of a R
igid B

ody

C
M

x

i
x

i r
original 
body

C
M

x

i
x

i r

transform
ed

bodytranslation
rotation

•
pre-com

pute:

)
(

R
ot

i
C
M

i
C
M

i
r

x
r

x
x

+
=

+
=

C
M

i
i

x
x

r
−

=

•
actual position:
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M
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dV
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(
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C
M

ρ ρx
x

C
ontinuous:

S
am

e point on body under
translation and rotation!

1
1 ,m
x4

4 ,m
x

5
5 ,m
x

2
2 ,m
x

3
3 ,m
x

M m
m m

i
i

i i
i

∑
∑ ∑

=
=

x
x

x
C
M

D
efinition:

M
C
M
,

x

6
M

 M
üller–

R
igid B

ody D
ynam

ics

E
TH

 Zurich
C

enter of M
ass M

otivation

∑ =
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N
ew

ton’s second law
:

i
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i
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R

otation in 3-d

Three E
uler A

ngles:
•

airplanes: roll, pitch, heading

•
dependent on order of application

•
not practical
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R

otation in 3-d

Q
uaternions:

•
every com

bination of rotations can be 
represented by

•
one rotation about one axis

•
special definition for quaternion m

ultiplication
•

one additional dof
•

often used in rigid body com
putations
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otation in 3-d

R
otation m

atrix
•

sim
plest w

ay
•

6 additional dof!
[
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R

otation in 3-d

•
The colum

ns a
1 ,a

2 ,a
3 of A

are the new
 axis!

•
→

 A
 m

ust be right handed
orthonorm

al

[
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1
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(
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,
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•
actual position:

translation
rotation
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Body in M

otion

i
C
M

i
t

t
t

r
A

x
x

⋅
+

=
)
(

)
(

)
(

Tim
e dependent position:

i
C
M

i
r

A
x

x
⋅

+
=

&
&

&

V
elocity:

linear velocity
angular velocity
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A

ngular V
elocity in 3-d

A
ngular velocity ω

is a vector in 3-d:
•

in direction of axis of rotation
•

| ω
| = angular velocity [rad/s]

ωx

x & )
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⋅
x
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x
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x
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=
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D
efine:

x
ω

x
⋅

=
~

&
Then:
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R

igid Body K
inem

atics

W
hat is the relationship betw

een ω ~
A &

and
?

[
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⋅

⋅
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A
ngular velocity rotates all axis (colum

ns of A
)!

R
igid body kinem

atics (no forces –
in free flight):
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P
hysically not correct! W

ithout forces L
is constant not ω

!
ω

= I -1L
and Idepends on A

-> see below
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D

ynam
ics -Let the force be w

ith you!

Forces change:
•

Linear velocity
•

A
ngular velocity

(
)
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/
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∑
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Linear velocity change:
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Angular M

om
entum

 (D
rehim

puls)

i
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i
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i
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m
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ω
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L
×

×
=

×
=

The angular m
om

entum
 of particle i (w

.r.t. center of m
ass) is:

C
M

x

i r
i
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i
m

The total angular m
om

entum
 of the body:
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Inertia Tensor (Trägheitsm

om
ent)

W
e have for the total angular m

om
entum

:

Iω
L
=(

)
∑

−
=

i
i

i
m
rr

I
~~

w
here Iis a 3x3 m

atrix (the inertia tensorof the body)
Idepends on rotated configuration!

T
A

I
A

I
⋅

⋅
=

Fortunately w
e have the relation:

(
)

∑
−

=
i

i
i
m

rr
I

~~
and the inertia tensor in the original body can be pre-com

puted:
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Torque (D

rehm
om

ent)

The total torque of the body:

∑
∑

×
=

=
i

i
i

f
r

τ
τ

The torque of particle i (w
.r.t. center of m

ass) is:

i
i

i
f

r
τ

×
=

C
M

x

i r
i f

i
m
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on’s

S
econd Law

 (A
ngular)

The angular version of N
ew

ton’s second law
 reads:

τ
L
=

&

Iω
v

r
L

=
×

=∑
i

i
i
m

∑
×

=
i

i
f

r
τ

A
ngular m

om
entum

:

Torque:

Tells us how
 the forces fi change the angular velocity ω

(E
uler integration):

L
I

ω
τ

L
L

f
r

τ

1−
=

⋅
∆

+
=

×
=∑

t
i

i
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ulation Algorithm
 (Euler)

Initialize: (
)

(
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⋅
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P
re-com

pute:
S

um
 up external 

forces

P
erform

 E
uler 

integration step

P
er particle 

quantities
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R

eorthonorm
alization

of R
otation

•
R

otation m
atrix is updated at every tim

e step:

A
ω

A
A

~⋅
∆

+
←

t
•

E
rrors accum

ulate
•

A
 is not orthonorm

alanym
ore

•
U

se G
ram

-S
chm

idt O
rthogonalization

3
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3
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/
)
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(
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b
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b
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a
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b
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b
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a
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a
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a
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=

⋅
−

⋅
−
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⋅
−
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2
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1
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1
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(
b

a
b
⋅

1
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)
(

b
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b
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⋅
−

•
better: 

2
1

3
b

b
b

×
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Force vs. Torque P

uzzle

Is force being considered tw
ice?

•
To accelerate center of m

ass
•

To cause the body to spin
∑ ∑

←

×
←

i

i
if

F

f
r

τ

F
F

v
10 s later

v
v
T

M
E

2 1
=

F
F

v
ω

10 s later
Iω

ω
v

v
T

T
M

E
2 1

2 1
+

=

longer path!
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N

on-P
enetration

•
D

etect collisions (see M
atthias Teschner’s

slides)
•

A
void penetration 

•
change tim

e step or
•

push body back
•

C
om

pute collision response
•

C
olliding contacts (“easy”)

•
R

esting contacts (very hard!)

rel
v

n

0
v

=
rel

n

n
n

n
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C

olliding C
ontacts

•
Force driven

•
P

enetration cause forces
•

Late, slow
, easy to com

pute

n
J

J
x

x
L

J
v

j

M

C
M

C
M

=

×
−

=
∆

=
∆

)
(
/im
pact

[
]n

r
n

r
I

r
n

r
I

⋅
×

×
+

×
×

+
+

+
−

=
−

−
b

b
b

a
a

a
b

a
M

M

v
e

j
))

(
(

))
(

(
1

1
)

1(
1

1

rel

rel
v

a
a

M
I,

b
b

M
I,

n

a
r

b r

•
Im

pulse driven
•

M
anipulation of velocities instead of accelerations

•
Fast, m

ore difficult to com
pute

•
Im

pulse J changes body state:
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R

esting C
ontacts

•
Find all collisions w

ith

n

n
n

n

ε
<

rel
v

•
S

olve for all contact forces sim
ultaneously such that for each 

contact force fi
•

fi is strong enough that bodies are not pushed tow
ards 

one another
•

fi m
ust be repulsive only (not glue like)

•
fi is zero if the bodies begin to separate

•
Linear com

plem
entarity

problem
 (LC

P
) 

•
S

pecial case of a (Q
P

P
)

Q
uadratic P

rogram
m

ing P
roblem

!
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w
w

w
-2.cs.cm

u.edu/~baraff/sigcourse/

•
A

ndrew
 W

itkin, D
avid B

araff: Physically B
ased M

odeling: 
Principles and Practice (O

nline Siggraph
'97 C

ourse notes)

w
w

w
.d6.com

/users/checker/dynam
ics.htm

•
C

hris H
ecker: R

igid B
ody D

ynam
ics

w
w

w
.novodex.com

•
N

ovodeX
R

igid B
ody SD
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